Math 132: Calculus for Physical and Life Sciences 2
Problem Set 8
Due Friday, April 11, 2008, at the beginning of class.
Solutions

1. Determine whether each of the following sequences converges or diverges. If it converges, find
its limit.

(a) 1 —n?
a)a, = ———
" 24 3n2
—n? L -1 1
Solution: lim n2 = lim "22 = ——.
Or use I'Hospital’s rule twice: Tim ——" = lim —— 2 0 o Z20 v =2 1
r use ’Hospital’s rule twice: n1_>1¥>102+3n2_$g£102+3x2 = lim o = lim 6= 3

(b) anp =1+ (_1)n

Solution: a, = 0 if n is odd and a, = 2 if n is even. The sequence does not approach a single
number and thus it diverges.

sinn

(C) a'n - 3n
1 i 1
Solution: Use the Squeeze Theorem. —1 < sinn < 1 for all n. Thus ~an < Sl??nn < 3
Since lim —— = lim — = 0, we have that lim SInn_ 0.
n—oo 3" n—oo 3N n—00

(Inn)?
d) a, =
(@) an = =

Inn)? Inz)? p 2(In )t 2Inz p 2

Solution: lim (Inn) = lim m 2 lim ( )w = lim oy lim — = 0.

n—00 n T—00 xT I—00 T—00 I T—00 I

2" + 1
(e) an = on

2" + 1 2\" 1\" 2 1
Solution: lim + = lim (—) + lim (—) = 0 since both — and — are between 0 and
e e

n—oo en n—oo \ € n—oo \ €
1.

(f) a, =In(2n+1) —In(2n — 1)

o+ 1 o+ 1
Solution: lim a, = lim ln( n )zln(lim n ):o.

n—o0 n—o0 2n — 1 n—00 2n — 1




2. Determine if each infinite series converges or diverges. If it converges, find its sum. (Be careful
about the first term of the series.)

(@) l4+et4+e?+e+...+e"+...

1 :
Solution: E " is the geometric series with ratio — and first term 1. It is convergent and
e

1ts sum 1is .
e—1

n=0

TL

Solution: Z Z ( ) = 4 (geometric series with ratio 3/4 and first term 1). Z (Z) =
=0 n=0

n=0

2 (geometrlc series with ratio 1/2 and first term 1).
0 3n _ 9n N 3n o on

S S
n=0 n=0 n=

Solution: This is a geometric series with ratio 100/99 > 1. It diverges.

nf: (100)

Solution: This is a geometric series with ratio 99/100 < 1 and first term 1. It converges to
100.

@3> (5)

n=1

Solution: This is a geometric series with ratio 7/e > 1. It diverges.

053

o
1
Soluti =2 di t(t the h — t-
olution: E E 1s ivergent (twice the harmonic series). EO gn Converges (geome
—(2 1
ric series with ratio 1/2). Thus E (ﬂ - 2_") diverges. ( If E (— - —) were convergent,

n=1



E — = E (— — —) + E on would be convergent as the sum of two convergent series.)
n n

n=0

k+1
on: Si I
Solution: Since ki)rglo 1 d

(h)gln (”:1)

(Hint: Consider several partial sums and use properties of logarithms to simplify them.)

1
=3 # 0, the series diverges by the Divergence Test.

n+1
n

Solution: Use the fact that In ( ) =In(n + 1) — Inn. Consider the n-th partial sum

$p=(In2—-In1)+ (In3—-In2)+ (In4 —In3)+---+ (Inn —In(n — 1)) + (In(n + 1) — lnn).
All terms cancel except for In1 and In(n + 1). Thus s, =In(n+ 1) —In1 = In(n + 1). Since

lim s, = oo, the series diverges.
n—oQ

3. Find the rational number represented by 0.2525252525. . ..
(Hint: Think of 0.2525252525. .. as a geometric series.)

25 25 25
Solution: 0.2525252525... = 100 + (100)? + E + .-+ This is the geometric series with
ratio 1/100 and first term 25/100. It is convergent and its sum is
25
o _ %
T .
-3 99
25
Thus 0.2525252525... = 99"

4. Suppose the government spends $1 billion and that each recipient spends 90% of the dollars
that he or she receives. In turn, the secondary recipients spend 90% of the dollars they receive,
and so on. How much total spending results from the original injection of $1 billion into the
country?

Solution: The total spending (in Dollars) equals 10° + 107 - 0.9+ 10°(0.9)* + 10°(0.9)* +- - - =
10°

1-0.9
total spending is $10 billion.

= 9. 10 since this is a geometric series with ratio 0.9 and first term 10°. Thus the

5. Use the integral test to decide whether each of the following series converges or diverges.



o0
n
2) Z n?+1
n=0

1 — 2

Solution: Let f(z) = N By the quotient rule (check!) f'(z) = @ For z > 1 this

is negative and thus f is decreasing. The function f is also continuous and positive for z > 0.
We can apply the integral test (use the u-substitution v = 2®>+ 1, du = 2z dx in the integral).

b2+1 1

<z bz 1 9
=1 = lim — —du = lim —(l 1) —In2) =
J wdemim [ ey [ e jim 506+ - 1n

Since the integral is divergent, the series is divergent as well.

= n
(b) D~
n=0
z? _ 972 z? 1—9¢
Solution: Let f(z) = % We have f'(z) = c 21‘26 = e ( 5 ) . Since f'(z) < 0 for
er er 2

x > 1, the function f is decreasing. The function f is also continuous and positive for x > 0
and we can apply the integral test (use the u-substitution v = 22, du = 2z dz in the integral).

i 1Y 1 1 1
/ —dr=lim | — d.T = lim — e du=lim =(—e " +e!) = 56_1 =—
1

b—oo Jq b—o0 1 b—00 2e

Since the integral is convergent, the series converges as well.

annn

n=2

1
Solution: Let f(z) = P Since the denominator is increasing, the function is decreasing. It
zlnz

is positive and continuous for z > 1 and we can apply the integral test (use the u-substitution
v =Inz, du=1/zdz in the integral).

0o 1 b 1 Inb 1
/ dr = lim dz = lim —du = lim (In(lnb) — In(In2)) =
2

zlnx b—oo Jo xlnx b—oo Jlpo U b—o0

Since the integral diverges, the series diverges as well.

“n
d) ) =
n=1 er
. z . , e*(1—z) . . ) )
Solution: Let f(r) = —. Since f'(z) = 5~ is negative for z > 1, the function f is
e e



decreasing for x > 1. Also, for x > 0, f is continuous and positive. We can apply the integral
test (use integration by parts in the definite integral: v = xdu = 1dz and dv = e *dz,v =
—e %),

00 b b
/ Y dr=1lim | ze®dr = lim (—zef} +/ e dr = lim (—be " —e7" 4+ 2e71).
1 1

e” b—oo Jq b—o0 b—o0

b 1 o
By I'Hospital’s rule lim be™® = lim — = lim — = 0. Thus / L dgr = 2¢71. Since the
1 €”

b—o0 b—oo € b—oo eb
integral is convergent, the series is convergent as well.

= 1
(e) Z ln (1 —+ ﬁ)
n=1
(Hint: integrate by parts.)

1
Solution: Let f(z) =1n (1 + —2) . It is a positive, continuous and decreasing function for z >
x

1
1 and we can apply the integral test. We will first solve / In <1 + —2> dx using integration by
x
1 =2

1 2
parts. Letu =1n <]. + P) and dv = dz. Then du = @Fd.@ = —m dxr and v =

1 1 1 1

z. Then/ln l1+—)de=zln|1+ — +2/ dr =zln| 14+ — |+2arctanz+C.
22 22 1+ 22 22

Then

o 1 b 1 1 |
/ In (1 + —2> dr = lim In (1 + —) dr = lim <bln <1 + —2) + 2arctanb — In 2 + 2 arctan 2
1 xT b—oo Jyq ,
. 1 . b2 l . 32 B . 2
We have lim bIn|1+ = ) = lim ———* = lim ———— = lim ———~ = 0 and
b—oo b? +
limy_, o, arctan b = /2.
Therefore the integral converges and so does the series.

. Determine whether the given series converges or diverges. Quote general results to justify
your answers.

o0

1 1
Solution: ; W = ; TR This is the p-series with p = 5/2 > 1 and is therefore
convergent.
“n+1
m Y

n=1



o o
1 1
Solution: Since E — diverges (harmonic series) and E — convergent (p-series with p = 2),
n=1 n n=1 n
the given series diverges.

1

W converges if p > 1 and diverges if p < 1.
n(lnn

o0
. Show that the series Z
n=2

Solution: If p = 1 this is the series of problem 5.c) which diverges. Suppose p # 1. Since
1
flz) = ﬂ is positive, continuous and decreasing for x > 1 we use the integral test. In
z(lnx

the integral we use the substitution v = Inz, du = 1/z dz.

o] 1 b 1 Inb —p+1 Inb
/ ————dx = lim ————dx = lim —du = lim =
o z(lnzx)p b=oo Jo z(Inz)P b=oo J o UP booo —p+ 1|,

1 —p+1 —p+1
— lim (Inb) B (In 2)
b—o0 —-p+1 —-p+1

If p > 1, then blim (Inb) P*' = 0 and if p < 1, then blim (Inb) P*! = 0o. Therefore, the integral
— 00 — 00

converges is p > 1 and it diverges if p < 1. By the integral test and problem 5.c), the series
converges if p > 1 and it diverges if p < 1.

. For each of the following series explain why the integral test does not apply.

o0

(a) Z e "sinn
n=1
Solution: The integral test does not apply because the function f(z) = e *sinz is not

positive (for example it takes negative values at each odd multiple of 7/2) and not decreasing
(f'(z) = e *(cosz — sinx) is not always negative - for example, it is positive at all even
multiples of 7).

o

2+sinn
b)Y ——
n=1 n
. . 2+sinz . .
Solution: Here the function f(x) = s positive for all z # 0 (because —1 < sinz < 1).

z?cosz — 2x(2 + sinx)
!

However, the function is not decreasing since f'(z) = is not always

negative (it is positive for all even multiples of 7 greater than 4).



