MATH 136 — Calculus 2
Practice Day on integration “by parts”
February 7, 2020

Background

Note: At this point we will move to Chapter 7 in the textbook. We will
return to discuss some of the applications of integration from Chapter 6 after
we do the techniques of integration from Chapter 7.

The integration by parts method is based on the product rule for deriva-
tives, but we usually apply it by remembering the “parts formula:”

/udv:uv—/vdu.

The idea is that we break up an integral we want to compute into a u and
a dv. We compute du = z—;f dr and v = [ dv and apply the parts formula.
We then have to finish by integrating [ v du. If we have made a good choice,
then the integral [ v du is simpler, or at least no harder than the integral we
started from.

Questions

Integrate by parts

1. /35625‘7 dx

Solution: Let v =z, dv = €** dx. Then du = dr and v = %629”. By the
parts formula

1 1
/xe% dr = geh o /62”” dr = gem - Zezx +C

2. /xQ cos(mx) dx

Solution: For this one, we will need to integrate by parts twice, taking



u = power of x each time:

r?sin(rx) 2

/ 22 cos(mz) do = =) 2 / wsin(nz) do
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_ a?sin(rz) 2 <—x cos(mx) N 1 /COS(?T.T) dx)
T T T T
22 sin(wx 2x cos(mx 2sin(7wx
_ #sintne) | 2rcos(ra)  2sinira)
T T T

3. /x7ln(3x) dx

Solution: This is the case where we do not want to let u = power of x.
Take u = In(3z) and dv = 27 dz. Then du = 3% = % and v = Z'. So

8] 8 1
/an(gx)dw:m_/w_._dx
8 8 =

81 7
= %(?m) — / % dx  (simplify)
%In(3z) a8
=————+C.
s 6

4. / sin™ () dx

Solution: Let u = sin~! and dv = dx. Then du = \/1‘“7 and v = z. We

apply the parts formula and then do a substitution on the remaining
integral:

d
/sinl(x) dr = zsin~'(z) — \/% =axsin H(z) +V1—-22+C

5. A more challenging one: [ ¢**sin(5x) dz. Hint: you'll need to inte-

grate by parts twice, and it will seem as though you are going in circles.
But be of good cheer and persist — things will work out because you
get the same integral again, but multiplied by a constant that lets you
solve for it.



Solution: Let u = €3 both times and dv = trig function both times.
The final answer is:

3x

2—4 (3sin(5z) — 5cos(bx)) + C.
. Check by differentiating (and simplifying!):

/sec(x) dx = In|sec(x) + tan(x)| + C

Differentiating, we have

sec(x) tan(x) + sec?(x)
sec(r) + tan(x)

d
. In | sec(z) + tan(z)| =

Factor sec(z) out of both terms on the top, then cancel the sec(x) +
tan(x). You get sec(x) after this simplification. This shows the desired
formula.

. Another challenging one: / sec®(x) dr. Hint: Try making u = sec(x)

and dv = sec?(x) dz. You'll also need the trig identity 1 + tan?(x) =
sec?(z) and the previous formula for [ sec(x) du.

Solution: Using the Hint, du = sec(x) tan(x) dxr and v = tan(x), so

/ sec3(z) dz = sec(z) tan(z) — / sec(z) tan?(z) do

But we have by the identity tan?(x) = sec?(z) — 1, so substituting for
the tan?(z) in the integral on the right:

/sec3(x) dx = sec(x) tan(x) — /sec3(a:) dx + /sec(m) dx
Now we add [ sec(z) dz to both sides, then divide by 2 to get

/sec3(:v) dex = w—l—% /SGC(:L‘) dox = w—l—% In | sec(x)+tan(x)|+C.



