
Mathemati
s 376 { Probability and Statisti
s 2Midterm Examination 2 { SolutionsApril 21, 2006I. (20) Let Y1; : : : ; Yn be independent samples from the distribution with pdf 
ontainingthe unknown parameter �: f(yj�) = � 1�y1=��1 if 0 < y < 10 otherwiseDetermine the maximum likelihood estimator for � using the Yi.Solution: The log-likelihood fun
tion is:ln(L) = ln� 1�n (y1 : : : yn)1=��1�= �n ln(�) + (1=� � 1)Xi ln(yi)So 0 = dd� ln(L) = �n� � 1�2 Xi ln(yi)) b� = �Pi ln(yi)n(It 
an be 
he
ked that this is a maximum for the likelihood by the se
ond derivativetest.)II. A ma
hine shop manufa
tures toggle levers. Let d be the proportion of defe
tives inthe shop's output. A random sample of size n = 150 toggle levers produ
ed 6 defe
tives.A) (10) Find a 95% 
on�den
e interval for d using this information.Solution: Sin
e n = 150 we use the large sample formula, and z:05=2 = 1:96. The
on�den
e interval is d = 6150 � 1:96r(6=150)(144=150)150= :04� :03136(Note that this interval 
ontains only positive numbers.)B) (10) Test the hypothesis H0 : d = :1 versus Ha : d 6= :1 using this data. Take � = :02(probability of Type I error). Also give the p-value of your test.



Solution: Again, sin
e n = 150, we use a z-test. The test statisti
 isz = :04� :10q (:1)(:9)150 = �2:45The reje
tion region for the two-tailed test (Ha is d 6= :1) isRR = fz : jzj > z:01 = 2:33gSo we reje
t H0 at the � = :02 level. The p-value is p = 2(:0071) = :0142 from thestandard normal table with z = 2:45.C) (10) For the test in part B, what is � (probability of Type II error) if the true valueof d is :03?Solution: We �nd � as follows from z = Y=n�:01p (:1)(:9)150 as above, using the fa
t that d isreally :03 (so Y=n is approximately normal with mean :03 and varian
e (:03)(:97)150 ):� = P (TS =2 RR j d = :03)= P (�2:33 < TS < 2:33 j d = :03)= P (:0429 < Y=n < :1571)= P 0� :0429� :03q (:03)(:97)150 < z < :1571 + :03q (:03)(:97)150 1A= P (:9281 < z < 9:144)= P (z > :9281)� P (z > 9:144):= :1762� 0= :1762III. Consider the following measurements of the heat-produ
ing 
apa
ity of the oil produ
edby two �elds (in billions of 
alories per ton):Field 1 : 8:26 8:13 8:35 8:07 8:34Field 2 : 7:95 7:89 7:90 8:14 7:92 7:84A) (10) Estimate the varian
e �2 of the heat produ
ing 
apa
ity of the oil from ea
h �eld.Solution: Use the usual unbiased estimator formula for the sample varian
e:s2 = 1n� 1 nXi=1(Yi � Y )2



This gives s21 := :01575 s22 := :01092B) (10) Test the null hypothesis H0 : �21 = �22 against the alternative Ha : �21 6= �22 at the� = :05 level. State your 
on
lusion 
learly and su

in
tly.Solution: To test equality of varian
es, we use an F -test. The test statisti
 is f =s21=s22 := 1:44. The reje
tion region for a test with � = :05 isff < f:975(4; 5)g [ ff > f:025(4; 5)gFrom the F -table we have f:025(4; 5) = 7:39 and f:975(4; 5) = 1=f:025(5; 4) = 1=9:36 =:1068. 1:44 is not in the reje
tion region, so there is not enough eviden
e here toindi
ate that the varian
es are di�erent.C) (15) Constru
t a two-sided 95% 
on�den
e interval for the di�eren
e of the populationmean heat produ
ing 
apa
ities �1 � �2.Solution: (Under assumption varian
es equal) we use the pooled estimators2p = (4)(:01575) + (5)(:01092)9 = :01307:Then the 
on�den
e interval isY1 � Y2 � t:025(9)qs2p(1=5 + 1=6) = 8:23� 7:94� (2:262)p(:01307)(1=5+ 1=6)= :29� :1566IV. (15) Let (xi; yi), i = 1; : : : ; n be a 
olle
tion of data points. Using the matrix formula-tion, derive the normal equations for the least squares estimators for the 
oeÆ
ients �0; �1in the model Y = �0 + �1x+ " �tting the data.Solution: We have X = 0BB� 1 x11 x2... ...1 xn1CCA Y = 0BB� y1y2...yn1CCASo the normal equations are XtX� = XtY� 1 1 � � � 1x1 x2 � � � xn �0BB� 1 x11 x2... ...1 xn1CCA� = � 1 1 � � � 1x1 x2 � � � xn �0BB� y1y2...yn1CCA� n PxiPxi Px2i �� �0�1 � = � P yiPxiyi�



Extra Credit (10) In the situation of question III part C above, suppose you had n = 50 = mmeasurements from ea
h oil �eld instead of n1 = 5 and n2 = 6. What, if anything, would
hange in the method you would use? Explain.Solution: With 50 measurements from ea
h oil �eld, you 
ould use the large sampleformula. The t�=2 would be repla
ed by z�=2. Moreover, for the large sample test, itis not ne
essary to assume that the individual varian
es are equal, so you do not needto use the pooled estimator for the varian
e:Y1 � Y2 � z:025qs21=50 + s22=50


