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MATH 135 Fall 2023 Midterm Exam 2
November 16, 2023

Your name

The exam has 6 different printed sides of exam problems and 1 side workspace.

Duration of the Midterm Exam is 90 minutes. There are 6 problems, worth 10 points each. From Problems 1

– 6, only 5 problems will be graded. If you solve all Problems 1 – 6, you must cross out the problem in the box

above that must not be graded. If you solve all Problems 1 – 6 and do not cross out a problem, only the first

five problems will be graded. Show all your work for full credit. Books, notes etc. are prohibited. Calculators,

cellphones, earphones, AirPods and cheat sheets are NOT permitted.
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1. (i) The curve y =
1

(1 + x2)
is called a witch of Maria Agnesi. Find an equation of the tangent line to

this curve at the point (−1, 12).

(ii) Find a formula for f (n)(x) if f(x) = ln(x− 1).
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2. (i) The figure shows the graphs of three functions. One is the position function of a car, one is the velocity

of the car, and one is its acceleration. Identify each curve, and explain your choices.

164 CHAPTER 2  Limits and Derivatives

53–54 Use the de!nition of a derivative to !nd f 9sxd and f 0sxd. 
Then graph f , f 9, and f 0 on a common screen and check to see if 
your answers are reasonable.

 53. f sxd − 3x 2 1 2x 1 1 54. f sxd − x 3 2 3x

 55.  If f sxd − 2x 2 2 x3, !nd f 9sxd, f 0sxd, f -sxd, and f s4dsxd. 
Graph f , f 9, f 0, and f -on a common screen. Are the  
graphs consistent with the geometric interpretations of these 
derivatives?

 56. (a)  The graph of a position function of a car is shown, where 
s is measured in feet and t in seconds. Use it to graph 
the velocity and acceleration of the car. What is the 
acceleration at t − 10 seconds?

100 t

s

100

20

 (b)  Use the acceleration curve from part (a) to estimate the 
jerk at t − 10 seconds. What are the units for jerk?

 57. Let f sxd − s3 x .
 (a) If a ± 0, use Equation 2.7.5 to !nd f 9sad.
 (b) Show that f 9s0d does not exist.
 (c)  Show that y − s3 x   has a vertical tangent line at s0, 0d. 

(Recall the shape of the graph of f . See Figure 1.2.13.)

 58. (a) If tsxd − x 2y3, show that t9s0d does not exist.
 (b) If a ± 0, !nd t9sad.
 (c) Show that y − x 2y3 has a vertical tangent line at s0, 0d.
 (d) Illustrate part (c) by graphing y − x 2y3.

 59.   Show that the function f sxd − | x 2 6 | is not differentiable  
at 6. Find a formula for f 9 and sketch its graph.

 60.  Where is the greatest integer function f sxd − v x b  not 
differentiable? Find a formula for f 9 and sketch its graph.

 61. (a) Sketch the graph of the function f sxd − x | x |.
 (b) For what values of x is f  differentiable?
 (c) Find a formula for f 9.

 62. (a) Sketch the graph of the function tsxd − x 1 | x |.
 (b) For what values of x is t differentiable?
 (c) Find a formula for t9.

 63.  Recall that a function f  is called even if f s2xd − f sxd  
for all x in its domain and odd if f s2xd − 2f sxd for all  
such x. Prove each of the following.

 (a) The derivative of an even function is an odd function.
 (b) The derivative of an odd function is an even function.

;

;

;

 49.  The !gure shows the graphs of f , f 9, and f 0. Identify each 
curve, and explain your choices.

x

y a

b

c

 50.  The !gure shows graphs of f,  f 9, f 0, and f -. Identify each 
curve, and explain your choices.

x

y a b c d

 51.  The !gure shows the graphs of three functions. One is the 
position function of a car, one is the velocity of the car, and 
one is its acceleration. Identify each curve, and explain your 
choices.

t

y a

b c

0

 52.  The !gure shows the graphs of four functions. One is the 
position function of a car, one is the velocity of the car, one 
is its acceleration, and one is its jerk. Identify each curve, 
and explain your choices.

8et0208x52
08/29/13
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d
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(ii) The graph shows how the average age of first marriage of Japanese men varied in the last half of

the 20th century. Sketch the graph of the derivative function M ′(t). During which years was the

derivative negative?
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 (b)  Use symmetry to deduce the values of f 9(21
2 ), f 9s21d, 

f 9s22d, and f 9s23d.
 (c) Use the values from parts (a) and (b) to graph f 9.
 (d) Guess a formula for f 9sxd.
 (e)  Use the de!nition of derivative to prove that your guess 

in part (d) is correct.

21–31 Find the derivative of the function using the de!nition of 
derivative. State the domain of the function and the domain of its 
derivative.

 21. f sxd − 3x 2 8 22. f sxd − mx 1 b

 23. f std − 2.5t 2 1 6t 24. f sxd − 4 1 8x 2 5x 2

 25. f sxd − x 2 2 2x 3 26. tstd −
1

st 

 27. tsxd − s9 2 x  28. f sxd −
x 2 2 1
2x 2 3

 29. Gstd −
1 2 2t
3 1 t

 30. f sxd − x 3y2

 31. f sxd − x 4

 32. (a)  Sketch the graph of f sxd − s6 2 x  by starting with 
the graph of y − sx  and using the transformations of 
Sec tion 1.3.

 (b) Use the graph from part (a) to sketch the graph of f 9.
 (c)  Use the de!nition of a derivative to !nd f 9sxd. What are 

the domains of f  and f 9?
 (d)  Use a graphing device to graph f 9 and compare with 

your sketch in part (b).

 33. (a) If f sxd − x 4 1 2x, !nd f 9sxd.
 (b)  Check to see that your answer to part (a) is reasonable 

by comparing the graphs of f  and f 9.

 34. (a) If f sxd − x 1 1yx,  !nd f 9sxd.
 (b)  Check to see that your answer to part (a) is reasonable 

by comparing the graphs of f  and f 9.

 35.  The unemployment rate Ustd varies with time. The table 
gives the percentage of unemployed in the US labor force 
from 2003 to 2012.

 (a) What is the meaning of U9std? What are its units?
 (b) Construct a table of estimated values for U9std.

t Ustd t Ustd

2003 6.0 2008 5.8
2004 5.5 2009 9.3
2005 5.1 2010 9.6
2006 4.6 2011 8.9
2007 4.6 2012 8.1

Source: US Bureau of Labor Statistics

;

;

;

 14.  The graph (from the US Department of Energy) shows 
how driving speed affects gas mileage. Fuel economy F is 
measured in miles per gallon and speed v is measured in 
miles per hour.

 (a)  What is the meaning of the derivative F9svd?
 (b)  Sketch the graph of F9svd.
 (c)  At what speed should you drive if you want to save 

on gas?

√ (mi/h)0

10

30

20

70604020 503010

F    (mi/gal)

 15.  The graph shows how the average age of !rst marriage 
of Japanese men varied in the last half of the 20th  
century. Sketch the graph of the derivative function  
M9std. During which years was the derivative negative?

1990 2000

25

M

1960 1970 1980

27

t

16–18 Make a careful sketch of the graph of f  and below 
it sketch the graph of f 9 in the same manner as in Exercises 
4–11. Can you guess a formula for f 9sxd from its graph?

 16. f sxd − sin x 17. f sxd − e x 18. f sxd − ln x

 19.  Let f sxd − x 2.
 (a)  Estimate the values of f 9s0d, f 9( 1

2), f 9s1d, and f 9s2d 
by using a graphing device to zoom in on the graph 
of f.

 (b)  Use symmetry to deduce the values of f 9(21
2 ), 

f 9s21d, and f 9s22d.
 (c)  Use the results from parts (a) and (b) to guess a 

formula for f 9sxd.
 (d)  Use the de!nition of derivative to prove that your 

guess in part (c) is correct.

 20.  Let f sxd − x 3.
 (a)  Estimate the values of f 9s0d, f 9( 1

2), f 9s1d, f 9s2d, and 
f 9s3d by using a graphing device to zoom in on the 
graph of f.

;

;
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3. (i) Find all points on the graph of the function f(x) = 2 sinx + sin2 x at which the tangent line is

horizontal.

(ii) Compute
d

dx
csc−1(ex + 1) at x = 0.
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4. (i) Find (f−1)′(1) where f(x) = x+ cosx.

(ii) Find a > 0 such that the tangent line to the graph of f(x) = x2e−x at x = a passes through the origin.
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37. f (x) = ex

3x + 1
38. f (x) = tan(e5−6x)

39. f (x) = ex+1 + x

2ex − 1
40. f (x) = eex

In Exercises 41–46, calculate the derivative indicated.

41. f ′′(x); f (x) = e4x−3 42. f ′′′(x); f (x) = e12−3x

43.
d2y

dt
; y = et sin t 44.

d2y

dt
; y = e−2t sin 3t

45.
d2

dt
et−t2

46.
d3

dθ
cos(eθ )

In Exercises 47–52, find the critical points and determine whether they
are local minima, maxima, or neither.

47. f (x) = ex − x 48. f (x) = x + e−x

49. f (x) = ex

x
for x > 0 50. f (x) = x2ex

51. g(t) = et

t2 + 1
52. g(t) = (t3 − 2t)et

In Exercises 53–58, find the critical points and points of inflection. Then
sketch the graph.

53. y = xe−x 54. y = e−x + ex

55. y = e−x cos x on
[
− π

2 , π
2
]

56. y = e−x2

57. y = ex − x 58. y = x2e−x

59. Find a > 0 such that the tangent line to the graph of f (x) = x2e−x

at x = a passes through the origin (Figure 6).

y

x
a

f (x) = x2e−x

FIGURE 6

60. Use Newton’s Method to find the two solutions of ex = 5x to three
decimal places (Figure 7).

321
x

y

10

20
y = ex

y = 5x

FIGURE 7 Graphs of ex and 5x.

61. Compute the linearization of f (x) = e−2x sin x at a = 0.

62. Compute the linearization of f (x) = xe6−3x at a = 2.

63. Find the linearization of f (x) = ex at a = 0 and use it to estimate
e−0.1.

64. Use the linear approximation to estimate f (1.03) − f (1) where
y = x1/3ex−1.

65. A 2005 study by the Fisheries Research Services in Aberdeen Scot-
land showed that the average length of the species Clupea Harengus
(Atlantic herring) as a function of age t (in years) can be modeled by
L(t) = 32(1 − e−0.37t ) cm for 0 ≤ t ≤ 13.
(a) How fast is the average length changing at age t = 6 yrs?

(b) At what age is the average length changing at a rate of 5 cm/yr?

(c) Calculate L = lim
t→∞ L(t).

66. According to a 1999 study by Starkey and Scarnecchia, the average
weight (kg) at age t (years) of channel catfish in the Lower Yellowstone
River can be modeled by

W(t) =
(

3.46293 − 3.32173e−0.03456t
)3.4026

Find the rate at which weight is changing at age t = 10.

67. The functions in Exercises 65 and 66 are examples of the Von
Bertalanffy growth function

M(t) =
(
a + (b − a)ekmt )1/m

introduced in the 1930’s by Austrian-born biologist Karl Ludwig Von
Bertalanffy. Calculate M ′(0) in terms of the constants a, b, k, and m.

68. Find an approximation to m(4) using the limit definition and esti-
mate the slope of the tangent line to y = 4x at x = 0 and x = 2.

In Exercises 69–86, evaluate the integral.

69.
∫

(ex + 2) dx 70.
∫

e4x dx

71.
∫ 1

0
e−3x dx 72.

∫ 6

2
e−x/2 dx

73.
∫ 3

0
e1−6t dt 74.

∫ 3

2
e4t−3 dt

75.
∫

(e4x + 1) dx 76.
∫

(ex + e−x) dx

77.
∫ 1

0
xe−x2/2 dx 78.

∫ 2

0
ye3y2

dy

79.
∫

et
√

et + 1 dt 80.
∫

(e−x − 4x) dx

81.
∫

e2x − e4x

ex
dx 82.

∫
ex cos(ex) dx

83.
∫

ex

√
ex + 1

dx 84.
∫

ex(e2x + 1)3 dx

85.
∫

e
√

x dx√
x

86.
∫

x−2/3ex1/3
dx
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5. (i) Use implicit differentiation to find dy/dx at the given point.

sin(x+ y) = y2 cosx,
(π
2
,
π

2

)

(ii) Use logarithmic differentiation to compute the derivative dy/dx

y =
((tan−1 x) (etanx)

√
ex + 1

esinx sec(2x)

)
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6. (i) Find all critical points of the function f(x) = x− 4x

x+ 1
.

(ii) Find the absolute maximum and absolute minimum values of the function f in part (i) on [0, 3].

Mention any theorem used.

(iii) Show that 5 is a critical number (point) of the function

g(x) = 2 + (x− 5)3

but g does not have a local extreme value at 5.
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