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Introduction
Let p be a prime number. Then the finite prime field with characteristic p
is given by

Fp = {0, 1, 2, . . . , p− 1}.

We present complete permutation polynomials arising from reversed Dick-
son polynomials over Fp. Moreover, we explain an application of complete
permutation polynomials in Cryptography.

reversed Dickson Polynomials
The nth reversed Dickson polynomial (RDP) of the first kind is given by
the explicit expression

Dn(a, x) =
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)
an−2i (−x)i,

where a ∈ Fp is a parameter. The recurrence relation of reversed Dickson
polynomials is given by

D0(a, x) = 2, D1(a, x) = a,

Dn(a, x) = aDn−1(a, x)− xDn−2(a, x) for n ≥ 2.

Here are the next few reversed Dickson polynomials:

• D2(1, x) = 1− 2x

• D3(1, x) = D2(1, x)− xD1(1, x) = (1− 2x)− x = 1− 3x

• D4(1, x) = D3(1, x)− xD2(1, x) = 1− 16x+ 2x2

RDPs of the second kind
The nth reversed Dickson polynomial of the second kind is defined by

En(a, x) =
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where a ∈ Fp is a parameter. The recurrence relation of Dickson polyno-
mials of the second kind En(x, a) is given by

E0(x, a) = 1, E1(x, a) = x,

En(x, a) = xEn−1(x, a)− aEn−2(x, a), forn ≥ 2.

Permutation Polynomials
A permutation polynomial (PP) over Zp is a polynomial that permutes the
elements of Zp. For example, consider the polynomial g(x) = 5x + 1 and
evaluate it at each element of Z7. Then, in characteristic 7, we have

g(0) = 1, g(1) = 6, g(2) = 4, g(3) = 2, g(4) = 0, g(5) = 5, g(6) = 3.

Since g(x) permutes the elements of Z7, g(x) is a permutation polynomial
of Z7.

Complete Permutation Polynomials

A polynomial f(x) is called a complete permutation polynomial (CPP) if
both f(x) and f(x) + x are permutation polynomials.

Consider the polynomial h(x) = g(x) + x = 6x+ 1 and evaluate it at each
element of F7. Then, in characteristic 7, we have

h(0) = 1, h(1) = 0, h(2) = 6, h(3) = 5, h(4) = 4, h(5) = 3, h(6) = 2.

Since both g(x) and g(x)+x permute the elements of Z7, g(x) is a complete
permutation polynomial of Z7.

Results

1. Clearly, D0(1, x) is a CPP over Z3.

2. Let n ≥ 1. Then, Dn(1, x) is a CPP over Z3 if and only if n ≡ 2, 6
(mod 8).

3. Let p be an odd prime. If n = 2, 2p, then Dn(1, x) is a CPP of Fp.

4. Let p > 3 be an odd prime. If n = 3, 3p, then Dn(1, x) is a CPP of
Fp.

5. Let p ≡ 1 (mod 12). If n = p+ 1, then Dn(1, x) is a CPP of Fp.

6. Let p ≡ 5 (mod 12). If n = p+ 1, then Dn(1, x) is not a CPP of Fp.

7. Let p ≡ 1 (mod 12). If n = p+ 2, then Dn(1, x) is CPP of Fp.

8. Let p ≡ 7 (mod 12). If n = p+ 2, then Dn(1, x) is not CPP of Fp.

9. Since Dp+2(1, x) = D2p+1(1, x) for all x ∈ Fp. We have the following:

(a) Let p ≡ 1 (mod 12). If n = 2p+ 1, then Dn(1, x) is CPP of Fp.

(b) Let p ≡ 7 (mod 12). If n = 2p+ 1, then Dn(1, x) is not CPP of
Fp.

10. En(1, x) is a CPP over Z3 if and only if n ≡ 3, 15 (mod 24).

11. The third reversed Dickson polynomial of the second kind E3(1, x) is
a CPP for any p ≥ 3 since E3(1, x) = 1− 2x and E3(1, x)+x = 1−x
are both PPs of Fp.

Conjectures

Conjecture 1 Let p be an odd prime and let 1 ≤ n ≤ p2−1. Then Dn(1, x)
is a CPP on Fp if and only if

n =

{
2, 2p, 3, 3p, p+ 1, p+ 2, 2p+ 1 if p ≡ 1 (mod 12),

2, 2p, 3, 3p if p ≡ 3 (mod 4) or p ≡ 5 (mod 12).

Conjecture 2 Let p ≥ 5. Then, En(1, x) is a CPP of Fp if and only if
n ≡ 3 (mod p(p2 − 1)).

Applications in Cryptography
Check Digit System is a form of redundancy check used for error detec-
tion on identification numbers such as ISBN numbers.

A single error refers to an error in which only one digit of a number is
incorrect.

· · · a · · · → · · · b · · ·

A twin error refers to when two adjacent digits were swapped.

· · · aa · · · → · · · bb · · ·

By mapping a set of input values through a CPP, we transform them into
another set of values, then single errors or twin errors will map to different
values, and these discrepancies can be detected when the transformed data
is reversed.

Future Plans
We plan on studying self-reciprocal polynomials from Dickson Polynomi-
als, which has many applications in the Coding Theory. Self-reciprocal
polynomials are polynomials whose coefficients form a palindrome.

Definition

The reciprocal f∗(x) of a polynomial f(x) of degree n is defined by f∗(x) =
xnf( 1x ), i.e. if

f(x) = a0 + a1x+ a2x
2 + ...+ anx

n,

then

f∗(x) = an + an−1x+ an−2x
2 + ...+ a0x

n.

A polynomial f(x) is called self-reciprocal if f∗(x) = f(x), i.e. if f(x) =
a0 + a1x + a2x

2 + ... + anx
n, an ̸= 0, is self-reciprocal, then ai = an−i for

0 ≤ i ≤ n.

Example f(x) = x4 + 2x3 + 3x2 + 2x+ 1
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