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Permutation polynomials

Let Fq be the finite field with q elements.

Definition

A polynomial f (x) ∈ Fq[x] is called a permutation polynomial (PP) over
finite field Fq if the mapping x 7→ f (x) is a permutation of Fq.

Facts

I Every linear polynomial over Fq is a permutation polynomial of Fq.

I The monomial xn is a permutation polynomial of Fq if and only if
gcd(n, q − 1) = 1.
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Polynomial gn,q

[Hou 2011]

q = pk , n ≥ 0.

There exists a unique polynomial gn,q ∈ Fp[x ] such that∑
a ∈ Fq

(x + a)n = gn,q(xq − x)

Question : When is gn,q a permutation polynomial(PP) of Fqe ?

If gn,q is a PP, we call triple (n, e; q) desirable.
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Outline

I Basic properties of the polynomial gn,q

I The Case e = 1

I The Case n = qa − qb − 1, 0 < b < a < pe.

I Results with even q
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Polynomial gn,q

gn,q(x) =
∑

n
q≤l≤

n
q−1

n

l

(
l

n − l(q − 1)

)
xn−l(q−1)
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The Polynomial gn,q
Recurrence

g0,q = . . . = gq−2,q = 0,

gq−1,q = −1,

gn,q = xgn−q,q + gn−q+1,q , n ≥ q
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When n < 0

Recurrence relation for n ≥ 0 can be used to define gn,q for n < 0 :

gn,q = 1
x (gn+q,q − gn+1,q).

For n < 0, there exists a gn,q ∈ Fp[x , x−1] such that∑
a ∈ Fq

(x + a)n = gn,q(xq − x)

Recurrence relation holds for all n ∈ Z.
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Desirable Triples
Equivalence

(1) gpn,q = gp
n,q.

(2) If n1, n2 > 0 are integers such that n1 ≡ n2 (mod qpe - 1 ), then
gn1,q ≡ gn2,q (mod xqe − x).

(3) If m, n > 0 belong to the same p-cyclotomic coset modulo
qpe - 1, we say that two triples (m, e; q) and (n, e; q) are equivalent
and write (m, e; q) ∼ (n, e; q).

If (m, e; q) ∼ (n, e; q) ,

gm,q is a PP if and only if gn,q is a PP.
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The case e = 1

Namely, modulo xq − x,

gn,q(x) ≡ anx
n +

{
xq−1 − 1 if n > 0, n ≡ 0 (mod q − 1),

0 otherwise,

where
∑
n≥0

ant
n =

−tq−1

1− tq−1 − tq
.

When q > 2,

(n, 1; q) is desirable if and only if gcd(n, q − 1) = 1 and an 6= 0.

When q = 2,

(n, 1; 2) is desirable if and only if an = 0 (in F2).
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The case n = qa − qb − 1, 0 < b < a < pe.
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gqa−qb−1,q

Define Sa = x + xq + · · ·+ xqa−1

for every integer a ≥ 0.

For 0 < b < a < pe, we have

gqa−qb−1,q = −1

x
−

(Sq−1
b − 1)Sqb

a−b

xq
b+1

.

Assume e ≥ 2. Write

a− b = a0 + a1e, b = b0 + b1e,

where a0, a1, b0, b1 ∈ Z and 0 ≤ a0, b0 < e. Then we have

Namely modulo xq
e − x,

gqa−qb−1,q ≡ −xq
e−2 − xq

e−qb0−2(a1Se + Sqb0

a0 )
(
(b1Se + Sb0)q−1 − 1

)
.
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gqa−qb−1,q
The case b = 0

If b = 0 and a > 0, we have n ≡ qa − 2 (mod qpe − 1).

gqa−2,q = xq−2 + xq
2−2 + · · ·+ xq

a−1−2.

Conjecture 1

Let e ≥ 2 and 2 ≤ a < pe. Then (qa − 2, e; q) is desirable if and only if

(i) a = 3 and q = 2, or

(ii) a = 2 and gcd(q − 2, qe − 1) = 1.
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gqa−qb−1,q
The case e ≥ 3

Conjecture 2

Let e ≥ 3 and n = qa − qb − 1, 0 < b < a < pe. Then (n, e; q) is
desirable if and only if

(i) a = 2, b = 1, and gcd(q − 2, qe − 1) = 1, or

(ii) a ≡ b ≡ 0 (mod e).
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gqa−qb−1,q
The Case b = p, e = 2

Theorem

Let p be an odd prime and q a power of p.

(i) Let 0 < i ≤ 1
2 (p − 1) and n = qp+2i − qp − 1. Then

gn,q(x) =


(2i − 1)xq−2 if x ∈ Fq,

2i − 1

x
+

2i

xq
if x ∈ Fq2 \ Fq.

(ii) For the n in (ii), (n, 2; q) is desirable if and only if 4i 6≡ 1 (mod p).
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gqa−qb−1,q
The Case b = p, e = 2

Theorem

Let p be an odd prime and q a power of p.

(i) Let 0 < i ≤ 1
2 (p − 1) and n = qp+2i−1 − qp − 1. Then

gn,q(x) =


2(i − 1)xq−2 if x ∈ Fq,

2i − 1

x
+

2i − 2

xq
if x ∈ Fq2 \ Fq.

(ii) For the n in (i), (n, 2; q) is desirable if and only if i > 1 and 4i 6≡ 3
(mod p).
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Conjecture 3

1. Let f = xq−2 + txq
2−q−1, t ∈ F∗q. Then f is a PP of Fq2 if and only

if one of the following occurs:

(i) t = 1, q ≡ 1 (mod 4);
(ii) t = −3, q ≡ ±1 (mod 12);
(iii) t = 3, q ≡ −1 (mod 6).

2. Recently proved in the paper “A class of permutation binomials over
finite fields” by X. Hou.
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Theorem

Let p be an odd prime, q = pk , n = qp+i+1 − q2i+1 − 1. If(
2i + 1

q

)
=

{
1 : if i is odd,

(−1)
q−1
2 : if i is even.

where

(
a

b

)
is the Jacobian symbol, then (qp+i+1 − q2i+1 − 1, 2; q) is

desirable.
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Results with even q.
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Theorem

Let e = 3k, k ≥ 1, q = 2s , s ≥ 2, and n = (q − 3)q0 + 2q1 + q2k + q4k .
Then

gn,q ≡ x2 + S2kS4k (mod xq
e

− x),

and gn,q is a PP of Fqe .
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Conjecture 3

Let q = 4, e = 3k , k ≥ 1, and n = 3q0 + 3q2k + q4k . Then

gn,q ≡ x + S2k + S4k + S4kS3
2k ≡ x + Sq2k

2k + Sqk+3
2k (mod xq

e

− x).

gn,q is a PP of Fqe .
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Theorem

Let q = p2, e > 0, and n = (p2 − p − 1)q0 + (p − 1)qe + pqa + qb,
a, b ≥ 0. Then

gn,q = −Sp
a − SbSp−1

e .

Assume that a + b 6≡ 0 (mod p) and

gcd
(
x2a+1 + 2xa+1 + x− ε(xb + 1)2, (x + 1)(xe + 1)

)
= (x + 1)2,

for ε = 0, 1. Then gn,q is a PP of Fqe .
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Thank You!
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