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Permutation polynomials

Let F, be the finite field with g elements.

Definition
A polynomial f(x) € Fy[x] is called a permutation polynomial (PP) over
finite field Fy if the mapping x — f(x) is a permutation of Fg.

Facts

» Every linear polynomial over F, is a permutation polynomial of .

» The monomial x" is a permutation polynomial of F, if and only if
ged(n,g—1) =1
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Polynomial g, 4

[Hou 2011]

g=p<,n>0.

There exists a unique polynomial g, ; € Fp[x] such that

D (x+2)" = grg(x" = x)

ERS

Question : When is g, q a permutation polynomial(PP) of Fg?

If gn.q is @ PP, we call triple (n, e; ) desirable.
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Outline

» Basic properties of the polynomial g, 4

» The Case e =1

» TheCase n=¢q¢°—g> —1,0< b < a < pe.
>

Results with even g

Neranga Fernando New classes of PPs over finite fields defined by functional equations



Polynomial g, 4
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The Polynomial g, 4

Recurrence

80, =---=8q—2,4 =0,
8q—1,q = -1,

&n,q = X8n—q,q + 8n—g+1,q » N >q
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When n < 0

Recurrence relation for n > 0 can be used to define g, 4 for n <0 :

8n,q = %(gnJrq,q - gn+1,q)'

For n < 0, there exists a g, 4 € Fp[x, x 1] such that

3 (x4 )" = gog(x? —x)

acFy

Recurrence relation holds for all n € Z.
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Desirable Triples

Equivalence

(1) 8pn,g = gﬁ,q'
(2) If ny, ny > 0 are integers such that n; = ny (mod gP¢ - 1), then
8m.q = Bnyq (mod x9 — x).

(3) If m,n > 0 belong to the same p-cyclotomic coset modulo
gPe - 1, we say that two triples (m, e; q) and (n, e; q) are equivalent
and write (m, e; q) ~ (n, e; q).

If (m,e;q) ~ (n,e;q),
8m.,q is a PP if and only if g, 4 is a PP.

Neranga Fernando New classes of PPs over finite fields defined by functional equations



Namely, modulo x9 — x,

9711 ifn>0,n=0 (modgq—1),
gmq(x)zanxu{x (mod g — 1)

0 otherwise,
,tq*]-
n __
where Z apt" = e ——
n>0
When g > 2,

(n,1; q) is desirable if and only if gcd(n,g — 1) =1 and a, # 0.

When g = 2,
(n,1;2) is desirable if and only if a, = 0 (in F2).
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Thecase n=¢°—q?—1,0< b < a< pe.
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8q°—qb—1,q

Define S, = x+x9+--- + X7 for every integer a > 0.

For 0 < b < a < pe, we have

b
1 (S-S,
g —q—1,9 = Tx xeb+r

Assume e > 2. Write
a—b=ay+ae, b=by+ be,
where ag, a1, by, b1 € Z and 0 < ag, by < e. Then we have

e
Namely modulo x9 — x,

e

Bor—qp1q = —xT 2 —xT 70" 2(315, 1 ST°)((bSe + Sp)I 7 — 1).
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8q°—qb—1,q
The case b=0

If b=0and a > 0, we have n = g° — 2 (mod g”° — 1).
8q—2,q = X972 4 x7 2 o xd 2
Conjecture 1

Let e >2and 2 < a < pe. Then (g* — 2, ¢; q) is desirable if and only if

(i) a=3and g=2, or
(i) a=2and ged(g—2,¢°—1)=1.
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8q°—qb—1,q
The case e > 3

Conjecture 2

lete>3andn=q?—q”—1,0< b<a< pe. Then (n, e q)is
desirable if and only if

(i) a=2,b=1,and ged(g —2,q°—1) =1, or
(i) a=b=0 (mod e).
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8q°—q>—1,q
The Case b=p, e =2

Theorem

Let p be an odd prime and g a power of p.
(i) Let0<i< 3(p—1)and n=gP™> — gP — 1. Then

(2i —1)x972 if x € Fy,

gna(X) =92/ _1 2
’ +;é if x € Foo \ F.

X

(ii) For the nin (ii), (n,2; q) is desirable if and only if 4i # 1 (mod p).

Neranga Fernando New classes of PPs over finite fields defined by functional equations



8q°—qb—1,q
The Case b=p, e =2

Theorem
Let p be an odd prime and g a power of p.
(i) Let0<i< 3(p—1)and n=gPT? =1 —gP — 1. Then

2(i—1)x92  ifxel,,
gna(X) =921 2i-2

if x € Fpe \ Fq.
~ if x e Fp \Fq

(ii) For the nin (i), (n,2; q) is desirable if and only if i > 1 and 4/ # 3
(mod p).
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1. Let £ =x9 2 4 tx9 91 t¢ F;. Then f is a PP of Fg if and only
if one of the following occurs:
(i) t=1,g=1 (mod 4);
(i) t=-3, g==1 (mod 12);
(iii) t=3, g= -1 (mod 6).
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1. Let f =x972 4 txqz_q_l, te ]Ff,. Then £ is a PP of Fg if and only
if one of the following occurs:
(i) t=1,g=1 (mod 4);
(i) t=-3, g==+1 (mod 12);
(i) t=3, g=—1 (mod 6).

2. Recently proved in the paper “A class of permutation binomials over
finite fields” by X. Hou.

Neranga Fernando New classes of PPs over finite fields defined by functional equations



Let p be an odd prime, g = pk, n = gPH*t — ¥+l — 1 If
(2/ + 1) 1 2if 7 is odd,
q B (—1)[1%1 (if 7 is even.

where (Z) is the Jacobian symbol, then (gPT*1 — ¢**+1 —1.2;q) is

desirable.
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Results with even gq.
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Let e =3k k=1, =2" 522, and n=(q ~ 3)¢° + 24" + g% + ¢'*
Then
8n,qg = x2 + Sok Sax (mod x9 — X)7

and gn,q is @ PP of Fge.
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Let g =4, e =3k, k> 1, and n = 3¢° + 3¢% + ¢g**. Then
2k k e
8ng =%+ Sok + Sak + SukSze =x+ SJ + 5§k+3 (mod x9 — x).

8n,q 15 a PP of Fee.
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Let g=p? e>0,and n=(p> — p—1)¢° + (p — 1)q° + pq® + q°,
a,b>0. Then
gng = —SP — SpSP7L.
Assume that a+ b # 0 (mod p) and
ged (¥ + 2% 4 x — e(x” + 1), (x + 1)(x° + 1)) = (x+ 1)?,

for e =0,1. Then g, 4 is a PP of Fee.
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Thank You!
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