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Euclid’s Number Theory

Throughout Euclid’s Elements, Euclid builds up to more and more advanced topics by using simple theorems that he proves earlier in the book.  Starting from now simple geometric topics and leading into number theory and more advanced geometry, Euclid builds powerful proofs from simple, uncomplicated ideas.  When Euclid gets to his ideas on number theory, he explains many ideas that we seem to take for granted today.  Particularly in Books VII and IX, Euclid’s ideas have made a significant impression still felt in mathematics today.

Euclid’s definitions in Book VII (which actually are definitions for books VII-IX) provide valuable information about the basis Euclid uses for his number theory, and also shows how he combines numbers with his previous books on geometry.  Euclid’s first definition, describing the number one as a “unit”, uses geometry with Euclid’s explanation.  The “unit” is shown to be a line segment.  Although Euclid never actually states anything about lines in this definition, when he is showing the definition, lines are the way he describes the number one.

An important part of Euclid’s number definitions through geometry is when he discusses figurate numbers.  Although Euclid does not use this term, David Joyce does in his interpretation commentary for the definitions of plane numbers.  Joyce states, “Plane numbers can be displayed as rectangular configurations of dots”.  Joyce is saying that the rectangular figures can be shown as the different factors of whatever plane number is being discussed.  For example, the number 16 can be shown as a 2x8 rectangle or a 4x4 rectangle (showing how the number 16 is both a plane number and a square number).  The use of simple geometric figures in describing numbers makes it easier to see the different factors of numbers.

A key difference in Euclid’s thinking of numbers compared to what we know about numbers today is the idea that Euclid uses lines to illustrate his point.  The only time that Euclid comes close to actually discussing true numbers is when defining a “unit”, which is the number “one”.  Other than this, Euclid uses numbers when doing his kind of arithmetic, and illustrating all of his number theory ideas.  However, this idea falls right in line with what we saw in Book 1 of his Elements, where he ignored the use of specific numbers as a way to prove more general cases about geometry.  Euclid ignores the use of numbers in his books on number theory to prove general cases about the characteristics of numbers.

In Euclid’s proposition VII.1, he sets out to prove his version of integer division, where the only common factor between the two numbers is a “unit”, or one.  Euclid subtracts the smaller number from the larger number until the new number is less than the smaller number.  From there, the new number is subtracted from the former smaller number, until it becomes smaller than the number that was being subtracted.  This process continues until whenever the number that remains divides directly into whatever number did the subtracting.  For Proposition VII.1, Euclid proves how certain numbers have one as their only common factor.  Instead of dividing like we do today, Euclid uses subtraction and remainders as his style of dividing, which is also shown in his next proposition.

In Euclid’s Proposition VII.2, Euclid describes his way of finding the greatest common factor, when it is not one, between two numbers.  It is the same exact process as Proposition VII.1, but the entire process will be shown with actual numbers here.  Say, for example, that we use the numbers 244 and 128.  Subtracting 128 from 244 will leave us 116, and taking 116 from 128 will yield 12.  Taking 12 from 116 until the number is smaller than 12 will yield 8 (the twelve will be subtracted nine times before we get that remainder).  The final step will be taking 8 from 12, yielding 4.  Since 4 divides evenly into 8, 4 is the greatest common factor of 244 and 128.

As stated in the prompt, Euclid’s Proposition IX.20 is a fantastic proof, demonstrating that there are an infinite amount of prime numbers.  Euclid begins by stating that he will be using 3 prime numbers, A, B, and C.  He combines A, B, and C and adds a “unit”, which he calls DF, after A+B+C equals DE.  From here, Euclid takes two paths, proving both from the side that EF is prime and EF is not prime.  When Euclid proves that EF is not prime, stating that it can be measured by some prime G.  From this stage, Euclid proves that the number G (this piece is important) would be equal to the unit EF, which is impossible.  He proves this by assuming that G is a prime number to equal either A, B, or C.  Euclid says that G would then be equal to both DE and EF, which is not possible.  Therefore, G is a new prime number, meaning that there are n+1 amount of prime numbers.

In Proposition IX.20, Euclid combines the idea of primes and multiples to prove the infinite amount of primes that there are in mathematics.  Euclid takes n amount of prime numbers, and gives them the common multiple m.  He believes that if m+1 is prime, than obviously there are m+1 primes.  If it is not prime, than it will have a prime number as a factor, which is where Euclid gets the G from.  This new prime cannot be any of the previous primes, since they all divide into m.  Euclid proves that either way, there are more than n prime numbers.  This unbelievable proof gives way to the idea that, no matter which way it is proved, Euclid shows an infinite amount of prime numbers.

There are many questions about prime numbers that have yet to be answered.  Since Euclid’s time period, many mathematicians have questioned prime numbers, especially their distribution.  What is interesting about primes is that there have been many conjectures which people take as correct, yet no one has been able to prove them.  As this paper progresses, we will discuss several of the more important conjectures.

One conjecture that has been spoken of frequently is Goldbach’s Conjecture.  The mathematician Goldbach stated that every even number greater than two is the sum of two prime numbers.  As of now, the closest any person has come to proving this statement is another mathematician named Oliveira e Silva, who proved the statement up to 4 times ten raised to the seventeenth power (Prime Conjectures).  As any normal person can see, to prove this statement is extremely difficult, since you need to make it all the way up to infinity.  However, this is not the only conjecture that is highly difficult to prove for anyone.

Another really interesting unsolved question is the Riemann Hypothesis.  A German mathematician, Riemann proposed that the distribution of all prime numbers is in a certain pattern ζ(s)=1+(1/2)^s+(1/3)^s+…+(1/n)^s, where every prime is when ζ(s)=0 (Riemann Sum).  While there are a few outliers to this general function, it has actually been proved up to 1.5 billion.  Similar to the previous Goldbach’s Conjecture, these types of questions are nearly impossible to prove due to the difficulty in proving numbers right up to infinity.

Euclid provides us with a large amount of information on all sorts of mathematical topics in the Elements.  Along with different kinds of geometry, Euclid provides plenty of propositions on ideas of number theory.  In addition to other ideas, Euclid discusses prime numbers, integer division, and general concepts of numbers.  His ideas provided a vast basis for many future mathematicians on the ideas of number theory.  Euclid’s Elements impacted a significant amount of the future of mathematics with his proofs on number theory.
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�	Information for this paragraph taken from Joyce’s commentary on Euclid’s Elements, Book IX, Proposition 20





