
MATH 241 Worksheet 7 Fall 2022

1. Find a parametrization of the portion S of the cone with equation x2 + y2 = z2 lying above or below the disk
x2 + y2 ≤ 4. Specify the domain D of the parametrization.

2. Describe the surface parameterized by

G(θ, z) = (R cos θ,R sin θ, z), 0 ≤ θ < 2π, −∞ < z <∞,

where R is fixed.

3. Describe the surface parameterized by

G(θ, φ) = (R cos θ sinφ,R sin θ sinφ,R cosφ), 0 ≤ θ < 2π, 0 < φ < π,

where R is fixed.

4. Match each parametrization with the corresponding surface in the following figure.

(a) (u, cos v, sin v)

(b) (u, u+ v, v)

(c) (u, v3, v)

(d) (cosu sin v, 3 sinu sin v, cos v)

(e) (u, u(2 + cos v), u(2 + sin v))
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17.4 EXERCISES

Preliminary Questions
1. What is the surface integral of the function f (x, y, z) = 10 over a

surface of total area 5?

2. What interpretation can we give to the length ‖n‖ of the normal
vector for a parametrization G(u, v)?

3. A parametrization maps a rectangle of size 0.01 × 0.02 in the
uv-plane onto a small patch S of a surface. Estimate Area(S) if
Tu × Tv = 〈1, 2, 2〉 at a sample point in the rectangle.

4. A small surface S is divided into three small pieces, each of area

0.2. Estimate
∫∫

S
f (x, y, z) dS if f (x, y, z) takes the values 0.9, 1,

and 1.1 at sample points in these three pieces.

5. A surface S has a parametrization whose domain is the square
0 ≤ u, v ≤ 2 such that ‖n(u, v)‖ = 5 for all (u, v). What is Area(S)?

6. What is the outward-pointing unit normal to the sphere of radius 3
centered at the origin at P = (2, 2, 1)?

Exercises
1. Match each parametrization with the corresponding surface in Fig-

ure 16.

(a) (u, cos v, sin v)

(b) (u, u + v, v)

(c) (u, v3, v)

(d) (cos u sin v, 3 cos u sin v, cos v)

(e) (u, u(2 + cos v), u(2 + sin v))
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FIGURE 16

2. Show that G(r, θ) = (r cos θ, r sin θ, 1 − r2) parametrizes the
paraboloid z = 1 − x2 − y2. Describe the grid curves of this
parametrization.

3. Show that G(u, v) = (2u + 1, u − v, 3u + v) parametrizes the
plane 2x − y − z = 2. Then:

(a) Calculate Tu, Tv , and n(u, v).

(b) Find the area of S = G(D), where
D = {(u, v) : 0 ≤ u ≤ 2, 0 ≤ v ≤ 1}.

(c) Express f (x, y, z) = yz in terms of u and v, and evaluate∫∫

S
f (x, y, z) dS.

4. Let S = G(D), where D = {(u, v) : u2 + v2 ≤ 1, u ≥ 0, v ≥ 0}
and G is as defined in Exercise 3.
(a) Calculate the surface area of S.

(b) Evaluate
∫∫

S
(x − y) dS. Hint: Use polar coordinates.

5. Let G(x, y) = (x, y, xy).
(a) Calculate Tx , Ty , and n(x, y).
(b) Let S be the part of the surface with parameter domain D =
{(x, y) : x2 + y2 ≤ 1, x ≥ 0, y ≥ 0}. Verify the following formula and
evaluate using polar coordinates:

∫∫

S
1 dS =

∫∫

D

√
1 + x2 + y2 dx dy

(c) Verify the following formula and evaluate:
∫∫

S
z dS =

∫ π/2

0

∫ 1

0
(sin θ cos θ)r3

√
1 + r2 dr dθ

6. A surface S has a parametrization G(u, v) whose domain D is the
square in Figure 17. Suppose that G has the following normal vectors:

n(A) = 〈2, 1, 0〉 , n(B) = 〈1, 3, 0〉
n(C) = 〈3, 0, 1〉 , n(D) = 〈2, 0, 1〉

Estimate
∫∫

S
f (x, y, z) dS, where f is a function such that

f (G(u, v)) = u + v.
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FIGURE 17

5. Find a parameterization for the paraboloid z = 1− x2 − y2.

6. Find a parameterization for the plane 2x− y − z = 2.

7. Find an equation for the surface parameterized by

G(u, v) = (u2 − v2, u+ v, u− v)

8. Find a parameterization of the part of the cone x2 + y2 = z2 between the planes z = 2 and z = 5.

9. Find a parameterization of the part of the cone z2 = x2 + y2, where z ≥ 0, contained within the cylinder
y2 + z2 ≤ 1.

10. Let S be the portion of the sphere x2 + y2 + z2 = 9, where 1 ≤ x2 + y2 ≤ 4 and z ≥ 0. Find a parameterization
of S.


