
MATH 241 Worksheet 6 Fall 2022

1. Let S be the solid region which is inside the sphere given by x2 + y2 + z2 = 4 and above the plane where
z = 1. Assume that x, y, and z are measured in meters. Suppose the density of the solid region S is given by

δ (x, y, z) =
1

x2 + y2 + z2
kg/m3. Find the total mass of the solid region S.

2. Use spherical coordinates to find the volume of the solid that lies above the cone z =
√
x2 + y2 and below the

sphere x2 + y2 + z2 = z.

3. Let S be the solid region in the 1st octant (i.e., where x ≥ 0, y ≥ 0, and z ≥ 0) in R3 which lies inside the (top)
hemisphere where x2 + y2 + z2 = 4 and z ≥ 0 but lies outside the cylinder where x2 + y2 = 1, and bounded by
the planes with equations y = x and y

√
3 = x. Compute the volume of the solid region S.

4. Let S be the solid region which is bounded by the half-cones where z =
√
x2 + y2 and z

√
3 =

√
x2 + y2, and

inside the cylinder where x2 + y2 = 4 and outside the cylinder where x2 + y2 = 1. Assume that x, y, and z are

measured in meters. Suppose the density of the solid region S is given by δ (x, y, z) =
1

x2 + y2 + z2
kg/m3. Find

the total mass of the solid region S.

5. Find the volume of the region in the following figure.
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In Exercises 27–32, use cylindrical coordinates to calculate∫∫∫

W
f (x, y, z) dV for the given function and region.

27. f (x, y, z) = x2 + y2; x2 + y2 ≤ 9, 0 ≤ z ≤ 5

28. f (x, y, z) = xz; x2 + y2 ≤ 1, x ≥ 0, 0 ≤ z ≤ 2

29. f (x, y, z) = y; x2 + y2 ≤ 1, x ≥ 0, y ≥ 0, 0 ≤ z ≤ 2

30. f (x, y, z) = z
√

x2 + y2; x2 + y2 ≤ z ≤ 8 − (x2 + y2)

31. f (x, y, z) = z; x2 + y2 ≤ z ≤ 9

32. f (x, y, z) = z; 0 ≤ z ≤ x2 + y2 ≤ 9

In Exercises 33–36, express the triple integral in cylindrical coordi-
nates.

33.
∫ 1

−1

∫ y=
√

1−x2

y=−
√

1−x2

∫ 4

z=0
f (x, y, z) dz dy dx

34.
∫ 1

0

∫ y=
√

1−x2

y=−
√

1−x2

∫ 4

z=0
f (x, y, z) dz dy dx

35.
∫ 1

−1

∫ y=
√

1−x2

y=0

∫ x2+y2

z=0
f (x, y, z) dz dy dx

36.
∫ 2

0

∫ y=
√

2x−x2

y=0

∫ √
x2+y2

z=0
f (x, y, z) dz dy dx

37. Find the equation of the right-circular cone in Figure 21 in cylin-
drical coordinates and compute its volume.

FIGURE 21

38. Use cylindrical coordinates to integrate f (x, y, z) = z over the in-
tersection of the hemisphere x2 + y2 + z2 = 4, z ≥ 0, and the cylinder
x2 + y2 = 1.

39. Use cylindrical coordinates to calculate the volume of the solid
obtained by removing a central cylinder of radius b from a sphere of
radius a where b < a.

40. Find the volume of the region in Figure 22.

FIGURE 22

In Exercises 41–46, use spherical coordinates to calculate the triple
integral of f (x, y, z) over the given region.

41. f (x, y, z) = y; x2 + y2 + z2 ≤ 1, x, y, z ≤ 0

42. f (x, y, z) = ρ−3; 2 ≤ x2 + y2 + z2 ≤ 4

43. f (x, y, z) = x2 + y2; ρ ≤ 1

44. f (x, y, z) = 1; x2 + y2 + z2 ≤ 4z, z ≥
√

x2 + y2

45. f (x, y, z) =
√

x2 + y2 + z2; x2 + y2 + z2 ≤ 2z

46. f (x, y, z) = ρ; x2 + y2 + z2 ≤ 4, z ≤ 1, x ≥ 0

47. Use spherical coordinates to evaluate the triple integral of
f (x, y, z) = z over the region

0 ≤ θ ≤ π

3
, 0 ≤ φ ≤ π

2
, 1 ≤ ρ ≤ 2

48. Find the volume of the region lying above the cone φ = φ0 and
below the sphere ρ = R.

49. Calculate the integral of

f (x, y, z) = z(x2 + y2 + z2)−3/2

over the part of the ball x2 + y2 + z2 ≤ 16 defined by z ≥ 2.

50. Calculate the volume of the cone in Figure 21 using spherical co-
ordinates.

51. Calculate the volume of the sphere x2 + y2 + z2 = a2, using both
spherical and cylindrical coordinates.

52. Let W be the region within the cylinder x2 + y2 = 2 between z =
0 and the cone z =

√
x2 + y2. Calculate the integral of f (x, y, z) =

x2 + y2 over W , using both spherical and cylindrical coordinates.

6. Let S be the solid region above the sphere x2 + y2 + z2 = 6 and below the paraboloid z = 4− x2 − y2.

(a) Sketch the projection of S onto the xy-plane.

(b) Compute the volume of the solid S.
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5. f (x, y) = y(x2 + y2)−1; y ≥ 1
2 , x2 + y2 ≤ 1

6. f (x, y) = ex2+y2
; x2 + y2 ≤ R

In Exercises 7–14, sketch the region of integration and evaluate by
changing to polar coordinates.

7.
∫ 2

−2

∫ √
4−x2

0
(x2 + y2) dy dx

8.
∫ 3

0

∫ √
9−y2

0

√
x2 + y2 dx dy

9.
∫ 1/2

0

∫ √
1−x2

√
3x

x dy dx

10.
∫ 4

0

∫ √
16−x2

0
tan−1 y

x
dy dx

11.
∫ 5

0

∫ y

0
x dx dy

12.
∫ 2

0

∫ √
3x

x
y dy dx

13.
∫ 2

−1

∫ √
4−x2

0
(x2 + y2) dy dx

14.
∫ 2

1

∫ √
2x−x2

0

1
√

x2 + y2
dy dx

In Exercises 15–20, calculate the integral over the given region by
changing to polar coordinates.

15. f (x, y) = (x2 + y2)−2; x2 + y2 ≤ 2, x ≥ 1

16. f (x, y) = x; 2 ≤ x2 + y2 ≤ 4

17. f (x, y) = |xy|; x2 + y2 ≤ 1

18. f (x, y) = (x2 + y2)−3/2; x2 + y2 ≤ 1, x + y ≥ 1

19. f (x, y) = x − y; x2 + y2 ≤ 1, x + y ≥ 1

20. f (x, y) = y; x2 + y2 ≤ 1, (x − 1)2 + y2 ≤ 1

21. Find the volume of the wedge-shaped region (Figure 17) contained
in the cylinder x2 + y2 = 9, bounded above by the plane z = x and be-
low by the xy-plane.

FIGURE 17

22. Let W be the region above the sphere x2 + y2 + z2 = 6 and below
the paraboloid z = 4 − x2 − y2.

(a) Show that the projection of W on the xy-plane is the disk
x2 + y2 ≤ 2 (Figure 18).

(b) Compute the volume of W using polar coordinates.

FIGURE 18

23. Evaluate
∫∫

D

√
x2 + y2 dA, where D is the domain in Figure 19.

Hint: Find the equation of the inner circle in polar coordinates and treat
the right and left parts of the region separately.

2
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FIGURE 19
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FIGURE 20

24. Evaluate
∫∫

D
x

√
x2 + y2 dA, where D is the shaded region en-

closed by the lemniscate curve r2 = sin 2θ in Figure 20.

25. Let W be the region between the paraboloids z = x2 + y2 and
z = 8 − x2 − y2.

(a) Describe W in cylindrical coordinates.

(b) Use cylindrical coordinates to compute the volume of W .

26. Use cylindrical coordinates to calculate the integral of the func-
tion f (x, y, z) = z over the region above the disk x2 + y2 = 1 in the
xy-plane and below the surface z = 4 + x2 + y2.



7. Calculate the triple integral of f(x, y, z) over the given region.

(a) f(x, y, z) = 1; x2 + y2 + z2 ≤ 4z; z ≥
√
x2 + y2

(b) f(x, y, z) =
√
x2 + y2 + z2; x2 + y2 + z2 ≤ 2z

8. Express the triple integral in cylindrical coordinates.

∫ 2

0

∫ √2x−x2

0

∫ √x2+y2

0

f(x, y, z) dz dy dx


