Let p be a prime number. The the finite prime field with characteristic p
is given by
,p— 1}

We study the algebraic properties of a family of polynomials defined by
functional equations. Moreover, we investigate complete permutation poly-
nomials defined by functional equations over finite fields [,,.

F,=1{0,1,2,..

POLYNOMIAL g

The nth polynomial g, , is given by the explicit expression

Gnp(x)= > %(n_ll _1)>m”—l<p—1> e Z[x],

<I<n (P

n
p p—1

where n is the index of the polynomial. The recurrence relation of polyno-
mial g, is given by

gnp=0,for0<n<p—-1, gp_1, = —1,

Inp = TGn—p,p + Gn—p+1,p, for n = p.

PERMUTATION POLYNOMIALS

A polynomial f € F,|x| is called a permutation polynomial of F, if the
associated mapping = — f(z) from F, to F, is a permutation of F,,.

For example, consider the polynomial h(xz) = 2x+1 over F5. If we evaluate
the polynomial h(x) at each value in F5, we get

h(0) =1, h(1) =3, h(2) =0, h(3) = 2, h(4) = 4.

Since h(x) permutes every element of F5, h(x) is a permutation polynomial
(PP) over Fs.

If both f(x) and f(x)+ x are permutation polynomials over F,, then we
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INTRODUCTION

NEW FINDINGS ON PATTERNS OF POLYNOMIALS

Inspired by |1, Theorem 3.3|, we discovered a new formula that generates
polynomial g, , with w,(n) = p + m, where m is a non-negative integer
with no upper bound and w,(n) is the base p weight of n. Let k be a
non-negative integer and p > 3.

g(m—|—2)p—1—|—k(p—1)($) — ((p — 1) — Sk)x ;

where

We also discovered that this applies for cases of w,(n) = p' + m, where
[ is any positive integer, and we are currently exploring the use of this
newly discovered generator to find new patterns of specific indices of the
polynomial.

ON COMPLETE PERMUTATION POLYNOMIALS

The polynomial g,2_5, 1S not a complete permutation polynomial. We
have

gpr—2.p = (p — 1)331?—2.
Let h(z) = g(z) + x. Then we have

—1 . *

—x T 4+zx itzxelF,

hix) = P
0 if £ = 0.

Since h(1) = 0 and h(0) = 0, h(x) is not a PP of F,,. Therefore g(x) is not
a CPP.

FUTURE PLANS ON VERIFYING POLYNOMIALS

The following table gives a list of indices of the CPPs generated by the
polynomial gy, ,:

SOME VERIFICATION

Here are the generalizations of three polynomials derived from the table:

For p > 3, we have

gp2—1=(p— 1)+ (p—1)aP~".

For p > 5, we have

Jkp—1 — (p — 1)£CPT_1, where k = Tl
For p > 7 such that p = 3 (mod 4),
Gkp—1 = (P — 1)xkp_2, where k = %.

FUTURE PLANS

In our growing needs of electric commerce and electric bookkeeping, it is
evident that more accurate, more complicated verification tools should be
developed to ensure the currency of the data and the accuracy of the data
input, respectively. Using complete permutation polynomials is an effective
way of verification:

e Mobile payment may use systems similar to the QR code system
and ISBN system. Maintaining the code currency ensures no other
people can use the screenshot of the payment page for their uses. The
polynomial g can find a unique prime number to coordinate with every
5 second interval of the day in order to make every unique code.

e It is hard to find a complete polynomial generated at a large index—
without a p shared by the two sides of the communication, finding the
specific polynomial will cost considerably more time—we can impose a
time limit on the operator’s console to weed out the communications
which, during access, excesses the time limit required to access each
digit generated by elements within IF, into the polynomial.

Single-input errors and double-errors are commonplace errors one can make
when inputting a series of digits. Having the digit checking system makes
sure the end result confirms with the expectations. Moreover, we plan on

call f(x) a complete permutation polynomial over [F,,. 2:_1 11;9x Zzzsx _iilv.est.igating the applications of polynomial g in the area of Latip Squares,
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