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. Prove that if a permutation « can be expressed as a product of an even (odd) number of 2-cycles, then every

decomposition of « into a product of 2-cycles must have an even (odd) number of 2-cycles.

. Let 3 <m < n. Calculate o7~ ! for the cycles ¢ = (1,2,...,m —1) and 7 = (1,2,...,m —1,m) in S,,.

. Prove that in S, with n > 3, any even permutation is a product of cycles of length three.

Hint: (a,b)(b,c) = (a,b,¢) and (a,b)(c,d) = (a,b,c)(b, ¢, d).

Prove that (a,b) cannot be written as a product of two cycles of length three.

. Let S be any nonempty set, and let o € Sym(S). For z,y € S define x ~ y if o™ (z) = y for some n € Z. Show

that ~ defines an equivalence relation on S.

. Find (7r) in R*.

Prove that Z ¢(d) = n for any positive integer n.
d|n
Hint: Interpret the equation in the cyclic group Z,, by considering all of its subgroups.

. Let n = 2% for k > 2. Prove that Z is not cyclic.

Hint: Show that £1 and (n/2) £ 1 satisfy the equation 22 = 1, and that this is impossible in any cyclic group.

. Show that no proper subgroup of Sy contains both (1,2,3,4) and (1,2).

Show that the following matrices form a subgroup of GL2(C) isomorphic to Dy:
10 i 0 0 1 0 1

o] =6 5] #[Vo] <[50]
a) Show that Ay = {0 € Sy | s = 72 for some 7 € S,}.
b) Show that A5 = {0 € S5 | s = 72 for some T € S5}.

(
(
(c) Show that Ag D {0 € S5 | s = 72 for some T € S5}
(d) What can you say about A4, if n > 67

Show that in .S,, the only elements which commute with the cycle (1,2,...,n) are its powers.

Show that the product of two transpositions is one of (i) the identity; (ii) a 3-cycle; (iii) a product of two
(nondisjoint) 3-cycles. Deduce that every element of A,, can be written as a product of 3-cycles.

Prove that every group of order n is isomorphic to a subgroup of GL,(R).

Show that multiplicative group Zj;, is isomorphic to the additive group Z,.
Hint: Find a generator a of Zj, and define ¢ : Zy — Z;, by ¢(n (mod 4)) = a™ (mod 10).

Show that multiplicative group Z- is isomorphic to the additive group Zg.

Show that ZZ is not isomorphic to Zg by showing that the first group has an element of order 4 but the second
group does not.

Is the additive group C of complex numbers isomorphic to the multiplicative group C* of nonzero complex
numbers?

Prove that any group with three elements must be isomorphic to Zs.

. . 110 -1 0 1 0 -1 0
Let G be the following set of matrices of R: [O 1}, [ 0 1}, {0 _1], { 0 _1}

Show that G is isomorphic to Zg X Zs.

Let G be any group, and let a be a fixed element of G. Define a function ¢, : G — G by ¢.(x) = axa™?, for all
x € G. Show that ¢, is an isomorphism.
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Let G be any group. Define ¢ : G — G by ¢(z) = 271, for all x € G.
(a) Prove that ¢ is one-to-one and onto.

(b) Prove that ¢ is an isomorphism if and only if G is abelian.

Define ¢ : C* — C* by ¢(a+bi) = a—bi, for all nonzero complex numbers a+bi. Show that ¢ is an isomorphism.

X

Prove that if m,n are positive integers such that ged(m,n) = 1, then Z5,,

is isomorphic to Z)5, x Z)°.

Show that the cyclic group Z4 and the Klein four-group Zs x Zs are not isomorphic. Also, find two abelian groups
of order 8 that are not isomorphic.



