
MATH 241 Multivariable Calculus Linear and Differential Approximation Fall 2022

(1) Find a tangent plane of the graph of f(x, y) = xy3 + x2 at (2,−2).

(2) Use the linear approximation to estimate

(3.99)3(1.01)4(1.98)−1

1



We can write the linear approximation in terms of the change in f :

∆f ≈ fx(a, b)∆x+ fy(a, b)∆y

The linear approximation is often expressed in terms of differentials:

df = fx(x, y)dx+ fy(x, y)dy =
δf

δx
dx+

δf

δy
dy
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EXAMPLE 2 Where is h(x, y) =
√

x2 + y2 differentiable?

Solution The partial derivatives exist and are continuous for all (x, y) != (0, 0):

h (x, y) is not
differentiable
at the origin
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x
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h (x, y) = "x2 + y2

FIGURE 6 The function

h(x, y) =
√

x2 + y2 is differentiable
except at the origin.

hx(x, y) = x
√

x2 + y2
, hy(x, y) = y

√
x2 + y2

However, the partial derivatives do not exist at (0, 0). Indeed, hx(0, 0) does not exist
because h(x, 0) =

√
x2 = |x| is not differentiable at x = 0. Similarly, hy(0, 0) does not

exist. By Theorem 1, h(x, y) is differentiable except at (0, 0) (Figure 6).

EXAMPLE 3 Find a tangent plane of the graph of f (x, y) = xy3 + x2 at (2, −2).
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P = (2, −2, −12)

FIGURE 7 Tangent plane to the surface
f (x, y) = xy3 + x2 passing through
P = (2, −2, −12).

Solution The partial derivatives are continuous, so f (x, y) is differentiable:

fx(x, y) = y3 + 2x, fx(2, −2) = −4

fy(x, y) = 3xy2, fy(2, −2) = 24

Since f (2, −2) = −12, the tangent plane through (2, −2, −12) has equation

z = −12 − 4(x − 2) + 24(y + 2)

This can be rewritten as z = 44 − 4x + 24y (Figure 7).

Linear Approximation and Differentials
By definition, if f (x, y) is differentiable at (a, b), then it is locally linear and the linear
approximation is

f (x, y) ≈ L(x, y) for (x, y) near (a, b)

where

L(x, y) = f (a, b) + fx(a, b)(x − a) + fy(a, b)(y − b)

We shall rewrite this in several useful ways. First, set x = a + h and y = b + k. Then

f (a + h, b + k) ≈ f (a, b) + fx(a, b)h + fy(a, b)k 3

We can also write the linear approximation in terms of the change in f :

!f = f (x, y) − f (a, b), !x = x − a, !y = y − b

!f ≈ fx(a, b)!x + fy(a, b)!y 4

Finally, the linear approximation is often expressed in terms of differentials:

df = fx(x, y) dx + fy(x, y) dy = ∂f

∂x
dx + ∂f

∂y
dy

As shown in Figure 8, df represents the change in height of the tangent plane for given

z

z = L(x, y)

z = f (x, y)

dx = ∆xdy = ∆y

∆ f

df

FIGURE 8 The quantity df is the change in
height of the tangent plane.

changes dx and dy in x and y (when we work with differentials, we call them dx and
dy instead of !x and !y), whereas !f is the change in the function itself. The linear
approximation tells us that the two changes are approximately equal:

!f ≈ df

The quantity df is the change in height of the tangent plane, whereas ∆f is the change in the function itself. The
linear approximation tells us that the two changes are approximately equal:

∆f ≈ df

(3) A person’s BMI is I = W/H2, where W is the body weight (in kilograms) and H is the body height (in meters).
Estimate the change in a child’s BMI if (W,H) changes from (40, 1.45) to (41.5, 1.47).


