
MATH 135 Calculus 1 Worksheet 16 Fall 2023

1. Sliding Ladder Problem A 5-meter ladder leans against a wall. The bottom of the ladder is 1.5 meters from
the wall at time t = 0 and slides away from the wall at a rate of 0.8 m/s. Find the velocity of the top of the
ladder at time t = 1.
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In Exercises 59–61, x and y are functions of a variable t and use implicit
differentiation to relate dy/dt and dx/dt .

59. Differentiate xy = 1 with respect to t and derive the relation
dy

dt
= −y

x

dx

dt
.

60. Differentiate x3 + 3xy2 = 1 with respect to t and express dy/dt

in terms of dx/dt , as in Exercise 59.

61. Calculate dy/dt in terms of dx/dt .

(a) x3 − y3 = 1 (b) y4 + 2xy + x2 = 0

62. The volume V and pressure P of gas in a piston (which
vary in time t) satisfy PV 3/2 = C, where C is a constant. Prove that

dP/dt

dV /dt
= −3

2
P

V

The ratio of the derivatives is negative. Could you have predicted this
from the relation PV 3/2 = C?

Further Insights and Challenges
63. Show that if P lies on the intersection of the two curves x2 − y2 =
c and xy = d (c, d constants), then the tangents to the curves at P are
perpendicular.

64. The lemniscate curve (x2 + y2)2 = 4(x2 − y2) was discovered
by Jacob Bernoulli in 1694, who noted that it is “shaped like a figure 8,
or a knot, or the bow of a ribbon.” Find the coordinates of the four
points at which the tangent line is horizontal (Figure 13).
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FIGURE 13 Lemniscate curve: (x2 + y2)2 = 4(x2 − y2).

65. Divide the curve (Figure 14)

y5 − y = x2y + x + 1

into five branches, each of which is the graph of a function. Sketch the
branches.
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FIGURE 14 Graph of y5 − y = x2y + x + 1.

3.9 Related Rates
In related-rate problems, the goal is to calculate an unknown rate of change in terms of
other rates of change that are known. The “sliding ladder problem” is a good example:
A ladder leans against a wall as the bottom is pulled away at constant velocity. How fast
does the top of the ladder move? What is interesting and perhaps surprising is that the top
and bottom travel at different speeds. Figure 1 shows this clearly: The bottom travels the

t = 0 t = 1 t = 2
x

y

FIGURE 1 Positions of a ladder at times
t = 0, 1, 2.

same distance over each time interval, but the top travels farther during the second time
interval than the first. In other words, the top is speeding up while the bottom moves at a
constant speed. In the next example, we use calculus to find the velocity of the ladder’s
top.

EXAMPLE 1 Sliding Ladder Problem A 5-meter ladder leans against a wall. The bot-
tom of the ladder is 1.5 meters from the wall at time t = 0 and slides away from the wall
at a rate of 0.8 m/s. Find the velocity of the top of the ladder at time t = 1.

Solution The first step in any related-rate problem is to choose variables for the relevanth
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FIGURE 2 The variables x and h.

quantities. Since we are considering how the top and bottom of the ladder change position,
we use variables (Figure 2):

• x = x(t) distance from the bottom of the ladder to the wall
• h = h(t) height of the ladder’s top

2. Filling a Rectangular Tank Water pours into a fish tank at a rate of 0.3 m3/min. How fast is the water level
rising if the base of the tank is a rectangle of dimensions 2× 3 meters?

164 C H A P T E R 3 DIFFERENTIATION

Both x and h are functions of time. The velocity of the bottom is dx/dt = 0.8 m/s. The
unknown velocity of the top is dh/dt , and the initial distance from the bottom to the wall
is x(0) = 1.5, so we can restate the problem as

Compute
dh

dt
at t = 1 given that

dx

dt
= 0.8 m/s and x(0) = 1.5 m

To solve this problem, we need an equation relating x and h (Figure 2). This is
provided by the Pythagorean Theorem:

x2 + h2 = 52

To calculate dh/dt , we differentiate both sides of this equation with respect to t :

d

dt
x2 + d

dt
h2 = d

dt
52

2x
dx

dt
+ 2h

dh

dt
= 0

Therefore
dh

dt
= −x

h

dx

dt
, and because

dx

dt
= 0.8 m/s, the velocity of the top ist x h dh/dt

0 1.5 4.77 −0.25
1 2.3 4.44 −0.41
2 3.1 3.92 −0.63
3 3.9 3.13 −1.00

This table of values confirms that the top of
the ladder is speeding up.

dh

dt
= −0.8

x

h
m/s 1

To apply this formula, we must find x and h at time t = 1. Since the bottom slides away at
0.8 m/s and x(0) = 1.5, we have x(1) = 2.3 and h(1) =

√
52 − 2.32 ≈ 4.44. We obtain

(note that the answer is negative because the ladder top is falling):

dh

dt

∣∣∣∣
t=1

= −0.8
x(1)

h(1)
≈ −0.8

2.3
4.44

≈ −0.41 m/s

CONCEPTUAL INSIGHT A puzzling feature of Eq. (1) is that the velocity dh/dt , which
is equal to −0.8x/h, becomes infinite as h → 0 (as the top of the ladder gets close
to the ground). Since this is impossible, our mathematical model must break down as
h → 0. In fact, the ladder’s top loses contact with the wall on the way down and from
that moment on, the formula is no longer valid.

In the next examples, we divide the solution into three steps that can be followed
when working the exercises.

EXAMPLE 2 Filling a Rectangular Tank Water pours into a fish tank at a rate of
0.3 m3/min. How fast is the water level rising if the base of the tank is a rectangle of
dimensions 2 × 3 meters?

Solution To solve a related-rate problem, it is useful to draw a diagram if possible.
Figure 3 illustrates our problem.h = water level

23

FIGURE 3 V = water volume at time t .

Step 1. Assign variables and restate the problem.
First, we must recognize that the rate at which water pours into the tank is the derivative
of water volume with respect to time. Therefore, let V be the volume and h the height
of the water at time t . ThenIt is helpful to choose variables that are

related to or traditionally associated with
the quantity represented, such as V for
volume, θ for an angle, h or y for height,
and r for radius.

dV

dt
= rate at which water is added to the tank

dh

dt
= rate at which the water level is rising

3. Tracking a Rocket A spy uses a telescope to track a rocket launched vertically from a launching pad 6 km away,
as in the following Figure. At a certain moment, the angle θ between the telescope and the ground is equal to π

3
and is changing at a rate of 0.9 rad/min. What is the rocket’s velocity at that moment?
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Step 3. Use the data to find the unknown derivative.

We are given that
dV

dt
= 6. Using this in Eq. (2), we obtain

(0.16)πh2 dh

dt
= 6

dh

dt
= 6

(0.16)πh2 ≈ 12
h2 3

When h = 5, the level is rising at a rate of
dh

dt
≈ 12/52 = 0.48 m/min.

(b) Eq. (3) shows that dh/dt is inversely proportional to h2. As h increases, the water
level rises more slowly. This is reasonable if you consider that a thin slice of the cone of
width "h has more volume when h is large, so more water is needed to raise the level
when h is large (Figure 5).

"h

"h

FIGURE 5 When h is larger, it takes more
water to raise the level by an amount "h.

EXAMPLE 4 Tracking a Rocket A spy uses a telescope to track a rocket launched
vertically from a launching pad 6 km away, as in Figure 6. At a certain moment, the
angle θ between the telescope and the ground is equal to π

3 and is changing at a rate of
0.9 rad/min. What is the rocket’s velocity at that moment?

Solution

Step 1. Assign variables and restate the problem.
Let y be the height of the rocket at time t . Our goal is to compute the rocket’s velocity

6 km

θ

y

FIGURE 6 Tracking a rocket through a
telescope.

dy/dt when θ = π
3 so we can restate the problem as follows:

Compute
dy

dt

∣∣∣∣
θ= π

3

given that
dθ

dt
= 0.9 rad/min when θ = π

3

Step 2. Find an equation relating the variables and differentiate.
We need a relation between θ and y. As we see in Figure 6,

tan θ = y

6

Now differentiate with respect to time:

sec2 θ
dθ

dt
= 1

6
dy

dt

dy

dt
= 6

cos2 θ

dθ

dt
4

Step 3. Use the given data to find the unknown derivative.
At the given moment, θ = π

3 and dθ/dt = 0.9, so Eq. (4) yields

dy

dt
= 6

cos2(π/3)
(0.9) = 6

(0.5)2 (0.9) = 21.6 km/min

The rocket’s velocity at this moment is 21.6 km/min, or approximately 1296 km/h.



4. Filling a Conical Tank Water pours into a conical tank of height 10 m and radius 4 m at a rate of 6m3/min.
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Now we can restate our problem in terms of derivatives:

Compute
dh

dt
given that

dV

dt
= 0.3 m3/min

Step 2. Find an equation relating the variables and differentiate.
We need a relation between V and h. We have V = 6h since the tank’s base has area
6 m2. Therefore,

dV

dt
= 6

dh

dt
⇒ dh

dt
= 1

6
dV

dt

Step 3. Use the data to find the unknown derivative.
Because dV /dt = 0.3, the water level rises at the rate

dh

dt
= 1

6
dV

dt
= 1

6
(0.3) = 0.05 m/min

Note that dh/dt has units of meters per minute because h and t are in meters and
minutes, respectively.

The set-up in the next example is similar but more complicated because the water
tank has the shape of a circular cone. We use similar triangles to derive a relation between
the volume and height of the water. We also need the formula V = 1

3πhr2 for the volume
of a circular cone of height h and radius r .

EXAMPLE 3 Filling a Conical Tank Water pours into a conical tank of height
10 m and radius 4 m at a rate of 6 m3/min.

(a) At what rate is the water level rising when the level is 5 m high?
(b) As time passes, what happens to the rate at which the water level rises?

Solution

(a) Step 1. Assign variables and restate the problem.
As in the previous example, let V and h be the volume and height of the water in the
tank at time t . Our problem, in terms of derivatives, is

Compute
dh

dt
at h = 5 given that

dV

dt
= 6 m3/min

Step 2. Find an equation relating the variables and differentiate.
When the water level is h, the volume of water in the cone is V = 1

3πhr2, where r is
the radius of the cone at height h, but we cannot use this relation unless we eliminate
the variable r . Using similar triangles in Figure 4, we see that

h

r
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FIGURE 4 By similar triangles,

r

h
= 4

10
r

h
= 4

10

or

r = 0.4 h

Therefore,CAUTION A common mistake is substituting
the particular value h = 5 in Eq. (2). Do
not set h = 5 until the end of the problem,
after the derivatives have been computed.
This applies to all related-rate problems.

V = 1
3
πh(0.4 h)2 =

(
0.16

3

)
πh3

dV

dt
= (0.16)πh2 dh

dt
2

(a) At what rate is the water level rising when the level is 5 m high?

(b) As time passes, what happens to the rate at which the water level rises?

5. Farmer John’s tractor, traveling at 3 m/s, pulls a rope attached to a bale of hay through a pulley. With dimensions
as indicated in the figure, how fast is the bale rising when the tractor is 5 m from the bale? S E C T I O N 3.9 Related Rates 167

EXAMPLE 5 Farmer John’s tractor, traveling at 3 m/s, pulls a rope attached to a bale
of hay through a pulley. With dimensions as indicated in Figure 7, how fast is the bale
rising when the tractor is 5 m from the bale?

x

h

6 − h4.5 m
6 m

Hay

3 m/s

FIGURE 7

Solution

Step 1. Assign variables and restate the problem. Let x be the horizontal distance from
the tractor to the bale of hay, and let h be the height above ground of the top of the bale.
The tractor is 5 m from the bale when x = 5, so we can restate the problem as follows:

Compute
dh

dt

∣∣∣∣
x=5

given that
dx

dt
= 3 m/s

Step 2. Find an equation relating the variables and differentiate.
Let L be the total length of the rope. From Figure 7 (using the Pythagorean Theorem),

L =
√

x2 + 4.52 + (6 − h)

Although the length L is not given, it is a constant, and therefore dL/dt = 0. Thus,

dL

dt
= d

dt

(√
x2 + 4.52 + (6 − h)

)
= x dx

dt√
x2 + 4.52

− dh

dt
= 0 5

Step 3. Use the given data to find the unknown derivative.
Apply Eq. (5) with x = 5 and dx/dt = 3. The bale is rising at the rate

dh

dt
= x dx

dt√
x2 + 4.52

= (5)(3)√
52 + 4.52

≈ 2.23 m/s

3.9 SUMMARY

• Related-rate problems present us with situations in which two or more variables are
related and we are asked to compute the rate of change of one of the variables in terms of
the rates of change of the other variable(s).
• Draw a diagram if possible. It may also be useful to break the solution into three steps:

Step 1. Assign variables and restate the problem.

Step 2. Find an equation that relates the variables and differentiate.

This gives us an equation relating the known and unknown derivatives. Remember not to
substitute values for the variables until after you have computed all derivatives.

Step 3. Use the given data to find the unknown derivative.

• The two facts from geometry arise often in related-rate problems: Pythagorean Theorem
and the Theorem of Similar Triangles (ratios of corresponding sides are equal).


