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Permutation polynomials

Let F, be the finite field with g elements.

Definition
A polynomial f(x) € Fy[x] is called a permutation polynomial (PP) over
finite field Fy if the mapping x — f(x) is a permutation of Fg.

Facts

» Every linear polynomial over F, is a permutation polynomial of .

» The monomial x" is a permutation polynomial of F, if and only if
ged(n,g—1) =1
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Dickson polynomial

Let n > 0 be an integer.

Elementary symmetric polynomials x; + x» and x;x» form a Z—basis of
the ring of symmetric polynomials in Z[x1, x2].

There exists D,(x,y) € Z[x, y] such that

n n
X[ + x5 = Dn(x1 + x2, x1%2)

,7
[NIEY
—

Dn(x,y) = 27 i - <n /_ i>(_y)l'xn—2i

Il
o
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Dickson polynomial

DO(Xay) = 27
Dl(X7.y) =X,
Dn(Xay):XDn—l(Xay)fyDn—2(X7y)v ”22

[Dickson 1897]

For fixed a € Fq, Dy(x, a) € Fq[x] is the Dickson polynomial of degree n
and parameter a.

When a =0, D,(x,a) = x", PP if and only if (n,q — 1) = 1.

When 0 # a € F,, PP if and only if (n,g°> — 1) = 1.
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Reversed Dickson polynomial

[Hou, Mullen, Sellers, Yucas 2009]

Fix a € F,. Interchanged the roles of x and a.

Dp(a, x) € Fg[x] - reversed Dickson polynomial.

When a =0, D,(0,x) is a PP if and only if n = 2k with (k,q —1) = 1.

When a # 0,
i X
Dn(aa X) =a Dn(]-a ?)
Dy(a,x) is a PP on Fy if and only if D,(1,x) is a PP on F,.
The nth Reversed Dickson Polynomial D,(1,x) € Z[x] is defined by

Dp(1,x(1 —x))=x"4+(1—x)"
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Polynomial g, 4

g=p,n>0.

There exists a unique polynomial g, 4 € Fp[x] such that

> (x+3)" = gaglx7 — x)

acFy

Question : When is g, q a permutation polynomial(PP) of Fg.?

If gnq is a PP, we call triple (n, e; q) desirable.
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» Basic properties of the polynomial g, 4

» The Case e =1

» TheCase n=¢q¢°—g> —1,0< b < a < pe.
>

Results with even g
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Polynomial g, 4
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The Polynomial g, 4

Recurrence

80, =---=8q—2,4 =0,
8q—1,q = -1,

&n,q = X8n—q,q + 8n—g+1,q » N >q
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Recurrence relation for n > 0 can be used to define g, 4 for n <0 :

8n,q = %(gnJrq,q - gn+1,q)'

For n < 0, there exists a g, 4 € Fp[x, x 1] such that

3 (x4 )" = gog(x? —x)

acFy

Recurrence relation holds for all n € Z.
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The Polynomial g, 4

&n,q and Reversed Dickson polynomial

The nth Reversed Dickson Polynomial D,(1,x) € Z[x] is defined by
Do(1,x(1 —x))=x"+(1—x)"
When g = 2,
gna(x(1=x)) =x"+ (1 =x)" € Fx]

8n2 = Dn(17X) S ]Fz[X].
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Desirable Triples

Equivalence

(1) 8pn,g = gﬁ,q'
(2) If ny, ny > 0 are integers such that n; = ny (mod gP¢ - 1), then
8m.q = Bnyq (mod x9 — x).

(3) If m,n > 0 belong to the same p-cyclotomic coset modulo
gPe - 1, we say that two triples (m, e; q) and (n, e; q) are equivalent
and write (m, e; q) ~ (n, e; q).

If (m,e;q) ~ (n,e;q),
8m.,q is a PP if and only if g, 4 is a PP.
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Desirable Triples

Some Necessary Conditions

[Hou 2011]

If (n,e;2) is desirable , gcd(n, 226 — 1) = 3.

If (n,e;q) is desirable , gcd(n,g — 1) = 1.
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Generating function

A Quick Reminder :
80, =--- = 8q-2,4 =0,
8q-1,4 = —1,

8nq = X8n—q,q T 8n—q+1,q » N 24

_tqfl

n_
Z:Og",qt 1 — 1971 — xt9
n
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_ q—1 .4
=

- dx9 — x).
n>0 1- (Xt)qil — (Xt)q 1 — a1 (mO X x)

Namely, modulo x? — x,

n 971 ifn>0,n=0 (modgq—1),
8n,q(x) = anx" + * _ ( qg—1)
0 otherwise,

*tq_l

n_ Tt
where Z ot = T
n>0
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Proof of the Theorem

,tq*]-

n _
2t = 1—ta-1—t9

n>0

_¢9—1 —(x q—1 _ _4+q—1 _
T = 1—(xt()‘7t*)1—(xt)q + (1 —x9 )= (modx¥71 1)

and

_Lq-1 —(xt)9! _ _ 491
T T = 1—(xt()qt—)17(xt)q + (1 —xf 1)# (mod x)
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(n,1; q) is desirable if and only if gcd(n,g —1) =1 and a, # 0.
Proof.

By the Theorem , we have
Namely, modulo x9 — x,

x971—1 ifn>0,n=0 (modq-—1),
0 otherwise,

8nq(x) = apx" + {

8n,q(x) = apx” for all x € F}.

=)

Since g, q is PP, by a previous fact, ged(n, g — 1) = 1.
So gn,q(x) = apx” (mod x9 — x) which implies a, # 0.

(<)
ged(n,g—1)=1and a, # 0 = gy 4(x) = 3,x" (mod x9 —x) = g, 4 is
PP.
Open question : Determine n s.t. a, # 0. O
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The case e = 1 contd

Assume g = 2. (n, 1;2) is desirable if and only if a, = 0(in F2) .
Proof.

By the Theorem , we have

&n2 = apx +x — 1(mod x% — x). O
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Thecase n=¢°—q?—1,0< b < a< pe.
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8q°—qb—1,q

Define S, = x+x9+--- + X7 for every integer a > 0.

For 0 < b < a < pe, we have

b
1 (S-S,
g —q—1,9 = Tx xeb+r

Assume e > 2. Write

a—b=ay+ae, b=by+ be,
where ag, a1, by, b1 € Z and 0 < ag, by < e. Then we have
Namely modulo x%° — x,

e

Bor—qp1q = —xT 2 —xT 70" 2(315, 1 ST°)((bSe + Sp)I 7 — 1).
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The case b =0

If b=0and a > 0, we have n = g° — 2 (mod g”° — 1).

— 2_ a—1__
gqa—2,q:Xq2+Xq 24 4x7 2

Conjecture 1

Let e >2and 2 < a < pe. Then (g? — 2, e; q) is desirable if and only if

(i) a=3and g=2, or
(i) a=2and ged(g—2,9°—1) = 1.
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Conjecture 2

lete>3andn=¢q?—qg”—1,0< b<a< pe. Then (n e q)is
desirable if and only if

(i) a=2,b=1,and ged(g —2,g°—1) =1, or
(i) a=b=0 (mod e).
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The Case b=1p

Theorem

Let p be an odd prime and g a power of p.
(i) Fp \ Fq consists of the roots of (x —x9)971 + 1.
(i) Let0< i< Z(p—1)and n=gP™ — gP — 1. Then

(2i —1)x972 if x € Fy,

Gna(X)=190i_1 9
——+ = ifxeFg\F,

X

(i) For the nin (ii), (n,2;q) is desirable if and only if 4i Z 1 (mod p).
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The Case b=1p

Theorem

Let p be an odd prime and g a power of p.
(i) Let 0<i < %(p —1) and n= gP*2=1 — gP — 1. Then

2(i — 1)x92 if x € Fy,

8ng(X)=1902i_1 2i-2
+

if x € Foo \ Iy

X

(ii) For the nin (i), (n,2; q) is desirable if and only if i > 1 and 4/ # 3
(mod p).
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Result 1 g=5 2x342xisa PP of Fe.
Result 2 g=13 6x +6x! isa PP of Fp.
Result 3 ¢=121 6x'9 4 4x'%'%is a PP of F.
Result 4 g=11 8x%+2x!% isa PP of Fepe.

Result 5 ¢ =29 7x* +21x%!is a PP of Fp.
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Let £ =x9 24 tx9 971 te 3. Then £ is a PP of F. if and only if
one of the following occurs:

() t=1,g=1 (mod 4),
(i) t=-3, g==+1 (mod 12);
(i) t=3, g=—1 (mod 6).
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Let p be an odd prime and g a power of p.

Result 1 g=1 (mod4) (g°*5—q°—1,2;q) is desirable.
Result 2 (¢P*3 — ¢ —1,2;q) is desirable.

Result 3 (¢P** — q" —1,2; q) is desirable.

Result 4 (gP*% — g'' —1,2; q) is desirable.
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A most recent result

Theorem

Let p be an odd prime, g = p¥, n = gPt+1 — ¥+l — 1. If
2i+1\ 1 2if 7 is odd,
q B (71)17%l Jif 7 is even.

where (Z) is the Jacobian symbol, then (gPT+1 — ¢**+1 —1,2;q) is

desirable.
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Outline of the proof

e=2,a=p+i+tlb=2i+1.

Case 1 -/ is odd.

] .
30:0781:%,b0:1,b121

g = —x7 2 xR ) ((+ Dx o+ k)T - 1],
Clearly, g(0) = 0. When x € Fy,

g(x) =

i+ 1w — iw)? + (i + 1w — iw)? + 207 + 1)(( + 1w — iw)e+!
(4i 4+ 2)°w '
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Outline of the proof contd

i((i +D)w9 — iw)? +i((i + D)w9 — iw)? +2(i + 1)((i + 1)w9 — iw)9+!

=cC

Assume c #0. Lett=wc = tecl,.

1
L R 20 1 D) f(a)?

where u = (i +1)c™9 — ic™L.

t is unique = w is unique.
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Outline of the proof contd

i((F + 1w — iw)? + (i + 1w — iw)2 + 2(i + 1)((i + 1)w — jw)+?

=cC

Now assume ¢ = 0.

i((i+ 1w — iw)?972 4 2(i + 1)((i + D)w9 — iw)9" 1 + i = 0.
Let z = ((i + 1)w9 — iw)97 1 € F.. Then
iZ2+2(i+1)z+i=0. (1)

Since i is odd 2/ 4 1 is a square in Fy. So (1) implies that z € F,. Then
we have 722 = z7t1 = ((i + 1)w9 — iw)9 L = 1. So z = +1 and it
contradicts (1).
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Outline of the proof contd

Case 2 - / is even

i1 .
30:1,31:p2 ,b():].,blzl
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Results with even gq.
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A Desirable Family

Theorem
let q=2°s>1,e>0 andlet n=(q—1)g° + 2g° ' + Z¢°. We have
8nq = %+ Trge/q(x) + X%qurqe/q(X)%q~

When e is odd, gnq is a PP of Fge.
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Let g =4, e>1and Let n=3¢° +2¢°~! +2¢°. Then

e—1
&3q0+2qe-142qe = X + Trqe/q(x) + x%9 Trtz.,e/q(x)

We claim that when e is odd, g, 4 is a PP of Fge. Assume that there
exist x, a € Fge such that g(x) = g(x + a). Then we have

e—1 e—1

+Tr e/q(a)a2q =0

3+ Trgesq(a) + Tr2e s (x) 2% 2 /q(a)x%f” +Tr?

q
= Trqe/q(a) - 0
a+ Trfie/q(x)azqe*1 =0
a =0 in all three following cases
> Trge/q(x) =0
> Trge q(x) =1
> Trqe/q(x) ;é 0, 1
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Let g =4, e =3k, k> 1, and n = 3¢° + 3¢% + ¢g**. Then
2k k e
8ng =%+ Sok + Sak + SukSze =x+ SJ + 5§k+3 (mod x9 — x).

8n,q 15 a PP of Fee.
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Let e =3k k=1, =2" 522, and n=(q ~ 3)¢° + 24" + g% + ¢'*
Then
8n,qg = x2 + Sok Sax (mod x9 — X)7

and gn,q is @ PP of Fge.
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A most recent result

Theorem
Let g=p? e>0,and n=(p> — p—1)¢° + (p — 1)q° + pq® + q°,
a,b>0. Then
gng = —SP —S,SP7L.
Assume that a+ b # 0 (mod p) and
ged (¥ +2x7 T 4 x — e(x” + 1), (x + 1)(x° + 1)) = (x + 1)?,

for e =0,1. Then gy q is a PP of Fee.
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Let g=4, e >3, n=q°+2¢" 4+ ¢°> + g°. Then,

g = X° + xTrge sq(x) + x9Trge jg(x)  (mod %7 —x).
We claim that when ged(1 +x+x%,x° +1) =1, g, 4 is a PP of Fye.
Assume that g q(x) = gnq(¥), X, ¥ € Fee.

Trqe/q(gn,q(x)) = Trqe/q(gn,q(Y)) = Trqe/q(X) = Trqe/q(}/)-
Let Trge/q(x) = Trge/q(y) = a € Fq.
If a=0, then x = y.
If a# 0, then g, 4(x) = gn,q(y) becomes
2% = a(z + 29)
where z = x + y. Suzbstituting the above equation to itself we get
(22)7 = (%) + (2%)7.
Since ged(1+x +x2,x°+ 1) = 1, we have z = 0.
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Thank You!

Neranga Fernando A New Approach to PPs over




