
MATH 133 Calculus 1 with Fundamentals Problem Sheet 3 Fall 2022

Rolle’s Theorem Let f be a function that satisfies the following three hypotheses:

1. f is continuous on the closed interval [a, b].

2. f is differentiable on the open interval (a, b).

3. f(a) = f(b)

Then there is a number c in (a, b) such that f ′(c) = 0.
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We will see that many of the results of this chapter depend on one central fact, which is 
called the Mean Value Theorem. But to arrive at the Mean Value Theorem we !rst need 
the following result.

Rolle’s Theorem Let f  be a function that satis!es the following three hypotheses:

1. f  is continuous on the closed interval fa, bg.
2. f  is differentiable on the open interval sa, bd.
3. f sad − f sbd
Then there is a number c in sa, bd such that f 9scd − 0.

Rolle
Rolle’s Theorem was !rst published 
in 1691 by the French mathematician 
Michel Rolle (1652–1719) in a book  
entitled Méthode pour resoudre les 
Egalitez. He was a vocal critic of the 
methods of his day and attacked calcu-
lus as being a “collection of ingenious 
fallacies.” Later, however, he became 
convinced of the essential correctness  
of the methods of calculus.

Before giving the proof let’s take a look at the graphs of some typical functions that  
satisfy the three hypotheses. Figure 1 shows the graphs of four such functions. In each 
case it appears that there is at least one point sc, f scdd on the graph where the tangent is 
hori zontal and therefore f 9scd − 0. Thus Rolle’s Theorem is plausible.
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PROOF There are three cases:

CASE I f sxd − k, a constant 
Then f 9sxd − 0, so the number c can be taken to be any number in sa, bd.

CASE II f sxd . f sad for some x in sa, bd [as in Figure 1(b) or (c)]
 By the Extreme Value Theorem (which we can apply by hypothesis 1), f  has a maxi-
mum value somewhere in fa, bg. Since f sad − f sbd, it must attain this maximum value 
at a number c in the open interval sa, bd. Then f  has a local maximum at c and, by 
hypothesis 2, f  is differentiable at c. Therefore f 9scd − 0 by Fermat’s Theorem.

CASE III f sxd , f sad for some x in sa, bd [as in Figure 1(c) or (d)]
By the Extreme Value Theorem, f  has a minimum value in fa, bg and, since 
f sad − f sbd, it attains this minimum value at a number c in sa, bd. Again f 9scd − 0 by 
Fermat’s Theorem. Q

EXAMPLE 1 Let’s apply Rolle’s Theorem to the position function s − f std of a 
moving object. If the object is in the same place at two different instants t − a and 
t − b, then f sad − f sbd. Rolle’s Theorem says that there is some instant of time t − c 
between a and b when f 9scd − 0; that is, the velocity is 0. (In particular, you can see 
that this is true when a ball is thrown directly upward.) Q

EXAMPLE 2 Prove that the equation x 3 1 x 2 1 − 0 has exactly one real root.

SOLUTION First we use the Intermediate Value Theorem (2.5.10) to show that a root 
exists. Let f sxd − x 3 1 x 2 1. Then f s0d − 21 , 0 and f s1d − 1 . 0. Since f  is a 
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A real-life example of Rolle’s Theorem If you throw a ball upward, then its initial displacement is zero
(f(a) = 0), and when you catch it again, its displacement is zero (f(b) = 0). The displacement function s(t) satisfies
the conditions of Rolle’s Theorem: continuity on [a, b] and differentiability on (a, b). Rolle’s Theorem says that there
is some instant of time t = c between a and b when s′(c) = 0; that is, the velocity is 0, and that will be when the ball
reaches its maximum height.

1. Verify Rolle’s Theorem for
f(x) = x4 − x2 on [−2, 2]

2. Show that f(x) = x3 + 9x− 4 has precisely one real root.

3. Determine if Rolle’s Theorem can be applied to the function f(x) = 4x+3
x2+1 on the interval [0, 4

3 ] and if it can, find
all numbers c satisfying the conclusion of the theorem.



The Mean Value Theorem Let f be a function that satisfies the following hypotheses:

1. f is continuous on the closed interval [a, b].

2. f is differentiable on the open interval (a, b).

Then there is a number c in (a, b) such that

f ′(c) =
f(b) − f(a)

b− a

or, equivalently,
f(b) − f(a) = f ′(c)(b− a)
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polynomial, it is continuous, so the Intermediate Value Theorem states that there is a 
number c between 0 and 1 such that f scd − 0. Thus the given equation has a root.

To show that the equation has no other real root, we use Rolle’s Theorem and argue 
by contradiction. Suppose that it had two roots a and b. Then f sad − 0 − f sbd and, 
since f  is a polynomial, it is differentiable on sa, bd and continuous on fa, bg. Thus, by 
Rolle’s Theorem, there is a number c between a and b such that f 9scd − 0. But

f 9sxd − 3x 2 1 1 > 1    for all x

(since x 2 > 0) so f 9sxd can never be 0. This gives a contradiction. Therefore the equa-
tion can’t have two real roots. Q

Our main use of Rolle’s Theorem is in proving the following important theorem, 
which was "rst stated by another French mathematician, Joseph-Louis Lagrange.

The Mean Value Theorem Let f  be a function that satis"es the following 
hypotheses:

1. f  is continuous on the closed interval fa, bg.
2. f  is differentiable on the open interval sa, bd.
Then there is a number c in sa, bd such that

1   f 9scd −
 f sbd 2 f sad

b 2 a
  or, equivalently,

2   f sbd 2 f sad − f 9scdsb 2 ad

The Mean Value Theorem is an 
example of what is called an existence 
theorem. Like the Intermediate Value 
Theorem, the Extreme Value Theorem, 
and Rolle’s Theorem, it guarantees that 
there exists a number with a certain 
property, but it doesn’t tell us how to 
"nd the number.

Before proving this theorem, we can see that it is reasonable by interpreting it geomet-
rically. Figures 3 and 4 show the points Asa, f sadd and Bsb, f sbdd on the graphs of two 
dif ferentiable functions. The slope of the secant line AB is

3   mAB −
 f sbd 2 f sad

b 2 a

which is the same expression as on the right side of Equation 1. Since f 9scd is the slope of 
the tangent line at the point sc, f scdd, the Mean Value Theorem, in the form given by Equa-
tion 1, says that there is at least one point Psc, f scdd on the graph where the slope of the 
tangent line is the same as the slope of the secant line AB. In other words, there is a point 
P where the tangent line is parallel to the secant line AB. (Imagine a line far away that 
stays parallel to AB while moving toward AB until it touches the graph for the "rst time.)
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Figure 2 shows a graph of the func-
tion f sxd − x 3 1 x 2 1 discussed in 
Example 2. Rolle’s Theorem shows 
that, no matter how much we enlarge 
the viewing rectangle, we can never 
"nd a second x-intercept.
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A real-life example of the Mean Value Theorem If an object moves in a straight line with position function
s = f(t), then the average velocity between t = a and t = b is

f(b) − f(a)

b− a

and the velocity at t = c is f ′(c). Thus the Mean Value Theorem tells us that at some time t = c between a and
b the instantaneous velocity f ′(c) is equal to that average velocity. For instance, if a car traveled 180 km in 2
hours, then the speedometer must have read 90 km/h at least once.

4. Determine if the Mean Value Theorem can be applied to the function f(x) = x−4
x−3 on the interval [4, 6] and if it

can, find all numbers c satisfying the conclusion of the theorem.

5. Verify that the function satisfies the hypotheses of the Mean Value Theorem on the given interval. Then find all
numbers c that satisfy the conclusion of the Mean Value Theorem.

f(x) = 2x2 − 3x + 1, [0, 2]

6. Two runners start a race at the same time and finish in a tie. Prove that at some time during the race they have
the same speed. [Hint: Consider f(t) = g(t) − h(t), where g and h are the position functions of the two runners.]

7. Let f(x) = (x− 3)−2. Show that there is no value of c in (1, 4) such that f(4) − f(1) = f ′(c)(4 − 1). Why does
this not contradict the Mean Value Theorem?

8. At 2:00 PM a car’s speedometer reads 30 mi/h. At 2:10 PM it reads 50 mi/h. Show that at some time between
2:00 and 2:10 the acceleration is exactly 120 mi/h2.


