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Abstract

We study ground state traveling wave solutions of a fourth order wave equation.
We find conditions on the speed of the waves which imply stability and instability of
the solitary waves. The analysis depends on the variational characterization of the
ground states rather than information about the linearized operator.

1 Introduction

This paper is an analysis of the stability of traveling wave solutions of the equation

where f(u) = |u[P~u for some p > 1. If n > 5 then we also require p < 2* — 1 where

2n

2* =
n—4

(1.2)

is the critical exponent in the Sobolev embedding H?(R") — LP(R"). We show that there ex-
ist solitary wave solutions of (1.1) and prove criteria for their stability and instability. Our re-
sults parallel those for the analogous second order Klein-Gordon equations (see [8],[25],(27]).
We show that the solitary wave of speed c is stable when the action function d;(c), defined
by (3.14), is convex and is unstable when d;(c) is concave.

The interesting feature of the problem is that the solitary wave satisfies a fourth order
elliptic equation. The stability of solitary waves of second order equations has been studied
in many papers, including [25], [26],[27] for the Klein-Gordon equations and [4],[32],[33] for
the Schrodinger equation. Also, higher order equations such as the KdV equation ([3], [28])
and generalized Boussinesq equations ([19],[23]) have been examined. In each case, however,
the solitary wave satisfies a second order ODE. Using a nodal analysis of the ground state it
is possible in some cases to obtain information about the spectrum of the linearized operator.
However, the solitary waves of (1.1) satisfy a genuine fourth order PDE (2.1), for which there
is no maximum principle available. Thus the ground states may not necessarily be positive,
and in fact may be oscillatory. So we cannot easily obtain this spectral information, and
therefore some of the standard techniques for analyzing stability are no longer applicable.
Instead we rely entirely on the variational characterization of the solitary wave.



In one dimension an equation similar to (1.1), with a different nonlinear term, has been
studied as a model for the suspension bridge [20]. Numerical evidence in the case of an
exponential nonlinearity suggests that traveling waves are unstable for small ¢ and exhibit
soliton-like behavior for ¢ near the critical value v/2 [21].

In Section 2 we prove the existence of a solitary wave. Solutions are obtained by using
the method of concentrated compactness developed by Lions [17] to solve a constrained
minimization problem. We use the scaling property of the pure power nonlinearity to verify
the subadditivity conditions (2.9) and to scale away the Lagrange multiplier. In second order
and pure fourth order problems we can verify these conditions and eliminate any multipliers
by dilating in the independent variable [1]. The presence of both fourth and second order
terms in (2.1), however, prohibits such an approach, and therefore we restrict our attention
to homogeneous nonlinearities. We also note that the scale invariance allows us to solve the
minimization without any restrictions on the dimension n.

The results in this section apply to a more general class of homogeneous nonlinear terms of
variational type. For instance, consider F' € C*(R™™) such that VF(\y, A\z) = NPT E(y, 2)
for all (y,z) € R™™ X\ > 0. If F(u,Vu) € L'(R") for every u € H*(R") and there exists
some u € H*(R™) such that [;, F(u, Vu)dz > 0 then nonlinearities of the form

f(u, Vu) =V, F(u, Vu) — divg(V,F(u, Vu)). (1.3)

may be treated as well. In particular, the nonlinearities f(u) = &|ulP and —3u? + (u,)* —
2(uuy ), are of this form. The latter arises in the study of fifth order KdV equations [5], and
will be the subject of another paper [16].

In Section 3 we show that the evolution equation admits solutions in the space X =
H?(R™) x L*(R™) which exist locally in time for given initial data in X, provided p < 2*/2.

We discuss in Section 4 the properties of d;(c) we shall need for the stability analysis.
Once again we use the scaling property of our nonlinearity to write d;i(c) in terms of the
minimum values of the functionals used to obtain the solitary wave. We also establish bounds
on d; which imply concavity for small ¢ and convexity for ¢ near V2.

In Section 5 we show (Theorem 5.4) that the set of ground states is stable whenever
di(c) is strictly convex. The proof consists of a compacness argument based on the ideas of
Shatah [25] and Cazenave and Lions [4]. We use the variational properties of the ground
states, along with a convexity lemma of Shatah (Lemma 5.1), to establish the key inequality
(5.5).

In Section 6 we use a Lyapunov functional construction due to Grillakis, Shatah and
Strauss [8] to show (Theorem 6.2) that a given ground state is orbitally unstable when
d}(c) < 0. We need to make the additional assumption that the there is a C* map ¢ — ¢,
where ¢, is a ground state with speed ¢, in order to apply the implicit function theorem.

Finally, in Section 7 we consider standing wave solutions of (1.1). The results of Sections 5
and 6 extend quite easily to this case, and the scaling properties of the solitary wave equation
(7.2) make it possible to determine explicitly the intervals of stability and instability.



2 Existence of Minimizers

In this section we prove the existence of traveling wave solutions. In the process an essential
result concerning the compactness of minimizing sequences is established. Let u(z,t) =
o(x + ct) for ¢ € R™ be a solution of (1.1). Then ¢ must solve

A2+ Y Citipu, + 9 = ol (2.1)
ij=1

For |c|?> < 2 we can obtain solutions of (2.1) by considering the following constrained mini-
mization problem. Let

L) = 5 [ 18P~ e Vo + [0Pda
n
’ . (2.2)
K(Q/f):m » [P da
and define
my(c) = inf{I.(¥) : v € H*(R™), K1) = \} (2.3)

for 0 < A < 1. We say a sequence {;}2, in H*(R") is a minimizing sequence if

lim I.(v) = my(c) and lim K (i) =1

k—oo k—oo

Our main result in this section is the following.

Theorem 2.1 For any n suppose 1 < p < 2*—1 and |c|* < 2. Let {{x}32, be a minimizing
sequence. Then there exists a subsequence {tr,}, y; € R™ and v € H*(R") such that
Ui, (- — yj) — ¥ in H*(R™). The function 1 is a minimizer of I. subject to the constraint
K () =1 and is therefore a weak solution of the Euler-Lagrange equation

AP+ e, + 10 = plgP .

1,j=1

Hence ¢ = /ij%l'(ﬁ is the desired solution of (2.1). Solutions obtained in this manner will be
referred to as ground states. If we multiply (2.1) by ¢ and integrate we see that

2Ic(900> = (p + 1)K<Qpc) (24>

for any ground state vp,.. Since ¢, is obtained by minimizing /.() subject to the constraint
K (1) = 1 and rescaling, it follows from the relation

mi(c) = inf (%)

I
—_— (2.5)
0AYEH2(R™) [ (1)) p+T



that L
I{e) = ep(ma(e)) 5 o= (27)" (26)

p+1
Thus we may define the set of all ground states with speed ¢ by
pt1
G.= {@D € H*(R") : (p+ 1)K () = 2L.()) = 20p(m1(c))p71} (2.7)

We establish Theorem 2.1 by applying the method of concentrated compactness. By
scaling it is easily seen that

ma(c) = A\rimy (c) (2.8)
and therefore the strict subadditivity condition
mx(c) +mi_x(¢) > my(c) Ae(0,1) (2.9)

holds. Let {¢}?2, be a minimizing sequence and define a sequence in L'(R") by

pr = AP + [0,
Since

L(¢) = (1= |c]*/2) é@ AP + [y Pde = (1 = [el*/2) ¢l 7@y, (2.10)

for any ¢ € H*(R"), I is coercive for |c|* < 2, and therefore {¢;}?2, is bounded in H*(R™).
So, upon passing to a subsequence if necessary, we may assume that

lim pr(z)dr = L > m4(c)

k—oo Rn

and after normalizing appropriately we may suppose

/n pr(x)de = L

for all k. By the concentration-compactness lemma of Lions [17], there is a subsequence
(renamed to py) satisfying one of the following three conditions:

1. Tightness. There exist y, € R™ such that for any e > 0 there exists R(e) so that for all k

/ pr dr > / pr dr — € (2.11)
B(yk,R(e)) "

2. Vanishing. For every R > 0,

lim sup / pr dx =0 (2.12)
B(y,R)

k—oo yeRn

3. Dichotomy. There exists a € (0, L) such that for any € > 0 there exist R, Ry, — 0o,y € R"

and kg so that
‘/ prdr — | < e and ‘ / prdx
B(yx,R) R<|z—yi|<Ryg

<e (2.13)

for k > k.



Lemma 2.2 The sequence {py}32, is tight modulo the sequence of translations {yx}32, in
R™.

Proof. The proof follows from arguments given in [17],[18] which we present here.
First suppose vanishing occurs. By the Sobolev inequality we have

p+1

/ w“dxsomo)(/ |Awk|2+|wk|2dm) (2.14)
B(y,Ro) B(y,Ro)

for all £ and any y € R™, since p+ 1 < 2* and {¢}}32, is bounded in H*(R"). By (2.12) we
can choose k(¢€) so that k > k(e) implies

sup / prdxr < €
yeR™ J B(y,Ro)

so that by (2.14) we then have

/ [l de < CET (/ | Ay + |?/fk|2dx> (2.15)
B(y,Ro) B(y,Ro)

for k > k(e) and any y € R". Using an elementary construction we may cover R"™ with balls
of radius 1 in such a way that each point of R" is contained in at most 2n + 1 balls. Then,
we sum (2.15) over these balls to get

p=1 p=1
1l < (204 DCET [k Fpoeny < O

This implies that klim K (¢) = 0 and therefore the constraint is lost. Hence vanishing cannot
—00
occur.

Next suppose dichotomy occurs and choose £, & € C*°(R) so that 0 < &, & < 1 and

Si(z) =1 for [x| <1 E(z) =1 for |z| > 1
E(@)=0  for |z] > 2 &) =0 for |z < %
Then define
Yra(z) =& ( = ;M)wk(:c)
and
Ura(x) = 52('96 }_% y’“')wk(x). (2.16)
k

It is then easy to verify that

Ie(Yr) = 1(Vra) + Ie(r2) + O(e)

K (i) = K (1) + K (1br,2) + O(e) (2.17)

5



for k > kg. By passing to a further subsequence we can define

Mu(e) = Jim K (1) s
Ao(€) = lim K (). (2.18)

k—o0

We clearly have A (€), A2(€) € [0,1] and
[A1(€) + Az(e) — 1] = O(e)
and we can therefore choose a sequence €¢; — 0 such that

)\1 = lim )\1(6)

Jj—o0
exists. Then
)\2 = hm )\2(6) =1- )\1

J—0

and there are two possibilities.
If Ay € (0,1) it follows from (2.17) and (2.8) that

]C(wk) > IKWk,l) + IKWk,z) + O(Ej)
2

= [K(42) 7 + K (t2) 7 Jma (¢) + O(cy)
Since {9 }72, is a minimizing sequence we may send k to infinity and use (2.18) to obtain
ma(e) 2 A (e) 7+ Aaleg) 7Tl () + O(c;)
Letting 7 — oo we arrive at the contradiction
ma(e) 2 ()77 + ()7 T)m () > m(e).

If Ay = 0 (and similarly if A\; = 1) we use (2.13), the coercivity of I. and the fact that
Y1 1s supported in B(y, 2R) to conclude that

I(¥r1) = (1= [el*/2)[Wnnllie@e = (1= le*/2)1Vnall n2s0.2m) by (2.10)
> (2 [ Al e
B(yk,2R)
= (1—|c’/2)(a — +0(¢;)) by (2.13).
Thus, using (2.17) and (2.8) again,
L(ve) = (1= c*/2)(a + O(€;)) + Ik () + O(€;)
= (1= [e]*/2)a + K () T (e) + Oey)
and sending k to infinity gives

ma(e) = (1 — |e2/2)a+ Aao(e;)7imy (c) + Oley).

6



We let j — oo to get the contradiction
2
my(c) > 5(1 —Ie|?/2)a + mi(c) > my(c).
Hence dichotomy does not occur and the lemma is proved. |

Proof of Theorem 2.1. By Lemma 2.2 there exist yp € R™ such that pg(- + yi) is tight.
Since K (1y,) — 1 this implies that |, (- +y)|PT™ is also tight. Now, since {1} }3, is bounded
in H*(R"), there is a subsequence {13, }32, and ) € H*(R") such that

wkj(' + yk]) - w € H2<Rn>
%ij(' + yk;) - 1/} € LlQOC(Rn)'

Since {¢,} is bounded in L* (R™) and p+1 < 2* it follows by interpolation that ¢y, (- +y;) —
¢ in LYY (R™). We now claim that Uk, (- +y;) — ¢ strongly in LP*1(R"). Indeed, let € > 0
and choose Ry such that

/ ()P dz < e
|z[>Ro

By (2.11) there exists R(e) > Ry and j;(€) so that j > j(e) implies

/ [k, (x + yj)\pﬂdx < e.
|z|>R(e)

p+1

By the convergence in L.

(R™) we can find js(€) > 71(€) so that for j > jo(€) we have

1k, -+ 93) = VIt o, meey) < €
Thus
[, (2 + ;) — (@) da < e+ 27 e
Rn

and the claim is proved. Hence K (¢)) = 1. Since the weak convergence in H*(R"™) implies
I(1) < my(e) we therefore have 1() = 1 (¢). The lemma then follows since [| A |12z —
HAwHLZ(Rn) and Awkj — A in LQ(Rn). .

Lemma 2.3 For any n suppose 1 < p < 2* — 1 and let ¢ € H*(R"™) be a weak solution of
(5.1). Then ¢ € H>(R™).

Proof. For 1 < n < 4 the Sobolev inequality implies that ¢ € L>(R™). Hence |p[P~1p €
H'(R™). Since

(A + (c-V)* + Id)p = |o]P . (2.19)
it follows that ¢ € H?(R").

Forn =5fix 1 < p < 2*—1 =9 and proceed as follows. Suppose p € H*(R%). If
sy > 5/2 then ¢ € L>®(R®) and therefore ¢ € H5(R®) as above. Otherwise the Sobolev
inequality implies that
10

Ply e L9(RD =
[l (R”) oG 250



If s >5/2—5/(2p) then g > 2 and |p[P~1p € L*(R5). Thus (2.19) shows that ¢ € H*(R?).
Otherwise if s, > 5/2 — 5/p then ¢, > 1 and

B ) 5-5
P p € HHR)  r=psi+
and therefore (2.19) implies
13-5
p € H*(R%)  spp1 = g(se) = psi + 5 E

Since 1 < p < 9 we have sx; > sp > 5/2 — 5/p. Thus the iteration proceeds until
sk >5/2—5/(2p). The fixed point of g(s) is
5p— 13

§=—" <2 since 1l<p<9
2(p—1)

Thus if we take sp = 2 (i.e. p € H*(R®) as assumed) then s, — 400 as k — oo. So there is

some k = k(p) so that
4>5,>5/2—-5/(2p) > sk

Hence |p[P~tp € L*(R5) and (2.19) implies that ¢ € H*(R®). This shows that ¢ € L>®(R®),
so that |p[P~tp € H(R®) and (2.19) implies ¢ € H°(R®).

For n > 6 we use the following bootstrap procedure. Suppose that ¢ € H*(R"). If
sk > n/2 then ¢ € L>°(R™) and we conclude as above that ¢ € H°(R"). Using the Sobolev
inequality again shows that

2n
e LP(R" =

¥ (R™) Dk n— 2s,

2n
. € L% (R" = —
¥ ¢ ( ) T n — Q(Sk — 1)

It then follows that
2 2n
p—1 T n _

. € L'(R —<r<r = 7
Pl e € LIRY) - DS TS Te= Sr T T

where r;, = 400 if the denominator is negative. If 1, > 2 then |p[P~tp,, € L*(R") since
2/p < 2. We then conclude using (2.19) that ¢ € H5(R™). If 1 < r, < 2 then
non

=1, e Hi*(R" =2t e 1Dy
lolP™ ., € H*(R™) B T TP 2(19 )

and therefore
(A% + (¢~ V)* + Id) s, = plelP "¢,
implies

n
p € H™1(R),  sppa = g(se) =psi+4—5(p—1). (2.20)



Notice that if s > 2 then s;,.; > si since p < 2* — 1. This implies that ry1 > r, > 0 and
therefore the process may be iterated. The process stops only when r, > 2 or s, > 5, either
of which results in ¢ € H°(R™). The function g(s) in (2.20) has only one fixed point,

n 4

SR
and § < 2 since p < 2* — 1. Also ¢’(5) = p > 1. Thus if we choose sy = 2 (i.e. p € H*(R"))
then the sequence s, approaches infinity as £ — oo. Hence the process stops after finitely
many iterations, yielding ¢ € H?(R"), as long as ry > 1. To verify this hypothesis we note

that for n > 6
Mg <21
ro= —oH—— or —
0 p(n—4)+2 p

This proves the lemma. [ |

The restriction on p for n > 5 permits the variational characterization of solutions of
(2.1). It also allows us to solve the solitary wave equation for small ¢. We next show that
the restriction p < 2* — 1 is a necessary condition, in the sense that for p > 2* — 1 there is
some interval of speeds near zero for which the solitary wave equation does not have solutions
in H%(R™). This is a consequence of the following Pohozaev type identity.

Lemma 2.4 Let ¢ be a solution of (5.1) lying in H*(R™) N LPT(R™). Then
n [ 18pPdz 5y [ e VePdo o [ JoPd=0
R" Rn R"
where
an =n(p—1)—4(p+1)
Pn=nlp—1)=2(p+1) (2.21)
Yo =n(p—1)

Proof. Since ¢ solves (5.1) it satisfies
Ii(#) = K'().

So if we define

we have
L (- xwa)| = (16~ K@Y o)
. - < (2.22)
=0
So since L L, - L
Ic(wa)—K(wa):§a A—§a B—i—§a C—p+1a D



where

A= / |Ap|*dx B = / c- V|*dx (2.23)
R™ R™
C= [ |pfdx D= [ |t dx (2.24)
R™ R™
it follows that 4 5
—-n —-n n n
A — B - — D =0.
2 2 20+p+1 0

Since 21.(p) = (p+ 1)K () we also have
A-B+C-D=0
and the lemma follows by eliminating D.

Lemma 2.5 Let n > 5 and suppose p > 2* — 1. Then there is some c,(p) > 0 so that for
c € [0,cn(p)) there is no solution of (5.1) in H*(R™) N LPTY(R™). Furthermore c,(p) — /2
as p — 00.

Proof. For p > 2* — 1 the numbers «,,, (5, and 7, defined in Lemma 2.4 are all positive.
Using the notation in the proof of Lemma 2.4 we have

le? (1
B<—|(-—A
<5 \5 + 0,C
where we choose 9,, to satisfy
n(p—1)

e TP

If we also choose ¢, such that

e =n(p—1np-1)—4(p+1)]

then )
(079 Tn
N W
O0n  €n €n
and therefore
|c? B
BB < 5 (anA+7,0)

n

This contradicts Lemma 2.4 if

2¢, _ 2/n(p—Dn(p —1) — 4(p +1)]
B np—1)—-2(p+1)

The lemma then follows by defining ¢2 = 2¢,/(,. [

ef” <

10



3 Local Existence

We can write the evolution equation (1.1) as a system of two equations

Uy =V (3 1)
vy = —A%u —u+ |ulf ‘
If we denote w = (u,v) then the functionals
1 1 1 1
B(w) = / LA 4 S+ Sl - ——fuf e
n 2 2 2 p+1 (3.2)

Qw) = / oVuds

are formally invariants of (3.1). The evolution equation may be written in terms of F as

— = JE'(w) (3.3)

where J : X* — X has domain D(J) = L*(R™) x H*(R") and is given by

0 1
=5 0)
By a solution of (1.1) on the interval [0,%y) we mean a function w € C([0,%); X) such that

d /
i (vow(t) = (E'(w(®), ~Jv) (3-4)

holds in the sense of distributions on [0, o) for all v € D(.J), where (-, ) denotes the pairing
of X* with X. We shall assume the following throughout.

Assumption 3.1 Given initial data v € X, there exists ty > 0 which depends only on ||v||x
and a unique solution w of (1.1) such that w(0) = v, E(w(t)) = E(v) and Q(w(t)) = Q(v)
for all t € [0, o).

The following result shows that the assumption holds in dimension n < 5 with no restrictions
on p and in dimension n > 5 if p < 2*/2.

Theorem 3.2 For any n suppose 1 < p < 2*/2. Then for every wy € X, there exists
to > 0 such that the equation (3.5) has a unique integral solution w(t) € C([0,t9); X) with
w(0) = wo and if ty < oo,

tim @)l = oo.

t—t,

11



Proof. The system (3.1) may be written in the form
wy = Bw + P(w) (3.5)
where

B=(_a0 ;) P =0

The theorem follows from a theorem of Segal [24] once we show that B is the infinitesimal
generator of a Cy-semigroup of bounded linear operators on X and that f is locally Lipschitz
on X [22]. This is the content of the following lemmas. |

Lemma 3.3 The operator B is the infinitesimal generator of a Cy-semigroup of unitary

operators on X.

Proof. Define an inner product on X by

(1, 01), (12, 2)) = / (Aur Ay + g + vr02)d.

n

Then for w € D(B) = H*(R") x H2(R"),
(Bw,w) = ((v,~A%u — u), (u,v))
= / (AvAu + vu — vA*u — vu)dz = 0
and therefore B is skew adjoint. The lemma now follows from Stone’s theorem. |
Lemma 3.4 For any n let 1 < p < 2*/2. Then the map P : X — X given by P(w) =
(0, |ulP~ ) is locally Lipschitz.

Proof. Let wy,wy € X and compute

n

) = SCwa) B = [l = ol s
= /n ‘p()\(x)ul + (1= A@)ug)? M (ug — ug)fdx

<0 [l + ol o = o
]Rn

2(p—1
< PP | + fuzl 35 o s = a2 ey
< O([lwnllx + [Jwa]|x)*®Vlfw; — ws%
and therefore f is locally Lipschitz. |

Next let ¢. be a ground state with velocity ¢ and denote by ®. the pair (¢, c - V).
Then &, satisfies
E'(®.) —c-Q'(P.) =0. (3.6)

12



We define, for |c|* < 2,
a(e) = E(®,) — c- Q(®,) (37)

The stability or instability of the ground state ®. will be determined by whether or not d
is convex in c. In the next section we examine in detail the properties of d(c). We conclude
this section with the following definition.

Definition 3.5 A set S C X is stable with respect to (1.1) if, given € > 0 there exists § > 0
so that for any g € X with
1r€1£ lv—gllx <9,

the solution w(t) of (1.1) with initial data w(0) = g can be extended to a solution in
C([0,00); X) and

sup inf ||w(t) —v|x <e.
0<t<oo VES

Otherwise we say S is unstable.

4 Properties of d(c)

We first show that d(c) is well defined. The relationship between the invariants £ and @ of
(1.1) and the functionals I and K used to find traveling waves is given by

E(w) —c¢-Q(w) :IC(u)—K(u)—l—%/Rn v — ¢ Vul*dz (4.1)

It is this identity, along with the variational characterization of the ground states in terms
of I. and K, which will allow us to obtain stability (and instability) of the ground states
without any detailed knowledge of the spectrum of the linearized operator.

Together with (2.4) and (3.7), (4.1) implies that

dle) = Le0) = K(po) = 5K (o) = P Lo (4.2

for any ground state .. Therefore d(c) is well defined and by (2.6) we have

d(c) = %(ml(c))ﬂ. (4.3)

By the invariance of the Laplacian under orthogonal transformations, it is easily shown that
if |¢1| = |cz| then
ml(cl) =M (CQ)

and therefore d(c) is radial. So

my(c) = m.(lc])  d(c) = du(le]) (4.4)

13



where m,(s) and d,(s) are defined for s € [0,v/2). By (4.3) we also have

p+1

op—1) p—1
d.(s :p—<m*s> . 4.5
(5) = L2 (.9 (4.5
We next investigate the smoothness of d.(c). In what follows v = ¢/|c| will be a unit vector in
R™ which represents the direction of the solitary wave and s = |c| the speed of propagation.
We will denote

Qu(w) =v-Qw)

Lemma 4.1 The function d.(s) is continuous, non-negative and strictly decreasing on the
interval [0,/2).

Proof. Suppose 0 < sy < s < v/2. It is clear that ms(so) > mu(s) > 0. Let ¢g = sov, ¢ = sv
and let u be a minimizer with velocity ¢. Then

I, I, 2 _ g2
m.(so) < O(U)Q = (u)2 42 820 lv - Vul*dx
K(u)rt  K(u)rt K(u)rt Jre
P (4.6)
= m,(s) + ——2 v - Vu|*dx.
K(u)»t Jrn
So
— _ -[C
m.(s) — (o)) < 2020 [y gy < B8 20l
K(u)r+t Jrn (2 — s2)K (u)r+t (4.7)
_3(3_3)m*_(‘9)<3(3_3)m*_<0) |
B Y- Y2-s)
and thus m.(s) is locally Lipschitz on [0,v/2). The Lemma thus follows from (4.5). |
Motivated by the bounds obtained in Lemma 4.1 we define for ¢ = sv,
als) = inf{ v - V|2d 9 € G}
o (4.8)

B(s) zsup{ lv -V Pdx < 1 Géc}.

R"

Lemma 4.2 The left and right hand derivatives of d, exist everywhere on [0,+/2) and
d,(s7) = —sa(s)
d(s7) = —sB(s).

In particular, d, is differentiable at |c| with derivative
d(|c]) = —Qu(Pc)
if and only if o(|c[) = B(|c]).
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Proof. From (4.6) we see that, for sy < s,

— (80 + 5)B(s0) > M. (8) — m.(80) >

(ma(so))7T 5= % (m.(s))7T

We now claim that
limsup a(s) < 3(so).
S— S0
Let {sx} be any sequence so that s, — so and let 9., € Sck, where ¢, = s,r. Then if we set
co = Sov, the continuity of m, implies
pt1l

Loy () — (mu(s0)) 7

and
ptl

K(the,) = (ma(s0)) 71

Thus {t, }32, is a minimizing sequence for I, and, by Theorem 2.1, has a strongly conver-
gent subsequence ¢, (modulo translations) to some v, € Sc,. Hence

v - Vipe,|Pde — | v - Vi, |*d

R™ e
and thus
lim sup a(s;) < B(so)

Jj—00

which proves the claim. Applying the claim to (4.8) shows that

lim m.(s) —ms(so) _ —2805(302) _

AT (a0
Similary we see that

lim M (s) — mu(so) _ —250a(502)

s—s5 S — 8o (m* (SO))E
Thus the left and right derivatives of m(s) exist everywhere and are equal whenever a(s) =
B(s). The lemma therefore follows from (4.3). |

Lemma 4.3 a(sy) = B(s1) <= « is right continuous at sy <= [ is left continuous at
S1.

Proof. By the inequalities in (4.9),
Blsa) o alsn) o Bls) o als)

(ma(2))77 — (ma(s2))77 (ma(s1)77 (ma(sr))7

for s; < s3. Thus a(s)/(m*(s))% and ﬁ(s)/(m*(s))% are increasing functions of s. Ap-
plying Theorem 2.1 once shows that «(s) is lower semicontinuous and ((s) is upper semi-
continuous. Hence «(s) is left continuous and (3(s) is right continuous. By (4.10) it follows
that

(4.10)

lim a(s) = B(s1)

S—>ST
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and

lim G(s) = a(s1)

s—s8y

and the lemma is proved. |

Corollary 4.4 The function d.(s) is differentiable at all but countably many points of the
interval [0,/2).

Proof. The monotonicity of a/mz/(p_l) and ﬁ/mz/(p_l), together with the continuity of m,
show that a(s) and (3(s) are continuous at all but countably many points of [0,v/2). Hence
by Lemma 4.2 and Lemma 4.3, it follows that d,.(s) is differentiable at all but countably
many points of [0, v/2). |

We now wish to obtain bounds on d.(s) in order to determine regions of convexity and
concavity. We first find an upper bound on d.(s) for s near /2.

Lemma 4.5 Suppose 1 <p <2* —1. Then

d.(s) < C(2—s*)

2n—(n—2)(p+1)

where v = o)

Proof. We consider the case n = 1 only, as the result for n > 1 follows similarly. First let

(= V22—527 (o = _V22+52 Then ¢ = ¢ + Coi solves ¢* + s2¢2 + 1 = 0 and therefore ¢*¢=, ¢*¢=

are solutions of the linear equation Y, pe + $%04e + @ = 0. Define g, € H*(R) by

gs(z) = e Gl (cos Colx| + % sin §2|x|>
2

Integrating by parts we see that

L(g,) = 2V2 — &2

Also, for s near v/2 we have for some constant C' that

C

K(gs) 2 ———
9) = =
and therefore s
my(s) < C(—gs)i <C(2- 32)2&131)

K(gs)»+

Finally (4.3) implies
p+3
d.(s) < C(2— sQ)th

which proves the lemma. |

Remark 4.6 Ifp <1+ % then v > 1 and hence (2 — ¢2)" vanishes to first order at ¢ = /2.
The positivity and monotonicity of d, then imply the existence of intervals of convezity
arbitrarily close to V2.
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We next establish a lower bound on d, under the assumption that d, is differentiable.

Lemma 4.7 Suppose that d,(s) is differentiable on [0,v/2). Then

p+1

d.(c) > d.(0) (1 . g) "

[

Furthermore, suppose that Assumption 6.1 holds (see Section 6). Then there is an interval
T containing zero such that d(s) < 0 for all s in T.

Proof. Set s = |c|. Then, if ¢. is any ground state, we have by Lemma 4.2

d9)==s [ v Vs

By (4.2) and (2.10),

p—1 p—1 52
(9= P10 2 21 (1= 21Ol
p—1 ( 82) ( 2 2
=——\1——=)(Lp)+s lv - V| dx
1 2 e

p
_ (1 _ 5;) (d*(s) - 2&111)“&(3))

di(s) —
and the first statement follows. To prove the second statement we differentiate (6.3) to
obtain

Thus

al(s) =~ | Iv- V(o)Pdr —2s / (v- V() (v - V' (0))da

n

<—(1-2ys) lv-Vo(o)|Pde+s [ |v-V¢'(c)|*dx
R® R®

Since ¢(c) is C? from [0, v/2) to X, it follows that d”(s) < 0 if s is chosen small enough. W

Remark 4.8 Lemma 4.7 shows that there are intervals of concavity of d.(s) arbitrarily close
toc=0.

We shall need the following lemmas in order to relate the properties of d(c) and d.(s).

Lemma 4.9 Let f : R" — R be C? and radial, with f(z) = g(|z|). Then, for x # 0, D*f(x)
is singular if and only if ¢"(|z|) = 0 or ¢'(|xz]) = 0. (D*f(0) = ¢"(0)I)

17



Proof. Since

|z |z[? ||

D*f(z) = M(jz|)(z ® ) + N(|lz])1

M(r) = (L(T) _ M) Ny = 10,

r2 r3 r

o = (0 DY 90D,

we have

where

Now D?f(z) is singular if and only if —N(|x|)/M(|x]) is an eigenvalue of z ® z. Since the
eigenvalues of z @ x are zero and |z|?, we have either N(|z|) = 0, which implies ¢'(|x|) = 0,
or —N(|z|) = |z[*M (]x]), which implies ¢”(|x|) = 0. |

Lemma 4.10 Let f : R" — R be C* with f(x) = g(|z|) and suppose ¢"(|z]) < 0 and
g (|z]) <0. Then, for x # 0, D?f(x) is negative-semidefinite. Further, for x # 0, D*f(z) is
negative-definite if and only if ¢"(|z]) < 0 and ¢'(]z|) < 0.

Proof. Since D?f(r) is symmetric it suffices to show that it has only nonpositive(negative)
eigenvalues. If )\ is an eigenvalue of D?f, then

A=N(zl)  or A= N(lz]) + |z*M ()
in which case A = ¢'(|z])/|z| or A = ¢"(|z|). |

So if d.(s) is differentiable and d//(s) < 0 we have by (4.4), Lemma 4.2 and Lemma 4.10
that D?d(c) is negative definite for every ¢ with |c| = s.

5 Stability

Recall that the set of ground states was defined by

Go={¥ € HX(R") : (p+ DK () = 2L(s)) = 2¢,(ma (c))77} (5.1)
We extend this to a subset of X in the natural way and write
G = {U = (¢,c- Vo) : v € G.}
The tubular neighborhood of radius € about G, is defined by
Ue={we X inf{|lw—-V|x:¥eq.}<e}

We show that the set of ground states G. is stable whenever d,(s) is strictly convex in
a neighborhood of |¢|. The variational nature of the ground states is used to show that
sequences of later time data are minimizing sequences, provided the initial data is chosen
close enough to G.. First we state without proof a lemma due to Shatah [25] concerning
strictly convex functions.

18



Lemma 5.1 Let h be any function which is strictly convex in an interval T about s. Then
given € > 0 there exists N(€) > 0 so that for s € L, |s; — s| > € we have

1. 81 <5< S0, |S0—s| <€/2,50 € [ =

h(s1) — h(so) _ h(s) — h(so) 1

< 5.2
S1—8  S$—So N(e) (52)

2. 50 < s< 81, |s0— 8| <€/2,50 €T =
h(s1) — h(so) > h(s) — h(so) N 1 (53)

$1 — So 5 — 8o N(e)

Lemma 5.2 Suppose that d.(s) is strictly convez in an interval T around s. Then for every
€ > 0, there exists N(€) > 0 so that for sy € T with |s; — s| > € we have

1

di(s1) 2 du(s) = 5B(s) (51 = 8) + 5

(s —s1)

for s;1 < s and

for s1 > s.

Proof. This follows by taking limits in (1) and (2) of Lemma 4.1 as sy — s and using the
inequalities in (4.9). |

The next lemma uses the variational characterization of ground states to establish the
key inequality in the proof of stability. First we use the fact that d.(s) is continuous and
strictly monotone on [0, v/2) to define, for w = (u,v) near ®,

stw) = (M5 K )

c(w) = s(w)v

(5.4)

Lemma 5.3 Suppose that d.(s) is strictly convez in an interval Z containing |c|. Then there
ezists € > 0 so that for allw € U, and any V. = (Y., c-.) € G,

E(w) — E(Ve) — s(w)(Qu(w) — Qu(¥e)) = |s(w) — |c| (5.5)

N{(e)
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Proof. Since s(w) is a continuous function of w, we may choose € small enough that s(U.,)
is a subset of the interval Z. Then equations (4.1) and (4.2) imply
1

E(w) — s(w)Qu(w) = L) (u) — K(u) + 5 . v — c(w) - Vu|*dx

> Ic(w)(wc(w)) - K(Z/}c(w)) = d*<5<w))

2
since 1d*(s(w)) = K(u) = K(e(w)) and ey minimizes I.(,) subject to this constraint.
On the other hand, by Lemma 5.2 and (4.1) we have

d.(s(w)) = du(|e]) = Qu(We)(s(w) — [e]) + Nl(e) |s(w) — |c]]
= B(0) = s(0)Qu{¥) + 575 Is(w) = el
This proves the lemma. [ |

Theorem 5.4 Suppose that Assumption 3.1 holds and that 1 < p < 2* — 1. If d.(s) is
strictly convez in an interval around |c|, then the set of ground states G. is stable.

Proof. Assume that G, is unstable and choose initial data w(0) € U.1/x. The by Assump-
tion 3.1 the solution wy(t) = (ug(t),ve(t)) with this initial data is continuous in ¢ we can
find t; such that
inf te) — VUllx = 0. )
dnf [lwx(te) — ¥llx (5.6)

Since U, 11, is bounded for each k and since E' and @), are invariants of the equation, we can
find ¥, € G, and a constant C' such that

|E(wi(tr)) — E(Wx)] <

Q =~Q

|Q(wi(tx)) — Q(Yy)| < -

Now choose § small enough so that Lemma 5.3 applies. Then

E(wi(tr)) = E(Ur) = s(wr(t) ) (Qu(wk(tr)) — Qu(Vr)) = |s(wr(tr)) = |l

1
N(e)
So, letting k — oo, it follows that s(wy(tx)) — |c¢|. By (5.4) and the continuty of d. we then

have
lim K (us(ty)) = ——d.(s). (5.7)

Since (4.1) implies

L (ug(tr)) = E(wg(tr)) — ¢ Q(wi(ty)) + K (ur(ty))

1

— 5 |Uk(tk) — C- Vuk(tk)|2da:
R'n
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we also have

lim sup I, (ug(ty)) < du(s) + ]ﬁdxs)

k—o0
_pt 1d (s) .
p—1"
By (5.7) we therefore have
lim I, (ug(te) = 2t (s).

So (2d.(s)/(p — 1))_Thuk(tk) is a minimizing sequence, and by Theorem 2.1 there exist
Y € G, such that
Jim {lug(tr) — drllaz@n) =0 (5.10)

Finally, by (5.8)

k—oo

lim/ oe(ts) — ¢ - Vg (te)Pda = 0

and by (5.10)
lim [le - Vug(te) = ¢ - Vi 2gan) = 0.

Thus [|vg(te) — ¢ - V|l L2@ny — 0 and, together with (5.10), this implies
Jim [y (ty) = Ui[[x =0,
which contradicts (5.6). |

Remark 5.5 Together with the bound in Lemma 4.5, Theorem 5.4 implies the existence of
stable traveling waves for some speeds near /2 when p < 1+ %. This differs from the second
order wave equation (in one dimension) for which all traveling waves are unstable [8].

6 Instability

We once again consider ground state traveling wave solutions of (1.1) and obtain conditions
on the wave speed which implies their instability. As in Section 5 we write the velocity as
¢ = sv, where it is assumed that the direction v is fixed. Our main assumption in this section
is the following.

Assumption 6.1 For fized v there exists a C? map
6:[0.7/2) - HA(R") (6.1)

such that ¢(s) is a ground state with velocity sv.
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For fixed velocity ¢y = sov, the map in (6.1) can be extended to a map from a neighborhood
U of ¢y in R to H*(R") in the following manner. Let ¢ € R" and choose an orthogonal
transformation A, such that A.v = ¢/|c|]. Then define p(c)(x) = ¢(|c|)(A'z). By the
invariance of the Laplacian under orthogonal transformations it follows that ¢(c) is a ground
state with velocity c. For ¢ near ¢y it is possible to choose A. smoothly in ¢. We may then
define the C? map from U to X by

®(c) = (p(e),c- V() (6.2)

and denote by ¢'(c) and ®’(c) their gradients with respect to c¢. Together with (4.2) this
implies that d(c) is differentiable and we have by Lemma 4.2,

V.d(c) = —Q(d(c)) = —c / v - V(o) dz

n

6.3
d.(|c]) = —v- Q(2(|])) = —|c] /R v V(c)[dz < 0. o
Solutions of (1.1) are invariant under the group action 7' : R™ x X — X defined by
T(r)w(x) =w(x+r) (6.4)
The set of translates of ®(c) is given by
T.={T(r)®(c) :r € R"} (6.5)

The main result of this section is the following.

Theorem 6.2 For any n suppose that 1 < p < 2* — 1 and that Assumptions 3.1 and 6.1
hold. If d!(]c|) < 0, then 7. is unstable.

Remark 6.3 It follows from Theorem 6.2 and Lemma 4.7 that there is an interval Ty =
0, 80) of speeds such that T, is unstable for |c| € Z,.

In the remainder of this section we shall use <~, > to denote the pairing of X* with X
and <-, > « to denote the inner product in X. We will denoted by D and D? the gradient
and Hessian, respectively and, for w = (u,v) € X we will denote Dw = (Du, Dv). When
necessary, subscripts will be used to distinguish derivatives with respect to different variables
(e.g. D.®(c) denotes the derivative of the map ® with respect to ¢, while D,®(c¢) denotes
the spatial gradient of ®(c)). Derivatives of functions of a single real variable will be denoted
by " and ”. We first reformulate the local existence assumption of Chapter 3 as follows.

Lemma 6.4 Suppose that Assumption 3.1 holds. For any n suppose 1 < p < 2* — 1 and
define W = L*(R™) x H*(R™). Given initial data g € X there is some T > 0 depending only
on ||gllx, and a unique solution w = (u,v) of (3.1) in C([0,T),X) N CY([0,T),W*) such
that w(0) = g and E(w(t)) = E(g) fort €[0,T).
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Proof. It suffices to show that w; = (ug, v;) € C([0,T), W*), where W* = L*(R")H H -

2(R").

This follows immediately from (3.5) since both B and P map X continuously into W*. W

It follows from Lemma 6.4 that the solution w satisfies

d

7 (v w(t) = (E'(w(t)), —Jv)

for all v € W, where J : X* — X has domain D(J) = W and is defined by
0 1
=(50)

The proof of the next lemma is trivial.

Lemma 6.5 For any non-zero w € X, if T(r,)w — w in X then r, — 0.

We next define the e-neighborhood of 7. by

%,ez{wEX:£g%\|w—<I>]|X<e}

(6.6)

(6.7)

Lemma 6.6 There exists € > 0 and a C* map p : Vee — R™ such that for any w € V.. and

r € R™ we have

(1) IT(p(w))w — B(e)]lx < | T(r)w - B(c)1x
(2) (T(p(w))w, D, d(c >X—0

(3) p(T(r)w) = plw) -

(4) Jp': Vee = X.

Proof. Define G : X x R* — R by

G(w, p) = IT(p)w — ¢cllx = IT(p)wllx + | 2(c)|[x — 2{w, T(=p)®(c)) -

Since ¢ € H°(R") we may compute

D,G(w,p) = 2(T(p)w, D,®(c))
DiG(w,p) = —2<T(p)w,ng)(c)>X

For any non-zero £ € R" we have

DAG((c),0)¢ - € = 2 - D, ()% > 0

(6.8)

(6.9)

(6.10)

since otherwise ¢(c) would be constant in the direction ¢ and therefore not in H?(R™).
Hence D2G(®(c),0) is positive definite. Since D,G(®(c),0) = 0, the Implicit Function
Theorem implies the existence of a neighborhood U of ®(c) in X, a ball B(0,¢) and a C?
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map p : U — B(0,¢€) such that D,G(w,p(w)) = 0 and D%(w, p(w)) is positive definite for
all w € U. Thus p(w) is the unique minimizer of G(w,-) in B(0,€) for each w € U. By
Lemma 6.5, there exists 6 > 0 such that ||T'(r)®(c) — ®(c)||x < 0 implies r € B(0, €). Choose
€ <d/2so that V, = {w: ||lw — ®(c)||x < €} CU. Then (1) and (2) hold for w € V..

To show that (3) holds compute

1T (p(w) = r)T(r)w — ®(c)||lx < [[T(p(T(r)w) +r)w — B(c)||x
= [T (p(T (r)w))T (r)w — ®(c)|x (6.11)
< |17 (p(w) = r)T(r)w — S(c)| x-
Thus (3) follows if we can show that p(w) —r € B(0,¢)

1T (p(w) = 1) — P(c)[|x < [|P(c) = T(r)wllx + [[T(p(w))w — (c)|x
< 2e <6,

when w, T'(r)w € V.. Since
(6.12)

it follows from our choice of § that p(w) —r € (—¢,€). Now we extend p to w € V. by first
choosing r such that T'(r)w € V.. Then let p(w) = p(T(r)w) —r. Since (3) holds in V¢, p(w)
is independent of the choice of r and properties (1)-(3) follow for w € V.

To prove (4) we differentiate (2) to obtain

(T(p(w))y, D:®(c)),, — (T(p(w))w, D2®(c)) (¢ (w),y) (6.13)

Thus
(T(p(w))w, D20(e)) (¢ (w), y) = (T(~p(w))[D.®(c), y) (6.14)

where I = (A% + Id, Id) is the natural 1somorphlsm from X to X*. Since the matrix
(T(p(w))w, D2®(c)) is negative definite at w = ®(c) it follows by continuity that its inverse
exists for all w € V., for € small enough. Thus

o (w) = (T(p(w))w, D)) IT(~p(w)) D.2(c). (6.15)
Since p(c) € H5(R") it follows that Jp'(w) € X. This proves the lemma. [

The next lemma proves the existence of an “unstable direction” and depends on the fact
that there is an element of X for which the linearized operator

H, = B'(9(c)) — ¢ Q"(8(0)) (6.16)
has negative spectrum. In fact, evaluating H. on ®(c) yields

(H. (c)) = =" — 1)K(p(c)) <0. (6.17)
We need to modify ®(c) in order to get a vector orthogonal to Q'(®(c)).
Lemma 6.7 If d!(|c|) < O then there exists y* € Y = H*(R™) x H*(R™) such that

(1) <Hcy”,y“> <0

(2) {Q'(®(c),y") =0. (6.18)
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Proof. Denote by B(0,+/2) the ball in R™ of radius v/2 centered at the origin, and define
q: B(0,v2) x R — R" by
q(h,0) = Q(®(h) + a®(c)), (6.19)
then
Dg(c,0) = (Q'(®(c)), ®'(c) = Dc(Q'(®(c)))
= —D?*d(c) by (6.3).
Since d(|c|) < 0 and d.(|c|) < 0 it follows from Lemma 4.10 that D?d(c) is negative definite.

Therefore the Implicit Function Theorem implies that there exist € > 0 and a C? function
h:(—¢¢) — B(0,4/2) such that h(0) = ¢ and

Q(®(h(0)) + 0®(c)) = Q(®(c)) (6.20)
for o € (—e,€). Next define )
V(o) =D(h(o)) + oP(c) (6.21)
Since h(0) = ¢, ¥(0) = ®(c) and we define
j = U'(0) = K(0) - D.D®(c) + ®(c) (6.22)

By (6.20),
(Q(®().5) = - Q(@(h(e)) + o¥()| =0 (6.23)
and thus (2) holds for §. To show that (1) holds define £(c) = E(¥(0)). We claim that
£(0) = ( ()
&'(0 ) (6.24)

£"(0 <Hcy 7)
The first statement is obvious, while the second follows by adding the equations
0) = (E'(®(c)),7)

0=—c-(Q(2(c)), )

and using the fact that ®(c) satisfies (3.6). We next compute
£"(o) = (B"(¥(0)) ) > +(E'( 7)), ‘I’”( )

0= —c- <Q// >+ <Q \11”( >>
When we evaluate these at 0 = 0 and add, (3.6) implies that we are left with

£"(0) = ((E"(®(c)) — ¢+ Q"(®(c))) ¥'(0), ¥'(0)) = (H.7,7)

This proves (6.24). We now consider the Taylor expansions of F and @ at ®(h(c)). First
write

E(u+v) = E(u) + (E'(u),v) + %<E”(u)v, v) +o ||v]|2)
Qi+ v) = Qu) + (@ (), ) + 5(Q" (v, v) + o [o]])
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With u = ®(h(0)) and v = 0®(c) we have U(o) = u + v. If we multiply the latter equation
by —h(o) and use (3.7), (3.6) and (6.16) (all with ¢ = h(o)) we obtain

B(#(0) ~ (o) - QU¥(0)) = d(h(0)) + 30> Hi®(c), B(c)) + 0 (o)
Hence 1
E(o) =d(h(o)) + h(o) - Q(P(c)) + 502<Hh(0)®(0), ®(c)) + o (0?)
By the concavity of d and (6.3)

(6.25)

so that

E(o) < E(®(c))+ %02<Hh(a)®(c ), ®(c)) +o(c?)

< E(®(c)) + 02<H<I> (¢)) +o(0?)

for 0 # 0 small enough. Together with the first two parts of (6.24) this implies that £”(0) < 0
and therefore by the last part of (6.24)

(H.5,5) < 0. (6.26)

Thus both (1) and (2) hold for .

Since H*(R™) x H*(R") is dense in X we can perturb g slightly to obtain a vector in
Y satisfying (1) and (2). First let Q;(w) denote the i component of Q(w). Without loss
of generality we may suppose that the Q;(®(c)) are linearly independent. We will define
inductively y1,...,y, in Y with the property

(Qi(2(0)), yj) = 6y (6.27)
Let y be any element of Y for which (Q}(®(c)),y) # 0, and let
y
(@i(®(e).y)’
Next, assume that we have constructed yi, . ..,y such that (6.27) is satisfied for 1 <i,j <k,
and choose any y € Y such that

Y1 =

(Qir(®(0)),y) — Z ) (Qhsr (B(€)), yi) # 0. (6.28)

This can be done by the assumption of independence. We now define

Yri1 =Y — Z (QU®()), y)us

>
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Then by the induction hypothesis, <Q;((I>(c)),yk+1> = 0 for i« = 1,...,k and by (6.28)
< r1(2(0)), yk+1> # 0. If we now subtract

(Qh1(®(0)),u:)
< ;c+1(q)(c))7yk+1>

from y; for each 2 = 1, ..., k and normalize y;,1, we obtain a collection y1, ..., yx+1 satisfying
(6.27).

Having chosen 1, ..., y, satisfying (6.27) we let ¢ > 0 be given and choose y. € Y such
that |lye — 7]|x < €. Define

Yk+1

yu =Ye — Z <Qg(®(c))7ye>yi

Then y* € Y and, by (6.27), <Q;(<I>(c)),y“> =0fori=1,...,n. If € is chosen small enough
it follows from (6.26) that (H.y",y") < 0. Thus (1) and (2) hold for y*. Later we will need
the first components of y* and 7 to be close in the sense that

L 1
Y — il e+ @ny < §||80(C)||LP+1(R")~ (6.29)

This again follows by choosing € small enough. [

We now define the Lyapunov functional A : V.. — R by

A(w) = =(J7y", T(p(w))w).

Lemma 6.8 The functional A is C* on Vee and

(1) A(T(r)w) = A(w) for any r € R",
(2) JA(2(c) = —y", (6.30)

Proof. Part (1) follows from Lemma 6.6(3). For y € V.. NY and w € X, we have

(A'(y),w) = =(J 7y T(p(y))w) = (J'y", T(p(y))Dy) - (¢ (y), w). (6.31)
By Lemma 6.7, J~'Vy* € X" and therefore A’ extends to all of V... So A is C*! and
(A(0(e)). ) = (I w) — (I Dy(e)) - (@ (c)). )
= —(J7 " w) +(Q(2(0), y") - (¢ (®(c)), w)

By Lemma 6.7(2) the last term on the right hand side vanishes, and therefore (2) holds.
Differentiating (1) with respect to r at r = 0 proves (3). [

(6.32)
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We now wish to construct a curve in X through ®(c) in the unstable direction y*, on
which the functional @ is constant and such that F is maximized at ®(c). First let W (A, wy)

denote the solution of W
— = —JA W
o (W)
with initial data W (0, wy) = wo € V.. and let the components of W be given by W; (X, wy),

Wa(A, wp). By Lemma 6.8 (3),

oQ
o (W) =0
and thus @ is constant in A on W. Also,

%V/[\/ (A (e )> ‘,\zo =V (6.33)

by Lemma 6.8 (2) and by Lemma 6.8 (1)
T(r)W (A we) = WX T(r)wy). (6.34)

The next lemma shows that there is a point along the curve W (A, wy) at which the func-
tional K attains the value K(¢(c)). This allows us to once again exploit the variational
characterization of ¢(c).

Lemma 6.9 If d/(|c|]) < 0 then there exists € > 0 and a C* functional X : V.. — R so that
forw eV,

KEWi(AMw), w)) = K(p(c)) = —=d(c). (6.35)

Proof. As in Lemma 6.6 we first show that there is a C! functional \ defined on the
neighborhood V; of ®(c) with values in (—é€,¢€) such that for w € V., A(w) is the unique
solution of (6.35) in (—¢€, €). Since Wy (0, ®(c)) = P(c), this follows from the implicit function
theorem and (6.34) once it is shown that

oK
S W e@)| _ #o.
By (6.33) we have
(M e@)| = (K ee).o8) (6.36)
which may be broken up as
(K'((e)) 1) = /R lo(e)lP~ o(e) (yr' — Gu)dz + . lo(e) [P o(e)gnda. (6.37)

By (6.29) we can bound the first integral in (6.37) by

lo(e) P o(e) (Yt — fn)da

Rn

< le(c )”Lp+1 R") lyy — ngL”“(R”)
(6.38)

1
< 1PN oy
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Using (6.22) we can rewrite the second term as

PP e(Ods = 1(0) [ el oD ds (6.30)

+ () r gy

R

But since d(c) = p%lK(gp(c)), (6.3) implies
—Q(®(c)) = Dd(c) = p%l . lo(c)[P~ p(c) @' (c)dx
and therefore
H10)- [ 1P oD =~ H(0) - Q{0 (6.40)

Using Lemma 6.7 and equations (6.22), (3.6) we see that

0= (Q'(2(c)),7) = (Q'(2(c)), (0) - DP(c) + ¥(c))
= 1(0) - D(Q(®(c)) + (Q(®(c)), (c)) (6.41)
= —h'(0) - D*d(c) +2Q(®(c)).

Thus since D?d is negative definite, (6.41) implies

—%h'(o) LQ(®(c)) = —p%lh'(o) . D2d(c) - W(0) > 0 (6.42)
In view of (6.39), (6.40) and (6.42) we therefore have
. ()P p(O)grdr > [lo(e) ot gy
which, together with (6.38) implies
2 (Wi 2@)] 2 Sl gy > 0
Next let w € V; and suppose that r is small enough that T'(r)w € V, as well. Then by (6.34),
KWi(A(w), T(r)w)) = K(T(r)W (Aw), w))1) = K(W1(AMw), w)) = K(e(c))

Since A\(T'(r)w) is the unique solution of K(Wi(\, T(r)w)) = K(¢(c)) in (—¢,€), it follows
that
AT (r)w) = Aw) (6.43)

Thus A may be extended to V.. as follows. Let w € V.. and choose r such that T'(r)w € V..
Then set AM(w) = A(T(r)w). To see that this definition is independent of the choice of r,
suppose T'(r1)w and T'(ro)w are both in V.. Then T'(r))w = T'(r; — re)T(r2)w and (6.43)
implies that A(T'(r1)w) = NT'(r2)w). |
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Lemma 6.10 Suppose d!(s) < 0. Then there exists € > 0 and a C* functional X : V.. N
{Q(w) = Q(P(c))} — R such that

E(W(A(w),w)) > E(®(c)). (6.44)

Proof. Let w € V. with Q(w) = Q(®(c)) and let A(w) be given by Lemma 6.9. Then since
¢(c) minimizes I. subject to the constraint K(u) = K(¢(c)) we have, using (4.1) and (6.35),

HWQWMWZIMHM) w)) + ¢ - QIV (A(w), w))

— KWiAw),w) + 5 [ (Wa = e TW)(Aw), w) Pda
> L(WA(A(w), w>>+c QW (). w)) — K(Ws (), w)
= LIWi(Aw), ) + ¢+ Q(®(c) — K (p(c))
> Lp(e)) + ¢ Q(B(e)) — K (p(c)) = E(®(c))

which proves the lemma. [
Lemma 6.11 Let w € V... with Q(w) = Q(P(c)) and MN(w) # 0. If d’(s) <0 then

E(®(c)) < E(w) + Mw)R(w)
where R(w) = (E'(w), —JA (w)).

Proof. The lemma follows by computing the second order Taylor expansion of E(W (A, w))

at A = 0.

o) - <E’< L Sy > = R(w) (6.45)
and
0PW

o8 = (E"((c))y",y") + <E’(<I>(c)), o (o,@(c))>. (6.46)

N2 <W()\’ q)<c>)) ‘,\zo

Since Q(W (A, w)) = Q(P(c)),

Z%(W()\’ cI)(c))> A0 %(WQ\, @(c))) A0 0
so that 2117
0=c- <Q”(<I>(c))y“,y“> +c- <Q'(®(c)), ETE (0, <I>(c))> (6.47)

Subtracting (6.47) from (6.46) and using (3.6) yields

T2 (W) = (B~ e @)@ ) <0

Thus, for A # 0 small and € small enough it follows that if w € V., then
E(W(\w)) < E(w) + AR(w).
So if w also satisfies Q(w) = Q(P(c))we have by that Lemma 6.10
E(®(c)) < EW(AMw), w)) < E(w) + Aw) R(w)
as long as A(w) # 0. [
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Lemma 6.12 There exists 6 > 0 and a C* curve ¥ : (—6,0) — V. such that ¥(0) = ®(c),
U'(0) =y, Q¥(1)) = Q(P(c)), R(V(T)) changes sign at 7 = 0 and E(¥Y(7)) has a strict
local mazimum at T = 0.

Proof. Since (Q'(®(c)),y") = 0, y* is tangent to the manifold M = {w € X : Q(w) =
Q(¢)}, and thus there is a curve ¥(7) in M with ¥(0) = ®(¢) and ¥'(0) = y*. To show
that E(¥(7)) is maximized at s = 0 we differentiate in 7 to obtain

dE (q;(ﬂ) ‘ _4 (E(\II(T)) —c- Q(‘I’(T))>

dr =0 dr =0

= (E'(®(c) — c- Q'(2(0)),y") = 0

by (3.6). Also

T (w(r)) = ([E/(¥(r) = - QW)W (), (1)

+(E'(¥(s)) = c- Q'(¥(r)), V(7))
‘%(\p(f)) = {Ha )y <0

by Lemma 6.6 (1). Thus E(¥(7)) is locally maximized at 7 = 0. Next recall that A is defined
by (6.35) and satisfies

and therefore

K(®(c)) = K(Wi(A(¥(7)),¥(1))) = Wi (AT (7)), U (7)) [P dz.

R»

Differentiating at 7 = 0 gives

0= <K,(¢(C))’ (aw1 ONY(T)) W 0%, IW, 8\1!2)

o or " ouw or " ov or

> (6.48)
Since W(0,w) = w = (u,v) = (W1 (0, w), W5(0,w)),

agzl (0, w> =1Id and ag;[;l (0, w) = 0.

oW

oV,

o%i o ) =y, (6.4
Thus, since 5 |0 = B ——(\, ®(c)) N (6.48) becomes
ONU(T "
0= (P ) w e
T 7=0
The latter pairing was shown to be positive in the proof of Lemma 6.9. Thus
ON(Y(7))
=-1
or 7=0




and, since A\(®(c)) = 0, we have shown that A\(W(7)) changes sign at 7 = 0. Furthermore,
A(U(7)) # 0 for all small 7 # 0 and therefore we may apply Lemma 6.11 to obtain

0 < E(®(c)) — E(V(1)) < A(U(7))R(¥(7)).
Hence R(V(7)) changes sign at 7 = 0. |

Proof of Theorem 6.2 Fix ¢ > 0 small enough so that Lemma 6.12 applies. Choose 7 near
zero so that A\(W(7)) > 0 and choose initial data wy = ¥(7). Then by Lemma 6.12, Q(wy) =
Q(P(c)), E(wy) < E(P(c)) and we may assume that R(wg) > 0. By Assumption3.1, there is
an interval [0,to) on which a solution w(t) exists and satisfies w(0) = wy, Q(w(t)) = Q(wy),
and E(w(t)) = E(wy). We may suppose that t; = oo because otherwise 7. is unstable by
definition. Now, by Lemma 6.11,

0 < E(®(c)) = E(wo) = E(®(c)) — E(w(t))

< Mw(t)R(w(t))
for all ¢ > 0. Thus by the continuity of P, R(w(t)) > 0 for all ¢ > 0. We may assume that

Aw(t)) < 1 so that
R(w(t)) > E(®(c)) — E(wy) =€ > 0.

Now let W = D(J) with the graph norm |lwg||}, = ||wol/%~ + || Jwo|%. Then J : W — X
and J* : X* — W* are continuous and by Lemma 6.4 we have

%<w0>w(t)> = (B'(w(t)), —Jwo) = ( = JE'(w(t), wo) .
Hence
dw *x 1/
E =—-JF (w)

So (by [8], Lemma 4.6) we may compute

% (w0) = (S5 awen)

= (= T E'(w(t), A'(w(t)))yy.
= (E'(w(t), = JA (w(t))) = R(w(t)) > €

But A is bounded on V.. and hence w(t) must leave V., in finite time, and therefore 7. is
unstable. |

Remark 6.13 By (4.7) we see that d"(s) < 0 in some interval around zero. Thus at small
speeds travelling waves are unstable.
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7 Standing Waves

In this section we extend our results to include the (easier) case of standing wave solutions
of (1.1).

By a standing wave we mean a solution of (1.1) of the form
u(z,t) = e“li(a) (7.1)

where the space X = H?(R") x L*(R™) now consists of complex valued functions and has
inner product given by

((u1,v1), (ug, ) = Re/ Ay Aug 4 uiliz + v1Tdx

n

Substituting (7.1) into (1.1) shows that ¢ must satisfy
Ao+ (1—wp =|ol" ¢ (72)
We solve (7.2) for w? < 1 using the method of Section 1 to show that minimizing sequences
for the pair
I,(u) = |Aul? + (1 — w?)|u|*dx
RTL
Ku)= [ |ulftde
Rn

are relatively compact in H?(R"™) up to translation. The absence of second order terms in
(7.2) allows us to use the scaling property of the nonlinearity to make a choice of the ground
state which is smooth in w. If g is a ground state solution of (7.2) with w =0 (i.e. g is a
stationary state of (1.1)), then

Pu() = (1 - w?)7Tpo((1 — w?)ia) (7.3)

is a ground state with frequency w. Next we consider the invariants of (1.1) relevant to
standing waves

——|u|Pde

1 1 1
Ew)= [ =|Auf*+ =|v]* + =|u* —
(w) /n2| ul? + Gl + gl = =

Q(w) =Im | uvdx
RTL

If ¢ is any ground state with frequency w, we define ® = (yp, iwp) and it follows that
E'(p) —wQ'(p) =0
We define the action function d(w) as before by
d(w) = E(p) —wQ(p)
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By the relation
w) —wQ(w) = 5L (u P u) + 2 /. v — iwul|“dz

we see that d(w) is well defined and

) = G () = s K ()

which, by (7.3), yields the explicit formula

dw) = 2K —w?y 5= 2

2(p+1) (7.4)

If we define the set of ground states with frequency w to be

2(p+1)
p—1

So=1{v € H*(R")|L,(v) = K(¥) = d(w)}

then we have the following stability result.

Theorem 7.1 Suppose that Assumption 3.1 holds and that 1 < p < 2* — 1. If d"(w) > 0,
then S, is stable.

Proof. We define

.

s = () = (- (15) )

for w near S,. Under the assumption d”(w) > 0 we can improve the inequality (5.5) to

Ew) = E@®) - w(w)(Q(w) = Q%)) > id”(w)lw(w) —wl?

for any ¥ € S, and w near S,,. The rest of the proof is identical to the proof of Theorem
5.4. [

Solutions of (1.1) are invariant under the group action 7' : R x X — X given by
T(s)w = e“*w = ("*u, e“*v)
Given a ground state ¢ with frequency w we define its orbit under T" by
T. = {T(s)pls € R}
With these definitions we have

Theorem 7.2 Suppose that Assumption 3.1 holds and 1 < p < 2* — 1. If d"(w) < 0, then
7., is unstable.
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Proof. First, Lemma 6.5 and Lemma 6.6 are true for 1" as given above, o, 7 € R, modulo 27.
Also, Theorem 6.7 follows more easily in this case since we no longer insist that the unstable
direction y* have any regularity properties. Thus we may define the Lyapunov functional by

A(w) = —(J'y", T(o(w)w)
The rest of the proof follows exactly as in Section 6. |

Using the expression (7.4) for d(w) we may now explicitly determine the intervals in
which ground states are stable and unstable. We compute

&'(w) = 27(1 - )2 (W2 — 1) - 1)

Thus if ¥ < £ then d”(w) < 0 for all w? < 1. That is, when

>1
p +n—2

all ground states are unstable. On the other hand, if

<1+ 8
P n—2

then ground states are stable in the interval w? > 2&;—1 and unstable in the interval w? < %%1
Ground states at the critical value w? = M%l are also unstable since, by the smooth choice

of ground states, there are unstable states arbitrarily nearby.
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