
MATH 241 Multivariable Calculus Worksheet 3 Fall 2022

(1) What is the minimum force you must apply to pull a 20-kg wagon up a frictionless ramp inclined at an angle θ = 15◦.

688 C H A P T E R 13 VECTOR GEOMETRY

EXAMPLE 6 Find the projection of u = 〈5, 1, −3〉 along v = 〈4, 4, 2〉.
Solution It is convenient to use the second formula in Eq. (4):

u · v = 〈5, 1, −3〉 · 〈4, 4, 2〉 = 20 + 4 − 6 = 18, v · v = 42 + 42 + 22 = 36

u|| =
(u · v

v · v

)
v =

(
18
36

)
〈4, 4, 2〉 = 〈2, 2, 1〉

We show now that if v $= 0, then every vector u can be written as the sum of the
projection u|| and a vector u⊥ that is orthogonal to v (see Figure 8). In fact, if we set

u⊥ = u − u||

then we have
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FIGURE 8 Decomposition of u as a sum
u = u|| + u⊥ of vectors parallel and
orthogonal to v.

u = u|| + u⊥ 5

Eq. (5) is called the decomposition of u with respect to v. We must verify, however, that
u⊥ is orthogonal to v. We do this by showing that the dot product is zero:

u⊥ · v = (u − u||) · v = (u −
(u · v

v · v

)
v) · v = u · v −

(u · v
v · v

)
(v · v) = 0

EXAMPLE 7 Find the decomposition of u = 〈5, 1, −3〉 with respect to v = 〈4, 4, 2〉.
Solution In Example 6 we showed that u|| = 〈2, 2, 1〉. The orthogonal vector is

u⊥ = u − u|| = 〈5, 1, −3〉 − 〈2, 2, 1〉 = 〈3, −1, −4〉

The decomposition of u with respect to v is

u = 〈5, 1, −3〉 = u|| + u⊥ = 〈2, 2, 1〉︸ ︷︷ ︸
Projection along v

+ 〈3, −1, −4〉︸ ︷︷ ︸
Orthogonal to v

The decomposition into parallel and orthogonal vectors is useful in many applications.

EXAMPLE 8 What is the minimum force you must apply to pull a 20-kg wagon up a
frictionless ramp inclined at an angle θ = 15◦?

Solution Let Fg be the force on the wagon due to gravity. It has magnitude 20g newtons
with g = 9.8. Referring to Figure 9, we decompose Fg as a sum

θ

Fg
F⊥⊥

F||

θ

90° − θ

90° − θ

FIGURE 9 The angle between Fg and F|| is
90◦ − θ .

Fg = F|| + F⊥

where F|| is the projection along the ramp and F⊥ is the “normal force” orthogonal to the
ramp. The normal force F⊥ is canceled by the ramp pushing back against the wagon in
the normal direction, and thus (because there is no friction), you need only pull against
F||.

Notice that the angle between Fg and the ramp is the complementary angle 90◦ − θ .
Since F|| is parallel to the ramp, the angle between Fg and F|| is also 90◦ − θ , or 75◦, and

‖F||‖ = ‖Fg‖ cos(75◦) ≈ 20(9.8)(0.26) ≈ 51 N

Since gravity pulls the wagon down the ramp with a 51-newton force, it takes a minimum
force of 51 newtons to pull the wagon up the ramp.(2) Consider the two vectors v = 〈1, 2, 3〉 and w = 〈3,−2, 1〉. Are v and w perpendicular? Justify your answer.

(3) Consider the two vectors v = 〈1, 2, 3〉 and w = 〈5, 0, 1〉. Are v and w parallel? Justify your answer. If they are not,
produce a unit vector normal to both v and w.

(4) Calculate the area of the parallelogram spanned by v and w.
v = 〈1, 0, 1〉 and w = 〈0,−2, 3〉.

(5) Find the vector and scalar projections of v = 〈1, 2, 3〉 onto w = 〈1,−1, 0〉.
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(6) The diagonals of a parallelogram are given by the vectors a = 〈3,−4,−1〉 and b = 〈2, 3,−6〉. Show that the
parallelogram is a rhombus.

(7) For what values of a are v = 〈a,−2, 1〉 and w = 〈2a, a,−4〉 perpendicular?

(8) Compute the volume of the parallelepiped spanned by the vectors a = 〈2,−3, 0〉, b = 〈1, 1,−1〉 and c = 〈3, 0,−1〉.

(9) Show that the distance from a point P1(x1, y1) to the line ax+ by + c = 0 is

| ax1 + by1 + c |√
a2 + b2

Use this formula to find the distance from the point (−2, 3) to the line 3x− 4y + 5 = 0.


