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INTRODUCTION RESULTS ON CYCLE TYPES

o For any p, Do(1,2) = Doy(1,2) =14 (p — 2)x is a PP over F,,. 1. Let p =7 (mod 12). Then the reversed Dickson permutation poly-

Let p be a prime number. Then the finite prime field with characteristic p nomials D, (1, z) and D, (1, ) have exactly % fixed points.

Is given by Example Ds(1,x) = Dog(1,2) = 11z + 1 is a PP over Fy3.
F,={0,1,2,...,p—1}. 2. Let p > 3 be a prime and j € Z™ such that j | p — 1. Then, the
We investigate fixed points and cycle types of permutation polynomials o For any p, D3(1,2) = D3p(1,2) =1+ (p— 3)x is a PP over F),. cycle 1type of tllle permutation polynomials D(1, z) and Dop(1, 7) is
arising from reversed Dickson polynomials over [F,,. (p;, cr p;_, 1), where ord,(—2) = p—1 In particular, if —2 is
Example D3(1,x) = D39(1,z) = 10z + 1 is a PP over F3. J J ’
N —
7 times
REVERSED DICKSON POLYNOMIALS e When p=1or5 (mod 12), Dpyq(l,2) = 2 + 2(1 — 4x)pT+1 is a PP a primitive root modulo p, i.e. § = 1, then the cycle type of the
of . permutation polynomials Dy(1,z) and Ds,(1,z) is (p — 1, 1).

The nth reversed Dickson polynomial (RDP) of the first kind is given by . .
the explicit expression Example Dg(1,z) = 323 + 422 + 4z + 1 is a PP of Fs. 3. Let p = 3. Then the cycle type of the permutation polynomials

D5(1,x) and Ds,(1,x) is (3).

[n/2] . _ p+1 .
D _ no(n—1ty n_2 i e When p =1 or 7 (mod 12), Dpya(l,2) = 5(1 —4x) 2 +5—zisa 4. Let p > 3 be a prime and j € Z* such that j|p — 1. Then the
nla,z) =Y —— | )" (-n), PP over Fs. | £ th on polynomials D (1 d Dao(1.2) ]
—~ n—1 0 CycC eltype 0 tle permutation polynomials Ds(1,x) and D3,(1,x) is
P — P — —1 : : :
where a € IF, is a parameter. Example Dg(1,z) = 22* + 523 + 622 + 5z + 1 is a PP of 5. (T, T 1) where ord,(—3) = pT’ In particular, if —3 is
S —
. . . . . o 1 pT+1 1 . 7 times
The recurrence relation of reversed Dickson polynomials is given by o ;R;hen D E 1 or 7 (mod 12), Dapiq(1,x) = 5(1 — 4x) +5—xisa a primitive root modulo p. then the cycle type of the permutation
over If'r~. . . _
Do(a,z) = 2. Dy(a,z) = a. polynomials Ds(1,x) and Ds,(1,2) is (p — 1,1).
D,(a,z) = aD,_1(a,z) — xD,_s(a,z) for n > 2. Example Dor(1,2) = 112" +102° +122° +8x* +112° + 1222 + 11z +1 5. Let p > 3. Then the cycle type of the polynomial D5(1,z) + x is
is a PP of 3. (2,..,2,1).
Here are the next few reversed Dickson polynomials: —

p_
2

6. Let p=1 (mod 12) or p=7 (mod 12).

1, .
times

RESULTS ON FIXED POINTS

o D2 1,£E = 1—2x

(1, )
1. Let p > 3 be an odd prime and n € {2,2p}. Then, the reversed Let j € ZT such that jlp — 1. Then the permutation
e D3(1,z) =Do(l,2) —aDi(l,z) = (1 -2z) —2z=1-3z Dickson permutation polynomial D, (1, x) has exactly one fixed point. polynomials D,,o(1,2) and Ds,.1(1,7) have the cycle type
—1 —1
Dy(1,2) = D3(1,2) —xDy(1,2) =1 —1 222 p—- P—- _3)— p=1
e Dy(1,7) 3(1,2) —xD2(1,x) bx + 2z 2. Let p > 3 be an odd prime and n € {3,3p}. Then, the reversed ( R \1’”"1,) whenever ord,(—3) = j o
o Ds(1,2) = Dy(1,2) —xD5(1,2) = 1 — 125z + 522 Dickson permutation polynomial D, (1, ) has exactly one fixed point. ‘—3/_’ 2+l times

5 times

3. Let p=>5 (mod 12). The permutation polynomial D, 1(1,z) has no

PERMUTATION POLYNOMIALS AND FIXED POINTS fixed point. FUTURE PLANS

A permutation polynomial (PP) over ), is a polynomial that permutes the 4. Let p = 1 (mod 12). Then the permutation polynomial D,;1(1,z) Let X be a non-empty set, and let >: X X X — X be a binary operation.
elements of [F,,. has exactly one fixed point, and the permutation polynomials The pair (X, ) is called a quandle if it satisfies the following axioms:
Dpi2(1,2) and Dg,1(1, ) have exactly 2+ fixed points. l. Forallz € X, x> x = x.

2. For all x,y € X, B,(x) = x>y is invertible.
5. Let p = 7 (mod 12). Then the reversed Dickson permutation poly- 3. Forall x,y,z € X, (z>y)pz=(x>2)>(y>2).
nomials D,2(1,2z) and Ds,11(1, x) have exactly % fixed points.

Example 1 Consider the polynomial g(x) = 22 +1 and evaluate it at each
element of 5. Then, in characteristic 5, we have

Example 2 Let X = Z3. For z,y € X, define x>y = 2y — x (mod 3).

| 12
CYCLE TYPES .
Gince the polymominl () perstes the clesments o . (o) s pernts RS N ito s
tion polynomial in [F5. In Example 1, we have 112 1 0
2|11 0 2
A fixed point is a value that does not change under a given mapping. 0—1,1—=2 2-=4 40,

In Example 1, there is only one fixed point which is 3. This is a four-cycle which can be written as (0124). The fixed point is 3. ACKNOWLEDGEMENTS
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