
MATH 133 - 01 Calculus 1 with Fundamentals Midterm Exam 2 November 16, 2022

Your Name:

Duration of the exam is 90 minutes. There are six problems, worth 50 points. Show all your work for
full credit. Books, notes etc. are prohibited. Calculators are NOT permitted.

1. (a) (4 pts) Evaluate the limit.

lim
x→−2

x2 + 3x + 2

x + 2

(b) (5 pts) Evaluate the limit. The following limit gives the derivative of a function f at a point a, f ′(a).
Find f and a.

lim
x→8

√
x− 4− 2

x− 8
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2. (a) (5 pts) Compute the limit

lim
x→0

sin 3x sin 2x

x sin 5x

(b) (5 pts) Compute the limit using the Squeeze Theorem.

lim
t→0

(2t − 1) cos
(1

t

)
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3. Evaluate each of the following limits. Identify any vertical asymptotes of the function.

(a) (3 pts) lim
x→1

2− x

(x− 1)2

(b) (3 pts) lim
x→3−

√
x

(x− 3)5
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4. (6 pts) Determine all values of the constants a and b so that the following function is continuous for all values of
x.

f(x) =


1

x
for x < −1

ax + b for −1 ≤ x ≤ 1
2

1

x
for x > 1

2
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5. (a) (5 pts) Let f(x) = 4− x2. Use the limit definition to compute f ′(−1).

(b) (3 pts) Find an equation of the tangent line to f(x) in part (a) at the point (−1, 3).

(c) (3 pts) Let f(x) = x3 and g(x) = x2 + 5x. You are given that f ′(x) = 3x2 and g′(x) = 2x + 5. Find the
x values where the graphs of f and g have parallel tangent lines.
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6. (a) (3 pts) Determine the values of x at which the function in the following figure is: (i) discontinuous, and
(ii) nondifferentiable.

120 C H A P T E R 3 DIFFERENTIATION

62. Some studies suggest that kidney mass K in mammals (in kilo-
grams) is related to body mass m (in kilograms) by the approximate
formula K = 0.007m0.85. Calculate dK/dm at m = 68. Then calcu-
late the derivative with respect to m of the relative kidney-to-mass ratio
K/m at m = 68.

63. The Clausius–Clapeyron Law relates the vapor pressure of water
P (in atmospheres) to the temperature T (in kelvins):

dP

dT
= k

P

T 2

where k is a constant. Estimate dP/dT for T = 303, 313, 323, 333,
343 using the data and the approximation

dP

dT
≈ P(T + 10) − P(T − 10)

20

T (K) 293 303 313 323 333 343 353

P (atm) 0.0278 0.0482 0.0808 0.1311 0.2067 0.3173 0.4754

Do your estimates seem to confirm the Clausius–Clapeyron Law? What
is the approximate value of k?

64. Let L be the tangent line to the hyperbola xy = 1 at x = a, where
a > 0. Show that the area of the triangle bounded by L and the coordi-
nate axes does not depend on a.

65. In the setting of Exercise 64, show that the point of tangency is the
midpoint of the segment of L lying in the first quadrant.

66. Match functions (A)–(C) with their derivatives (I)–(III) in Fig-
ure 17.

(A) (I)

(B) (II)

(C) (III)

x

x

x

yy

x

y

x

y

y

x

y

FIGURE 17

67. Make a rough sketch of the graph of the derivative of the function
in Figure 18(A).

68. Graph the derivative of the function in Figure 18(B), omitting
points where the derivative is not defined.

(A) (B)

y = x2

434321 20 1−1

3

2

x

y

x

y

1
2

FIGURE 18

69. Sketch the graph of f (x) = x |x|. Then show that f ′(0) exists.

70. Determine the values of x at which the function in Figure 19 is: (a)
discontinuous, and (b) nondifferentiable.

4321
x

y

FIGURE 19

In Exercises 71–76, find the points c (if any) such that f ′(c) does not
exist.

71. f (x) = |x − 1| 72. f (x) = [x]

73. f (x) = x2/3 74. f (x) = x3/2

75. f (x) = |x2 − 1| 76. f (x) = |x − 1|2

In Exercises 77–82, zoom in on a plot of f (x) at the point
(a, f (a)) and state whether or not f (x) appears to be differentiable at
x = a. If it is nondifferentiable, state whether the tangent line appears
to be vertical or does not exist.

77. f (x) = (x − 1)|x|, a = 0

78. f (x) = (x − 3)5/3, a = 3

79. f (x) = (x − 3)1/3, a = 3

80. f (x) = sin(x1/3), a = 0 81. f (x) = | sin x|, a = 0

82. f (x) = |x − sin x|, a = 0

83. Plot the derivative f ′(x) of f (x) = 2x3 − 10x−1 for x >

0 (set the bounds of the viewing box appropriately) and observe that
f ′(x) > 0. What does the positivity of f ′(x) tell us about the graph of
f (x) itself? Plot f (x) and confirm this conclusion.

(b) (5 pts) Use the Intermediate Value Theorem to show that the equation

x7 + 3x = 10

has a solution in the interval [1, 2].
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