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The exam has 12 different printed sides of exam problems and 1 side workspace.

Duration of the Final Exam is two and a half hours. There are 12 problems, 10 points each. Only 10 problems

will be graded. If you solve more than 10 problems, you must cross out the problem(s) in the box above that must

not be graded. If you solve more than 10 problems and do not cross out problems, only the first ten problems

will be graded. Show all your work for full credit. Books, notes etc. are prohibited. Calculators, cellphones,

earphones, AirPods and cheat sheets are NOT permitted.
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1. (a) Evaluate the limit lim
x→2

√
4x+ 1− 3

x− 2

(b) Evaluate the limit using the Squeeze Theorem.

lim
t→0

(2t − 1) cos
( 1

t

)
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2. (a) Evaluate lim
x→0+

xsinx

(b) Find the vertical and horizontal asymptotes, if any, of the function f(x) =

√
36x2 + 7

9x+ 4
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3. (a) Determine where f is continuous expressing your answer in interval notation. Show all your work.

f(x) =


x2 − x

x2 − 1
if x ̸= 1

1 if x = 1

(b) Let f(x) =
sinx

|x|
. Is it continuous everywhere? Is it differentiable everywhere? Justify your answers.
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4. (a) Use the limit definition to compute the derivative of the function f(x) =
√
1 + 2x at x = 4.

(b) At what point on the curve y =
√
1 + 2x is the tangent line perpendicular to the line 6x+2y = 1?
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5. (a) The figure shows graphs of f , f ′, f ′′, and f ′′′. Identify each curve, and explain your choices.

164 CHAPTER 2  Limits and Derivatives

53–54 Use the de!nition of a derivative to !nd f 9sxd and f 0sxd. 
Then graph f , f 9, and f 0 on a common screen and check to see if 
your answers are reasonable.

 53. f sxd − 3x 2 1 2x 1 1 54. f sxd − x 3 2 3x

 55.  If f sxd − 2x 2 2 x3, !nd f 9sxd, f 0sxd, f -sxd, and f s4dsxd. 
Graph f , f 9, f 0, and f -on a common screen. Are the  
graphs consistent with the geometric interpretations of these 
derivatives?

 56. (a)  The graph of a position function of a car is shown, where 
s is measured in feet and t in seconds. Use it to graph 
the velocity and acceleration of the car. What is the 
acceleration at t − 10 seconds?

100 t

s

100

20

 (b)  Use the acceleration curve from part (a) to estimate the 
jerk at t − 10 seconds. What are the units for jerk?

 57. Let f sxd − s3 x .
 (a) If a ± 0, use Equation 2.7.5 to !nd f 9sad.
 (b) Show that f 9s0d does not exist.
 (c)  Show that y − s3 x   has a vertical tangent line at s0, 0d. 

(Recall the shape of the graph of f . See Figure 1.2.13.)

 58. (a) If tsxd − x 2y3, show that t9s0d does not exist.
 (b) If a ± 0, !nd t9sad.
 (c) Show that y − x 2y3 has a vertical tangent line at s0, 0d.
 (d) Illustrate part (c) by graphing y − x 2y3.

 59.   Show that the function f sxd − | x 2 6 | is not differentiable  
at 6. Find a formula for f 9 and sketch its graph.

 60.  Where is the greatest integer function f sxd − v x b  not 
differentiable? Find a formula for f 9 and sketch its graph.

 61. (a) Sketch the graph of the function f sxd − x | x |.
 (b) For what values of x is f  differentiable?
 (c) Find a formula for f 9.

 62. (a) Sketch the graph of the function tsxd − x 1 | x |.
 (b) For what values of x is t differentiable?
 (c) Find a formula for t9.

 63.  Recall that a function f  is called even if f s2xd − f sxd  
for all x in its domain and odd if f s2xd − 2f sxd for all  
such x. Prove each of the following.

 (a) The derivative of an even function is an odd function.
 (b) The derivative of an odd function is an even function.

;

;

;

 49.  The !gure shows the graphs of f , f 9, and f 0. Identify each 
curve, and explain your choices.

x

y a

b

c

 50.  The !gure shows graphs of f,  f 9, f 0, and f -. Identify each 
curve, and explain your choices.

x

y a b c d

 51.  The !gure shows the graphs of three functions. One is the 
position function of a car, one is the velocity of the car, and 
one is its acceleration. Identify each curve, and explain your 
choices.

t

y a

b c

0

 52.  The !gure shows the graphs of four functions. One is the 
position function of a car, one is the velocity of the car, one 
is its acceleration, and one is its jerk. Identify each curve, 
and explain your choices.

8et0208x52
08/29/13

0 t

y

a
b c

d
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(b) Find the 1000th derivative of f(x) = xe−x
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6. (a) Find an equation of the tangent line to the curve at the given point.

y sin 2x = x cos 2y, (π/2, π/4)

(b) Use logarithmic differentiation to find dy/dx.

y =
e−x cos2 x

x2 + x+ 1
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7. The position of a particle is given by s(t) = 4
3 t

3 − 16t+ 5, t ≥ 0, where t is measured in seconds and s in

meters.

(a) Find the velocity at time t and after 2 seconds.

(b) When is the particle at rest?

(c) When is the particle moving forward?

(d) Find the acceleration at time t and after 2 seconds.

(e) When is the particle speeding up? When is it slowing down?
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8. (a) Let f(x) = tanx. Show that f(0) = f(π) but there is no number c in (0, π) such that f ′(c) = 0.

Why does this not contradict Rolle’s Theorem?

(b) Verify that the function satisfies the hypotheses of the Mean Value Theorem on the given interval.

Then find all numbers c that satisfy the conclusion of the Mean Value Theorem.

f(x) = 2x2 − 3x+ 1, [0, 2]
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9. (a) Sketch the graph of a function f that is continuous on [1, 5] and has the given properties.

“ Absolute maximum at 4, absolute minimum at 5, local maximum at 2, local minimum at 3. ”

(b) Find the absolute maximum and absolute minimum values of f on the given interval. Mention any

theorem used.

f(x) = 3x4 − 4x3 − 12x2 + 1, [−2, 3]
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10. (a) Find the local maximum and local minimum values, if any, of f(x) = x3 − 3x2 − 9x+ 4 using the

First Derivative Test.

(b) Find the intervals on which f is concave up or concave down, and point(s) of inflection.

(c) Sketch the graph of f .
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11. What is the minimum vertical distance between the parabolas y = x2 + 1 and y = x− x2?
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12. A police car traveling south toward Sioux Falls at 160 km/h pursues a truck traveling east away from Sioux

Falls, Iowa, at 140 km/h (figure below). At time t = 0, the police car is 20 km north and the truck is 30

km east of Sioux Falls. Calculate the rate at which the distance between the vehicles is changing at time

t = 0.

S E C T I O N 3.9 Related Rates 169

19. At a given moment, a plane passes directly above a radar station at
an altitude of 6 km.
(a) The plane’s speed is 800 km/h. How fast is the distance between
the plane and the station changing half an hour later?
(b) How fast is the distance between the plane and the station changing
when the plane passes directly above the station?

20. In the setting of Exercise 19, let θ be the angle that the line through
the radar station and the plane makes with the horizontal. How fast is
θ changing 12 min after the plane passes over the radar station?

21. A hot air balloon rising vertically is tracked by an observer located
4 km from the lift-off point. At a certain moment, the angle between
the observer’s line of sight and the horizontal is π

5 , and it is changing
at a rate of 0.2 rad/min. How fast is the balloon rising at this moment?

22. Alaser pointer is placed on a platform that rotates at a rate of 20 rev-
olutions per minute. The beam hits a wall 8 m away, producing a dot of
light that moves horizontally along the wall. Let θ be the angle between
the beam and the line through the searchlight perpendicular to the wall
(Figure 10). How fast is this dot moving when θ = π

6 ?

8 mθ

Wall

Laser

FIGURE 10

23. A rocket travels vertically at a speed of 1,200 km/h. The rocket
is tracked through a telescope by an observer located 16 km from the
launching pad. Find the rate at which the angle between the telescope
and the ground is increasing 3 min after lift-off.

24. Using a telescope, you track a rocket that was launched 4 km away,
recording the angle θ between the telescope and the ground at half-
second intervals. Estimate the velocity of the rocket if θ(10) = 0.205
and θ(10.5) = 0.225.

25. A police car traveling south toward Sioux Falls at 160 km/h pur-
sues a truck traveling east away from Sioux Falls, Iowa, at 140 km/h
(Figure 11). At time t = 0, the police car is 20 km north and the truck
is 30 km east of Sioux Falls. Calculate the rate at which the distance
between the vehicles is changing:
(a) At time t = 0 (b) 5 minutes later

160 km/h

140 km/h

Sioux Falls

x

y

FIGURE 11

26. A car travels down a highway at 25 m/s. An observer stands 150 m
from the highway.

(a) How fast is the distance from the observer to the car increasing
when the car passes in front of the observer? Explain your answer
without making any calculations.
(b) How fast is the distance increasing 20 s later?

27. In the setting of Example 5, at a certain moment, the tractor’s speed
is 3 m/s and the bale is rising at 2 m/s. How far is the tractor from the
bale at this moment?

28. Placido pulls a rope attached to a wagon through a pulley at a rate
of q m/s. With dimensions as in Figure 12:
(a) Find a formula for the speed of the wagon in terms of q and the
variable x in the figure.
(b) Find the speed of the wagon when x = 0.6 if q = 0.5 m/s.

x

0.6 m

3 m

FIGURE 12

29. Julian is jogging around a circular track of radius 50 m. In a coordi-
nate system with origin at the center of the track, Julian’s x-coordinate
is changing at a rate of −1.25 m/s when his coordinates are (40, 30).
Find dy/dt at this moment.

30. A particle moves counterclockwise around the ellipse with equa-
tion 9x2 + 16y2 = 25 (Figure 13).

(a) In which of the four quadrants is dx/dt > 0? Explain.
(b) Find a relation between dx/dt and dy/dt .
(c) At what rate is the x-coordinate changing when the particle passes
the point (1, 1) if its y-coordinate is increasing at a rate of 6 m/s?
(d) Find dy/dt when the particle is at the top and bottom of the ellipse.

−

−

5
4

5
4

5
3

5
3

x

y

FIGURE 13

In Exercises 31 and 32, assume that the pressure P (in kilopascals)
and volume V (in cubic centimeters) of an expanding gas are related
by PV b = C, where b and C are constants (this holds in an adiabatic
expansion, without heat gain or loss).

31. Find dP/dt if b = 1.2, P = 8 kPa, V = 100 cm2, and dV /dt =
20 cm3/min.

32. Find b if P = 25 kPa, dP/dt = 12 kPa/min, V = 100 cm2, and
dV /dt = 20 cm3/min.

33. The base x of the right triangle in Figure 14 increases at a rate of
5 cm/s, while the height remains constant at h = 20. How fast is the
angle θ changing when x = 20?
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