
MATH 392 – Geometry Through History – Solutions for Quiz 2 – April 15, 2016

Let S be the surface parametrized by

~x(u, v) = (u, cosh(u) cos(v), cosh(u) sin(v)), (u, v) ∈ (−∞,∞)× (−∞,∞)

where the function cosh(u) = eu+e−u

2 is the hypberbolic cosine.

(A) (5) Compute the coefficients E,F, G of the first fundamental form.

Solution: We have

~xu = (1, sinh(u) cos(v), sinh(u) sin(v))
~xv = (0,− cosh(u) sin(v), cosh(u) cos(v))
E = 〈~xu, ~xu〉 = 1 + sinh2(u)(cos2(v) + sin2(v)) = cosh2(u)
F = 〈~xu, ~xv〉 = 0
G = 〈~xv, ~xv〉 = cosh2(u)(sin2(v) + cos2(v)) = cosh2(u).

(B) (10) Compute the coefficients e, f, g of the second fundamental form.

Solution: From part (A), the unit normal is computed like this:

~xu × ~xv = (sinh(u) cosh(u),− cosh(u) cos(v),− cosh(u) sin(v))

and
‖~xu × ~xv‖ =

√
cosh2(u)(1 + sinh2(u)) = cosh2(u).

So

N =
(

sinh(u)
cosh(u)

,− cos(v)
cosh(u)

,− sin(v)
cosh(u)

)
.

We have

~xuu = (0, cosh(u) cos(v), cosh(u) sin(v))
~xuv = (0,− sinh(u) sin(v), sinh(u) cos(v))
~xvv = (0,− cosh(u) cos(v),− cosh(u) sin(v))

e = 〈~xuu, N〉 = −1
f = 〈~xuv, N〉 = 0
g = 〈~xvv, N〉 = 1.

(C) (5) Find the Gaussian curvature of S.

Solution: The Gaussian curvature is

K =
eg − f2

EG− F 2
=

−1
cosh4(u)

.
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