
MATH 136 Calculus 2 Worksheet 12 Fall 2023

Section 2.4 - Arc length of a curve

(1) Express the arc length of the curve y = x4 between x = 2 and x = 6 as an integral (but do not evaluate).

(2) Express the arc length of the curve y = tanx for 0 ≤ x ≤ π
4 as an integral (but do not evaluate).

(3) Find the arc length of y =
1

12
x3 + x−1 for 1 ≤ x ≤ 2. Hint: Show that 1 + (y′)2 =

(1
4
x2 + x−2

)2

.

(4) Find the arc length of y =
(x
2

)4

+
1

2x2
over [1, 4]. Hint: Show that 1 + (y′)2 is a perfect square.

(5) Find the exact length of the curve.

x =
1

3

√
y (y − 3), 1 ≤ y ≤ 9

(6) Find the exact length of the curve.

y =
1

4
x2 − 1

2
lnx, [1, 2e]

(7) A hawk flying at 15 m/s at an altitude of 180 m accidentally drops its prey. The parabolic trajectory of the falling
prey is described by the equation

y = 180− x2

45
until it hits the ground, where y is its height above the ground and x is the horizontal distance traveled in meters.
Calculate the distance traveled by the prey from the time it is dropped until the time it hits the ground. Express
your answer correct to the nearest tenth of a meter.

(8) For the function f(x) = 1
4e

x + e−x, show that the arc length on the interval [0, 1] has the same value as the area
under the curve. Is it true for any interval [a, b]?

(9) Find the length of the curve

y =

∫ x

1

√
t3 − 1 dt 1 ≤ x ≤ 4

(10) Calculate the length of the astroid x2/3 + y2/3 = 1.
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The surface area (Figure 10) is equal toy

x

1

31

y = x1/2 − x3/21
3

FIGURE 10

S = 2π

∫ 3

1
f (x)

√
1 + f ′(x)2 dx = 2π

∫ 3

1

(
x1/2 − 1

3
x3/2

) (
x1/2 + x−1/2

2

)
dx

= π

∫ 3

1

(
1 + 2

3
x − 1

3
x2

)
dx = π

(
x + 1

3
x2 − 1

9
x3

) ∣∣∣∣
3

1
= 16π

9

9.1 SUMMARY

• The arc length of y = f (x) over [a, b] is

s =
∫ b

a

√
1 + f ′(x)2 dx

• Use numerical integration to approximate arc length when the arc length integral cannot
be evaluated explicitly.
• Assume that f (x) ≥ 0. The surface area of the surface obtained by rotating the graph
of f (x) about the x-axis for a ≤ x ≤ b is

Surface area = 2π

∫ b

a
f (x)

√
1 + f ′(x)2 dx

9.1 EXERCISES

Preliminary Questions
1. Which integral represents the length of the curve y = cos x be-

tween 0 and π?
∫ π

0

√
1 + cos2 x dx,

∫ π

0

√
1 + sin2 x dx

2. Use the formula for arc length to show that for any constant C, the
graphs y = f (x) and y = f (x) + C have the same length over every
interval [a, b]. Explain geometrically.

3. Use the formula for arc length to show that the length of a graph
over [1, 4] cannot be less than 3.

Exercises
1. Express the arc length of the curve y = x4 between x = 2 and

x = 6 as an integral (but do not evaluate).

2. Express the arc length of the curve y = tan x for 0 ≤ x ≤ π
4 as an

integral (but do not evaluate).

3. Find the arc length of y = 1
12x3 + x−1 for 1 ≤ x ≤ 2. Hint: Show

that 1 + (y′)2 =
(

1
4x2 + x−2

)2
.

4. Find the arc length of y =
(x

2

)4
+ 1

2x2 over [1, 4]. Hint: Show

that 1 + (y′)2 is a perfect square.

In Exercises 5–10, calculate the arc length over the given interval.

5. y = 3x + 1, [0, 3] 6. y = 9 − 3x, [1, 3]

7. y = x3/2, [1, 2] 8. y = 1
3x3/2 − x1/2, [2, 8]

9. y = 1
4x2 − 1

2 ln x, [1, 2e] 10. y = ln(cos x),
[
0, π

4
]

In Exercises 11–14, approximate the arc length of the curve over the
interval using the Trapezoidal Rule TN , the Midpoint Rule MN , or
Simpson’s Rule SN as indicated.

11. y = 1
4x4, [1, 2], T5 12. y = sin x,

[
0, π

2
]
, M8

13. y = x−1, [1, 2], S8 14. y = e−x2
, [0, 2], S8

15. Calculate the length of the astroid x2/3 + y2/3 = 1 (Figure 11).

y

1

1

−1

−1
x

FIGURE 11 Graph of x2/3 + y2/3 = 1.
1


