THEOREMS OF THE PROPOSITIONAL CALCULUS

EQUIVALENCE AND TRUE

(3.1) Axiom, Associativity of =: ((p=gq)=r1) = (p=(g=7r))
(3.2) Axiom, Symmetry of =: p=g=¢g=p

(3.3) Axiom, Identity of =: q=q
(3.4) true

(3.5) Reflexivity of =: p=p

NEGAT[ON, INEQUIVALENCE, AND FALSE

(3.8) Axiom, Definition of false: false = —true
(3.9) Axiom, Distributivity of — over =: =~(p=¢q) = p=gq
(3.10) Axiom, Definition of Z: (p#q) = ~(p=gq)

(3.11) -p=g=p=—¢g

(3.12) Double negation: ——p=p

(3.13) Negation of false: —false = true

(314) (pZq) = p=gq

(3.15) —p =p = false

(3.16) Symmetry of #: (p#q) = (¢ %p)

(3.17) Associativity of #: ((p#q)#r) = (pZ(g&T))

(3.18) Mutual associativity: ((pZq)=71) = (pZ(g=7))

(3.19) Mutual interchangeability: pZg=1r = p=q#r

DISJUNCTION

(3.24) Axiom, Symmetry of V: pVg = qVp

(3.25) Axiom, Associativity of v: (pV g Vr =pV(gVr)
(3.26) Axiom, Idempotency of V: pVp = p

(3.27) Axiom, Distributivity of vV over =: pV(g = r) = pvg = pVr

(3.28) Axiom, Excluded Middle: p v —p

(3.29) Zero of V: p V true = true

(3.30) Identity of vV: pV false = p

(3.31) Distributivity of vV over V: pV (gVvr) = (pVgq) V (pVvr)
(332) pVvg=pVv-q=p

CONJUNCTION
(3.35) Axiom,Goldenrule:pAg=p =g =pVyg
(3.36) Symmetry of A: pAg =qAp

3.37) Associativity of A: (pAg AT =pA(gAT)

3.39) Identity of A: p A true = p

(
(3.38) Idempotency of A: pAp = p
(
(3.40) Zero of A: p A false = false

(3.41) Distributivity of A over A: pA(gAT) = (pAg A(pAT)

(3.42) Contradiction: p A —p = false
(3.43) Absorption: (a) p A (p V q)

il

b)pvipAg =p
(3.44) Absorption: (a) pA (-pV g) = pAg
b)pV(prg =pVg

(3.45) Distributivity of vV over A: pV (g A7)
(3.46) Distributivity of A over V: p A (g V 1)

(3.47) De Morgan: (a) ~(pAg) = pV g
(b) (pVg = -pA—g

(348) pAg =pAn—g=—p

B49) prA(g=r)=pAgq=pAr=p

(350) pA(g=p) =pAg

(3.51) Replacement: (p=g) A (r =p) = (p=g) A(r =
(3.52) Definition of =: p =¢ = (pAgq) V (-p A —q)
(3.53) Exclusiveor: p # g = (-pAgq)V (p A —q)

(365) pA@QQ AT = p=qgq=71=pVg =gqgVT =TVD

IMPLICATION

(3.57) Axiom, Definition of Implication: p = ¢ = pV ¢

(3.58) Axiom, Consequence: p < g = q = p

(3.59) Definition of implication: p = ¢ = —-pV ¢

(3.60) Definition of implication: p = ¢ = pA g = p

(3.61) Contrapositive: p = ¢ = ~q = —p

362) p=>(g=r)=pAg=pATr

(3.63) Distributivity of = over
)

@B64)p=>@=>r=p=>q9=>p@E=r
(3.65) Shunting: pAg =7 =p = (g = 1)
(3.66) pA (p = q) = pAg

)
(367) pA(g=p) =0p
(368) pV (p = q) = true
(369) pV(@=p)=qg=p
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370 pVg=>pAqg=p=4q
3.71) Reflexivity of =: p = p = true

3.73) Left identity of =: true = p = p

3.74) p = false = —p

(3.75) false = p = true

(3.76) Weakening/strengthening: (a) p = p Vv ¢
(b)pAg=rp
(c)phg=pVyg
(dpvighar)=pVvyg
(e)phg=pA(gVr)

(3.77) Modus ponens: p A (p = q) = ¢

(
(
(3.72) Right zero of =: p = true = true
{
(

BB =>r)A(g=r) = (pveg=r)
B79) p=r)A(p=>r1) =71
(3.80) Mutual implication: (p = ¢) A (g = p) = (p = q)
(3.81) Antisymmetry: (p=>q) A (¢g=p) = (p = q)
(3.82) Transitivity: (a) (p = g) A{g=71) = (p = )
B p=aAr@=r=@=>r
gp=>9r(@g=r = {@P=r)

LEIBNIZ AS AN AXIOM

(3.83) Axiom, Leibniz: e = f = E; = E}

(3.84) Substitution: (a) (e=f) A Ei = (e=f) A Ef
(b)(e=f) = EZ = (e=f) = Ej

() gA(e=f) = B = qA(e=f) = E;

(3.85) Replace by true: (a)p = E; = p = Ef,.
b)gAp = E; = qAp = Efye
(3.86) Replace by false: (a) E; = p = Ef,,, = p
(b)E; = pVqg = Efy,, > pVg
(3.87) Replace by true: p A Ef = p A Efe
(3.88) Replace by false: p vV E} PV Efe
(3.89) Shannon: E; = (p A Efe) V (-p A Efy.)

f

(4l p=(qg=p
(4.2) Monotonicity of V: (p = ¢q) = (pVr = qVr)
(4.3) Monotonicity of A: (p = q) = (pAT = gAT)

PROOF TECHNIQUES
(4.4) Deduction: To prove P = (), assume P and prove Q.

(4.5) Case analysis: If Ef..., Ef, are theorems, thensois Ej .

(4.6) Case analysis: (pVgVvVr)A(p=3s)A(g=s)A(r=s) = s

(4.7) Mutual implication: To prove P= @, prove P = @ and Q = P.

(4.9) Proof by contradiction: To prove P, prove =P = false .

(4.12) Proof by contrapositive: To prove P = @, prove -Q = —-PF

GENERAL LAWS OF QUANTIFICATION

8.24: bsc=d = (bs=i<d = bs=i<c V c=si<
either with b,c,d
or with b,c,d

For symmetric and associative binary operator * with identity .
(8.13) Axiom, Empty range: (xz | false: P) = u

(8.14) Axiom, One-point rule: Provided -occurs(‘z’,'E"),
(»>rlz=E:P) = Plz:=E]

(8.15) Axiom, Distributivity: Provided P,Q:B or R is finite,
(xx |R:P)x(>x | R:Q) = (x| R: PxQ)

(8.16) Axiom, Range split: Provided R A S = false and

P:B or R and S are finite,
(xx |RVS:P) = (xx | R: P)x(*x | S: P)

(8.17) Axiom, Range split: Provided P:B or R and S finite,

(xt I RVS:P)*{(xx | RAS:P) = (xx | R: P)x(xx | S: P)

(8.18) Axiom, Range split for idempotent *:
()x |RVS:P) = (»z | R: P)x(xz | S: P)

(8.19) Axiom, Interchange of dummies: Provided * is idempotent or

R,Q are finite, —occurs(‘y’,‘R’), and —-occurs(‘z’,‘'Q’),
(xx | R:(xy 1 Q :P)=(y1Q:(*z | R: P))
(8.20) Axiom, Nesting: Provided —occurs(‘y’,'R’),
(xt,y IRAQ:P)=(xz | R:(»y | Q:P))
(8.21) Axiom, Dummy renaming: Provided —occurs(‘y’,‘R, P’),
(xx | R: P)=(*y | Rlz:=y]: Plz:=y])

(8.22) Change of dummy: Provided —occurs(‘y’,‘R,P’), and f
has an inverse,

(*z | R: P) = (*y | Rz := f.y]: Plz = f.y])

(8.23) Split off term: (xi |0<i<n+1:P) = (xi|0<i<n:P)*xP}

(¥i]|@ < 1 < n+l:P) =
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UNIVERSAL QUANTIFICATION
(9.2) Axiom, Trading: (Vx| R:P) = (VzI: R = P)

(9.3) Trading: (a) (Vz | R: P) = (Vz|: -R V P)
(b) (Ve | R:P) = (Vzl: RA P
(¢) VzI R:P}) = (VzI: RV P
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or

P[i:=0] % (%i]|@ < i < n+1:P)



(9.4) Trading: (a) (Vz I QAR:P) = (Vz1Q: R = P)
(b) (Vz |IQAR:P) = (V21 Q: RV P)
(¢c) v IQAR:P) = Vz1Q:RA P = R)
(d) (Y2 |QAR:P) = (¥z1Q: RV P = P)

(9.5) Axiom, Distributivity of Vv over V: Prov. —occurs(‘z’,'P’),
PV(¥z|R:Q) = (Ve | R: P V Q)

(9.6) Provided —occurs(‘z’,‘P’), (Vz | R:P) = P V (Vz|:-R)

(9.7) Distributivity of A over V: Provided —occurs(‘z’,‘P’),
=(Vzl:-R) = (V2 |R: PAQ) = PA (Vz| R:Q))

(9.8) (Vz | R: true) = true

(99) (VzIR:P=Q)= (VzIR:P) = (Vz| R:Q))

(9.10) Range weakening/strengthening: (Vz |Q V R: P) = (Vz | Q: P)
(9.11) Body weakening/strengthening: (Vz | R: P A Q) = (Yz | R: P)

(9.12) Monotonicity of V:
(V21R:Q=P) = (V21 R: Q) = (Vz | R: P))

(9.13) Instantiation: (Vz|: P) = Plz :=¢]
(9.16) P is a theorem iff (Vz|: P) is a theorem.

EXISTENTIAL QUANTIFICATION

(9.17) Axiom, Generalized De Morgan:
B3z I R:P) = =(Vz | R: -P)

(9.18) Generalized De Morgan: (a) ~(3z | R: —-P) = (Vz | R: P)
(b) ~(3z | R: P) = (Vz | R: -P)
(¢) 3z | R:=P) = =(Vz | R: P)

(9.19) Trading: (32| R: P) = (3z|: R A P)
(9.20) Trading: (Jz | QAR:P) = B3z |1 Q:R A P)

(9.21) Distributivity of A over 3: Provided —occurs(‘z’,'P’),
Pih (Bl R:Q) = (3| R:PAQ)

(9.22) Provided —occurs(‘z’,‘P’), (3z | R:P) = P A (3z|: R)

(9-23) Distributivity of V over 3: Provided —occurs(‘z’,‘P’),
Bzl R) = (Gz | R:PYR) =PV (3x]lRB:Q))

(9.24) (3z | R: false) = false
(9.25) Range weakening/strengthening: (3z | R: P) = (321 Q V R: P)
(9.26) Body weakening/strengthening: (3z | R: P) = (3z | R: P Vv Q)
(9.27) Monotonicity of 3:
(Ve iR @ = B) = ((Hz| R:) = (Bl R P))
(9.28) 3-Introduction: Pz := E| = (3z|: P)
(9.29) Interchange of quantifications:
Provided —occurs(‘y’,'R’) and —occurs(‘z’,‘Q’),
B lR(Vyl1Q:-P)) = My 1 Q¢ Bz | B P))
(9.30) Provided —occurs(‘s’,‘Q’),
(3z | R: P) = Q is a theorem iff (R A P)[z:=3%] = Q is a theorem

Table of Precedences
(a) [z:= €] (textual substitution) (highest precedence)
(b) . (function application)
(¢) unary prefix operators: + — = # ~ P
(d) =
() + / + mod ged
— U x os

—

B e CED2 | (conjunctional, see page 29)

=
Iy <il &%+

(lowest precedence)

All nonassociative binary infix operators associate to the left, except #x,
<, and =, which associate to the right.

The operators on lines (j), (1), and (m) may have a slash / through
them to denote negation —e.g. b # ¢ is an abbreviation for —(b = ¢).

Greek letters and their Transliterations

Name Sign Tr. Name  Sign Tr. Name Sign Tr.

Alpha a a Iota v 1 Rho ¥ K

Beta B b Kappa £ k Sigma o S

Gamma vy g Lambda A 1 Tau T t

Delta 6 d Mu L m Upsilon v y,u

Epsilon € e Nu v n Phi ¢ ph

Zeta " Xi £ % Chi X ch

Eta n e Omicron o o Psi v  ps

Theta 6 th Bl . Omega w o
Types Used in this Text

integer Z integers: ...,—3,-2,-1,0,1,2,3,...

nat N natural numbers: 0,1,2,...

positive /o positive integers: 1,2,3,...

negative v/ negative integers: ...,-3,-2,-1

rational Q rationals i/j for i,j integers, j # 0

reals R real numbers

positive reals R* positive real numbers

bool B booleans: true, false

sets set(t)  set of elements of type ¢

bags bag(t) bag of elements of type ¢

sequences seq(t)  sequence of elements of type ¢






