
Please do not write in the boxes immediately below.

Problem 1 2 3 4 5 6 7 8 9 10 11 12 Total

Points

MATH 136 Fall 2023 Final Exam
December 15, 2023

Your name

The exam has 12 different printed sides of exam problems and 1 side workspace.

Duration of the Final Exam is two and a half hours. There are 12 problems, 10 points each. Only 10 problems

will be graded. If you solve more than 10 problems, you must cross out the problem(s) in the box above that must

not be graded. If you solve more than 10 problems and do not cross out problems, only the first ten problems

will be graded. Show all your work for full credit. Books, notes etc. are prohibited. Calculators, cellphones,

earphones, AirPods and cheat sheets are NOT permitted.
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1. Let A be the area under the graph of f(x) = 2x2 − 3x + 1 over [1, 3]. Compute A as the limit lim
n→∞

Rn.

Hint:
n∑

i=1

i2 =
n(n+ 1)(2n+ 1)

6
,

n∑
i=1

i =
n(n+ 1)

2
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2. (a) Evaluate the following integral using geometry. You are not allowed to use properties of definite

integrals. ∫ 0

−3
(1 +

√
9− x2) dx

(b) Estimate

∫ 1

0

dx√
5x3 + 4

.
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3. Let A(x) =

∫ x

0
f(t) dt, where f is the function whose graph is shown below. Determine:
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FIGURE 10

39. Let A(x) =
∫ x

0
f (t) dt , with f (x) as in Figure 11.

(a) Does A(x) have a local maximum at P ?
(b) Where does A(x) have a local minimum?
(c) Where does A(x) have a local maximum?
(d) True or false? A(x) < 0 for all x in the interval shown.
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FIGURE 11 Graph of f (x).

40. Determine f (x), assuming that
∫ x

0
f (t) dt = x2 + x.

41. Determine the function g(x) and all values of c such that
∫ x

c
g(t) dt = x2 + x − 6

42. Find a ≤ b such that
∫ b

a
(x2 − 9) dx has minimal value.

In Exercises 43–44, let A(x) =
∫ x

a
f (t) dt .

43. Area Functions and Concavity Explain why the fol-
lowing statements are true. Assume f (x) is differentiable.
(a) If c is an inflection point of A(x), then f ′(c) = 0.
(b) A(x) is concave up if f (x) is increasing.
(c) A(x) is concave down if f (x) is decreasing.

44. Match the property of A(x) with the corresponding property of the
graph of f (x). Assume f (x) is differentiable.

Area function A(x)

(a) A(x) is decreasing.
(b) A(x) has a local maximum.
(c) A(x) is concave up.
(d) A(x) goes from concave up to concave down.

Graph of f (x)

(i) Lies below the x-axis.
(ii) Crosses the x-axis from positive to negative.

(iii) Has a local maximum.
(iv) f (x) is increasing.

45. Let A(x) =
∫ x

0
f (t) dt , with f (x) as in Figure 12. Determine:

(a) The intervals on which A(x) is increasing and decreasing

(b) The values x where A(x) has a local min or max

(c) The inflection points of A(x)

(d) The intervals where A(x) is concave up or concave down
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FIGURE 12

46. Let f (x) = x2 − 5x − 6 and F(x) =
∫ x

0
f (t) dt .

(a) Find the critical points of F(x) and determine whether they are
local minima or local maxima.

(b) Find the points of inflection of F(x) and determine whether the
concavity changes from up to down or from down to up.

(c) Plot f (x) and F(x) on the same set of axes and confirm
your answers to (a) and (b).

47. Sketch the graph of an increasing function f (x) such that both
f ′(x) and A(x) =

∫ x
0 f (t) dt are decreasing.

48. Figure 13 shows the graph of f (x) = x sin x. Let F(x) =∫ x

0
t sin t dt .

(a) Locate the local max and absolute max of F(x) on [0, 3π ].
(b) Justify graphically: F(x) has precisely one zero in [π, 2π ].
(c) How many zeros does F(x) have in [0, 3π ]?
(d) Find the inflection points of F(x) on [0, 3π ]. For each one, state
whether the concavity changes from up to down or from down to up.
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FIGURE 13 Graph of f (x) = x sin x.

49. Find the smallest positive critical point of

F(x) =
∫ x

0
cos(t3/2) dt

and determine whether it is a local min or max. Then find the small-
est positive inflection point of F(x) and use a graph of y = cos(x3/2)

to determine whether the concavity changes from up to down or from
down to up.

(a) The intervals on which A(x) is increasing and decreasing

(b) The values x where A(x) has a local min or max

(c) The intervals where A(x) is concave up or concave down

(d) The inflection points of A(x)

4



4. A particle moves in a straight line with the given velocity (in m/s).

v(t) = 36− 24t+ 3t2

(a) Find the displacement over the time interval [0, 10].

(b) Set up an integral to find the total distance traveled by the particle over the time interval [0, 10].

Your answer must not involve an absolute value function.
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5. (a) Set up an integral to find the area between the circles x2 + y2 = 2 and x2 + (y − 1)2 = 1.

(b) Set up an integral to find the volume of the solid obtained by rotating the region enclosed by the

graphs of y = 2
√
x and y = x about the horizontal axis y = 4.

Hint: 2
√
x > x for 0 < x < 4.
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6. (a) First make a substitution and then use integration by parts to evaluate the integral

∫ π

0
ecos t sin 2t dt

Hint: sin 2t = 2 sin t cos t

(b) Evaluate the integral

∫
dx

x2
√
4− x2

Hint: sin2 θ + cos2 θ = 1
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7. Find the exact length of the curve.

y = ln(1− x2), 0 ≤ x ≤ 1

2
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8. (a) Determine whether the integral is convergent or divergent.∫ 3

0

dx√
9− x2

(b) Use the Comparison Test for Improper Integrals to determine whether the integral is convergent

or divergent. ∫ ∞

1

1

x4 + ex
dx
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9. Consider the sequence an =
1− n

2 + n
.

(a) Determine whether the sequence is increasing, decreasing, or not monotonic.

(b) Is it bounded above?

(c) Is it bounded below?

(d) Is it convergent?
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10. (a) Determine whether the series is convergent or divergent by expressing the nth partial sum Sn as a

telescoping sum. If it is convergent, find its sum.

∞∑
n=1

3

n(n+ 3)

(b) Determine whether the series is convergent or divergent. Mention any Convergence Test used.

∞∑
n=1

ln
( n2 + 1

2n2 + 1

)
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11. (a) Use the Limit Comparison Test to determine whether the series is convergent or divergent.

∞∑
n=1

(2n− 1)(n2 − 1)

(n+ 1)(n2 + 4)2

(b) Use the Integral Test to determine whether the infinite series is convergent or divergent.

∞∑
n=1

1

n2 + 4
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12. Find the radius of convergence and interval of convergence of the following series.

∞∑
n=0

(−3)n xn√
n+ 1
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Workspace
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