
MATH 241 - 01 Multivariable Calculus Midterm Exam 1 October 6, 2022

Your Name:

Duration of the exam is 90 minutes. There are six problems, worth 50 points, and an extra credit prob-
lem, worth 2 points. Show all your work for full credit. Books, notes etc. are prohibited. Calculators
are NOT permitted.

1. (i) (3 pts) Find a vector equation, parametric equations and symmetric equations for the line that passes
through (1, 1, 1) and is parallel to the line through (2, 0,−1) and (4, 1, 3).

(ii) (4 pts) Determine whether the lines r1(t) = 〈0, 1, 1〉+ t〈1, 1, 2〉 and r2(s) = 〈2, 0, 3〉+ s〈1, 4, 4〉 intersect,
and if so, find the point of intersection.



2. (i) (5 pts) Find the vector and scalar projections of a onto b, and determine whether the angle between a
and b is acute or obtuse.

a = 〈−1, 2, 0〉, b = 〈2, 0, 1〉

(ii) (3 pts) Use the scalar triple product to determine whether the points A, B, C and D lie in the same
plane.

A(1, 3, 2), B(3,−1, 6), C(5, 2, 0), D(3, 6,−4)



3. (i) (6 pts) Compute the angle between the plane through the points (1, 0, 0), (0, 1, 0), and (0, 0, 1) and the
yz-plane.

(ii) (3 pts) Find the intersection of the line and the plane.

x+ y + z = 14, r(t) = 〈1, 1, 0〉+ t〈0, 2, 4〉



4. (i) (5 pts) Parameterize the curve which is the intersection of the plane y =
1

2
with the sphere x2+y2+z2 = 1.

(ii) (6 pts) Find the location and velocity at t = 4 of a particle whose path satisfies

dr

dt
=

〈
2t−1/2, 6, 8t

〉
, r(1) = 〈4, 9, 2〉



5. (7 pts) Find an arc length parametrization of the circle of radius 2 with center (1, 2, 5) in a plane parallel to the
yz-plane.

Hint: First parameterize the circle with respect to t, and then use the Fundamental Theorem of Calculus to find
t in terms of s.



6. Let C be the curve whose parameterization is given by

r(t) = 〈cos t, sin t, ln cos t〉

(i) (3 pts) Find the curvature at the point (1, 0, 0).

Hint: κ(t) =
|r′(t)× r′′(t)|
|r′(t)|3

(ii) (5 pts) Find equations of the normal plane and osculating plane of the curve at the point (1, 0, 0).

Hint: T(t) =
r′(t)

|r′(t)|
, N(t) =

T′(t)

|T′(t)|
, B(t) = T(t)×N(t)



Extra Credit Problem (2 points) A plane flying due east at 200 km/h encounters a 40-km/h wind blowing in
the north-east direction. The resultant velocity of the plane is the vector sum v = v1+v2, where v1 is the velocity
vector of the plane and v2 is the velocity vector of the wind. Than angle between v1 and v2 is π

4 . Determine the
resultant speed of the plane (the length of the vector v).

Hint: Here I am asking you to find the magnitude of v. Consider the location of the plane in the figure as the
origin and write v1 and v2 in component form.

S E C T I O N 13.1 Vectors in the Plane 673

(a) −w (b) −v (c) w − v (d) v − w

(i)
−→
CB (ii)

−→
CA (iii)

−→
BC (iv)

−→
BA

48. Find the components and length of the following vectors:
(a) 4i + 3j (b) 2i − 3j (c) i + j (d) i − 3j

In Exercises 49–52, calculate the linear combination.

49. 3j + (9i + 4j) 50. − 3
2 i + 5

( 1
2 j − 1

2 i
)

51. (3i + j) − 6j + 2(j − 4i) 52. 3(3i − 4j) + 5(i + 4j)

53. For each of the position vectors u with endpoints A, B, and C in
Figure 26, indicate with a diagram the multiples rv and sw such that
u = rv + sw. A sample is shown for u = −−→

OQ.
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FIGURE 26

54. Sketch the parallelogram spanned by v = 〈1, 4〉 and w = 〈5, 2〉.
Add the vector u = 〈2, 3〉 to the sketch and express u as a linear com-
bination of v and w.

In Exercises 55 and 56, express u as a linear combination u = rv + sw.
Then sketch u, v, w, and the parallelogram formed by rv and sw.

55. u = 〈3, −1〉; v = 〈2, 1〉, w = 〈1, 3〉

56. u = 〈6, −2〉; v = 〈1, 1〉, w = 〈1, −1〉

57. Calculate the magnitude of the force on cables 1 and 2 in Figure 27.

65° 25°

Cable 1
Cable 2

50 kg

FIGURE 27

58. Determine the magnitude of the forces F1 and F2 in Figure 28,
assuming that there is no net force on the object.

45° 30°

20 kgF2

F1

FIGURE 28

59. A plane flying due east at 200 km/h encounters a 40-km/h wind
blowing in the north-east direction. The resultant velocity of the plane
is the vector sum v = v1 + v2, where v1 is the velocity vector of the
plane and v2 is the velocity vector of the wind (Figure 29). The angle
between v1 and v2 is π

4 . Determine the resultant speed of the plane
(the length of the vector v).

40 km/h

200 km/h

v2

v1

v

FIGURE 29

Further Insights and Challenges
In Exercises 60–62, refer to Figure 30, which shows a robotic arm
consisting of two segments of lengths L1 and L2.
60. Find the components of the vector r = −→

OP in terms of θ1 and θ2.

61. Let L1 = 5 and L2 = 3. Find r for θ1 = π
3 , θ2 = π

4 .

62. Let L1 = 5 and L2 = 3. Show that the set of points reachable by
the robotic arm with θ1 = θ2 is an ellipse.
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FIGURE 30

63. Use vectors to prove that the diagonals AC and BD of a parallel-
ogram bisect each other (Figure 31). Hint: Observe that the midpoint
of BD is the terminal point of w + 1

2 (v − w).
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FIGURE 31


