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Abstract

In this paper we study several aspects of solitary wave solutions of the Ostrovsky
equation. Using variational methods, we show that as the rotation parameter goes to
zero, ground state solitary waves of the Ostrovsky equation converge to solitary waves
of the Korteweg-deVries equation. We also investigate the properties of the function
d(c) which determines the stability of the ground states. Using an important scaling
identity, together with numerical approximations of the solitary waves, we are able to
numerically approximate d(c). These calculations suggest that d is convex everywhere,
and therefore all ground state solitary waves of the Ostrovsky equation are stable.

1 Introduction

The equation
(ut — Blgpps + (u2)x)m = ~yu, r€eR (1.1)

was derived by Ostrovsky [10] as a model for the propagation of small-amplitude internal
waves in a rotating fluid, where the parameter v > 0 measures the effect of rotation. The
parameter (3 determines the type of dispersion. For § < 0 (negative dispersion), the equation
models surface and internal waves in the ocean and surface waves in a shallow channel with
uneven bottom [2], while for § > 0 (positive dispersion), it models capillary waves on the
surface of a liquid and magneto-acoustic waves in a plasma [4, 5].

Liu and Varlamov [14] considered the Cauchy problem for the Ostrovsky equation. They
showed that equation (1.1) is well-posed in the space

X, ={fe '®R) | F (f(©)/¢) € H*(R)}
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for s > 3/2, where F denotes the Fourier transform. Equation (1.1) has the conserved
quantities

1 1 1 1
Bl = [ 3o+ gD P+ gt e, V=5 [
2 2 3 2
Solitary wave solutions of the form wu(z,t) = p(z — ct) satisfy the stationary equation

By + o+ D %0 = ¢ (1.2)

Liu and Varlamov [9] showed using the Concentration Compactness Lemma that there exist
solutions of (1.2) in the space X provided ¢ < 24/37. Moreover, these ground state solutions
are characterized as minimizers of

Huifie) = [ B = e 9 (D; ) de (1.3
subject to a constraint of the form
K(u):—/u3dx:/\>0. (1.4)

The set of all such solutions will be denoted by G(f3, ¢, ). In this paper, we are concerned
with two aspects of these solutions.

First, we are interested in their behavior as the rotation parameter v vanishes. If we set
~v = 0 in equation (1.1) and integrate, we obtain the Korteweg-deVries (KdV) equation

U — Plpgs + (uz)x =0. (1.5)

Thus it is natural to wonder whether the solitary waves of the Ostrovsky equation converge
to those of the KdV equation as ~ approaches zero. We prove in Theorem 3.1 that the
solitary waves of the Ostrovsky equation converge strongly in the space H'(R) to those of
the KdV equation as 7 goes to zero. The proof uses the variational characterization of both
the Ostrovsky and KdV solitary waves.

We are also interested in the stability of solitary wave solutions of (1.1). Following the
notation of Liu and Varlamov [9], we make the following definition.

Definition 1.1. A set S C X is X-stable with respect to equation (1.1) if for any e > 0
there exists a § > 0 such that for any ug € X N Xy, s > 3/2, with

.
inf [jup —vfx <9

the solution u(t) of (1.1) satisfying the initial condition u(0) = ug can be extended to a
solution in C([0,00), X N X) and

sup inf ||u(t) —v|x <e.
0<t<oo VES

Otherwise we say S is X-unstable.



Using the methods of [3], [6] and [13], it was shown by Liu and Varlamov [9] that the
function

d(c) = E(p) —cV(e),  peG(f¢7) (1.6)

determines the stability of the set of ground states. The main result is the following.

Theorem 1.2. Let 3> 0 and ¢ < 2v/B7. If d is strictly convez in a neighborhood of c, then
the set of ground states G((,c,~y) is X;-stable.

Unfortunately, there is no known closed form expression for d, and thus it is difficult to
determine whether or not d is convex. As in [6], Liu and Varlamov obtained bounds on d
which enabled them to conclude that d must be convex for ¢ near 2/37. By entirely different
methods, which avoid the use of the function d(c), Liu [8] has shown that solitary waves are
stable for small v > 0. Here, we investigate in detail the function d(c), both analytically and
numerically. A scaling property of d allows us to reduce the problem of computing d from
the unbounded domain ¢ < 21//37 to two finite intervals. Numerical calculations of d appear
to indicate that d is convex everywhere.

The paper is organized as follows. In Section 2 we establish several important analytical
properties of d. In Section 3 we use the behavior of d at the boundary v = 0 to discuss the
relationship between the solitary waves of the Ostrovsky equation and those of the Korteweg
deVries equation. Finally, in Section 4 we present the numerical computations of d which
imply its convexity.

2 Analytical Properties of d.

In this section we establish some important regularity and scaling properties of the function
d. We begin by relating d to the minimization problem that characterizes the ground states.
First, we define

I(u; B, ¢, )

m(ﬁ,ca 7) = WX K (1) £0 K(u)2/3

For 8 >0,y > 0 and ¢ < 24/3v we have
I(u; B,¢.v) = M / uy + D, ul de,

where

2(8+7+1/ (B—7)2+¢2)
min{3, v} for c<0

48y—c? for 0<c< 287
M= { g ¢ 57} > 0.

Thus, since ||ul|zs < C||lul|x, for some constant C, it follows that

m(B,¢c,v) >0 for [B>0,7v>0,¢c<2y07.

The ground state solutions of (1.2) achieve this minimum, and if we multiply (1.2) by ¢ and
integrate, we find that

I(g; B,¢,7) = K(p)



SO
m(B,c,7) = 1(p; 3,¢,7)"* = K(p)"/*.

Next, using the definition (1.6) of d, which we will now consider as a function of 3, ¢ and =,
we have

A(B.c.7) = 3153 5re.7) — 3K (9) = 13 6re7) = K () = cm(Ben)’. (22)

This in fact proves that d is well-defined, independently of the choice of ¢ € G(5,¢,7) in
equation (1.6). Using equation (2.2), we may very concisely characterize the set of ground
states is as

G(B,c,7) ={p € Xy [ 1(p; B,c,7) = K(p) = 6d(B, ¢,7)}- (2.3)

The following lemma restates in terms of d the relative compactness, up to translation, of
minimizing sequences. See the proof of Theorem 2.3 in [9].

Lemma 2.1. Let ¢ € X5 satisfy
Jim I(ypy; B,¢,7) = lim K () = 6d(6, ¢, 7).

Then there exists some ¢ € G(f,¢,7), a subsequence, renamed Yy, and a sequence yr € R
such that V(- — yx) — @ strongly in X .

Our next lemma establishes the scaling properties of m, and hence of d.
Lemma 2.2. Let 3> 0, v >0 and ¢ < 2\/By. For anyr >0 and s > 0 we have
m(rs?B,re,rs2y) = rsV*m(B, ¢, ).
Proof. Let u € X; with K(u) # 0. For any r > 0 we have
I(u;rB,re,ry) = rl(u; B, ¢,7),

so m(r@,re,ry) = rm(B,¢c,v). Next let v(x) = u(sz) for s > 0. Then

Iwif.e) = TwsB.e57) K@) = ~K(w)

SO
I(v; 3,¢,7) _ 413 I(u;5°B, ¢, s%)
K(v)%/3 K (u)?/3

and consequently
m(s*8,¢,s7%) = sPm(f, ¢, 7).

Corollary 2.3. Let >0, v > 0 and ¢ < 2y/3v. For anyr >0 and s > 0 we have

d(rszﬁ, re, 7“8_2’)/) = r33d(ﬁ, c,y)-



Since the stability condition in Theorem 1.2 involves the convexity of d, it would be
desirable to work with d”(c). However, it is not generally known whether or not d is twice
differentiable. The following lemmas summarize the regularity properties of d.

Lemma 2.4. The function d is continuous on the domain 8 > 0, v > 0, ¢ < 2y/70.
Furthermore, d s strictly increasing in v and 3 and strictly decreasing in c.

Proof. First, fix ¢ and v > 0 and consider 3; > 5 > ¢% /4y, where c; = max{0,c}. Let ¢g,
and ¢g, be ground states with 5 = 3; and 3 = (35, respectively. Then

m(Ba, c,y) < M

K(@51)2/3
o [(90,317 ﬁlv c, 7) + (ﬁQ - Bl) f((pﬁl)i dx
B K(@&)Q/g
o ](SOBI)/B 707’)/) f(gpﬁl)i dx
= Ky T R
()2 dx
=m(fr,c,7) + (B2 — 51)—&(;;1)2/3
< m(ﬂla G, 7)7
so m is strictly increasing in 5. On the other hand,
I .
m(fr,cm) < )
- [((pﬁQ; 627 ¢, 'Y) + (61 - ﬁQ) f(@ﬁQ)i dx
a K(pp,)*/3
(pp,)z dx
= m(ﬁ?v C, 7) + (61 - 52)‘[}((5,82)2/3 )
" J(em)2d
T
0 S m(ﬁh C, 7) - m(ﬁ% C, KY) S (ﬁl - ﬁ2)%
Now since

(g, B2, c,77) > M/(s%)i dz,

where M is defined by (2.1), it follows that

|m(617 ¢, ’7) - m<527 ¢, 7)| < Mﬁlm(ﬂb C, 7)(61 - 62)

so m is locally Lipschitz continuous in 5. By similar reasoning it follows that m is decreasing

in ¢, increasing in v, and locally Lipschitz in ¢ and . Since d = émS, the same conclusions

hold for d. O



Lemma 2.5. For each fized ¢ and ~v > 0, the partial derivative dd/0B(0,c,7) exists for

all but countably many B > min{0,c?/4y}. Similarly, dd/dc and Od/Oy exist for all but
countably many c and -y, respectively. At points where the partials exist,

8d_1 9
%—5/(%) dx

od 1 [ ,
pe=3) e

od 1
L (D) da.
T [0t

Proof. Since d is continuous and monotone with respect to each variable, it follows that the
partial derivatives exist at all but countable many points. To verify the formulas above, first
fix ¢ and . Then by the inequalities in the proof of Lemma 2.4,

f(‘ﬂﬁl)i dx < m(ﬁl? Gy 7) _ m(ﬁ?v ) 7) < f(gpﬁz)i dx
K(pp)*® ~ B =P ~ K(pg,)*?

for 51 > (B2 > 2 /4v. Let

e =sw{ [(en2de] g€ 6o
9i(B,¢,7) = inf {/(wﬁ)idl’ | v € G(B;c, v)}

Then, for 8 > 3, > 2 /47,

9s(B1,¢,7) < m(Bi,¢,y) —m(B2,¢,7) < gi(B2,¢,7)
m (B, ¢, v)* ~ B — Ba — m(B2,¢,7)?

We now claim that

ﬂll_}n;o sup gl(ﬁ, C, ’7) S gs(ﬁ()a C, ’7)

To see this, choose any By — [y and ¢r € G(Bk,¢,v). The continuity of m implies that
I(pr) — 6d(Bo,c,v) and K(pr) — 6d(5o,c,y). Then by Lemma 2.1, there is a translated
subsequence ¢, which converges in X; to some function ¢ in G(f, ¢, 7). Hence

JILI?O supgi(ﬁj,C, "Y) < /(Soz)Q dx < gs<B07ca 7)

Consequently
om _ Js ﬁa G,
_(5 e 7) - (—)2
op m(B3,¢,)
Now, as d = ¢m?®, this implies
od

1
%(6_707 ’Y) = 598(5707 7)
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Likewise,
od, . 1
%(ﬁ 7677)_591(676770

So at points where the partial derivative exists, we must have g,(3,¢,v) = ¢:(53,¢,7), and
the first formula above follows. The proof of the other formulas is similar. O

Remark 2.6. If the ground state solutions of (1.2) are unique up to translation, so that
each G(3,¢,7y) consists only of translations of a single profile, it would then follow that d is
differentiable everywhere.

For the remainder of this section we fix § = 1 and we make the following assumption.

Assumption 2.7. The function d(c,v) is twice differentiable in the region {(c,7y) : v >

0,c < 2v/37}.

In order to be able to draw conclusions about the concavity of d for all ¢, we need to use

its scaling properties to reduce the scope of the problem. Using Corollary 2.3 with s = r—1/2,
we have

d(re, ) = r2d(c, ) (2.4)

Consequently, the value of d at any point along a curve of the form ¢ = a,/y determines
the values of d at all other points on that curve. We therefore need only compute d along
some set of paths which crosses every such curve. We make the following choice. Let
I'' ={(¢,1/4) | -1 < c¢ < 1} and I'y = {(—1,7) | 0 < v < 1/4}. It is clear from Figure
1 that every curve of the form ¢ = a,/y within the domain of d (¢ < 2,/¥) passes through
either I'y or I'y. We now consider d.. along each path.

]

Fl”y:1/4

O

9 1 0 1 2
Figure 1: Domain of d and the curves I'y and T's.

Along I'y. Fix v > 0. By equation (2.4) we have d(c,v) = (47)*4d(c//47,1/4) for ¢ < 2, /7
and thus

dee(c,7) = (49) " dee(c/ /7, 1/4). (2.5)
Thus, it suffices to determine the sign of d..(c,1/4) > 0 for —1 < ¢ < 1.
Along T';. Now fix ¢ < 0. Using equation (2.4) we have d(c,7) = (—c)*?d(—1,v/c?). The
partials with respect to ¢ are given by

dile,1) = 21(=¢) 2, (~1,7/) = 2 (=0)*d(~1,7/)



and

dec(c,7) = 47 (=) dyy (—1,9/¢%) — dy(—=c)*Pdy (= 1,7/?) + %(—C)”zd(—L v/

If we let r = 7/c?, then this becomes

dc(ey) = ;l(—c)l/Q (16r2d,.,(~1,7) — 16rd,(~1,7) + 15d(—1,r))
= (—c)l/2dcc(—1,7“).

Thus it suffices to determine the sign of

(1672d’w(_17 7) - 167d’7(_177) + 15d(_177)) (26)

o

dee(—1,7) =

for 0 < 7 < 1/4. The numerical results presented in Section 4 suggest that the quantities
are positive for all v > 0 and ¢ < 2,/7.

3 Weak Rotation Limit

In this section, we show that the solitary waves of the Ostrovsky equation (1.1) converge to
those of the KdV equation (1.5). We remark that such a relationship is somewhat surprising
since the Ostrovsky solitary waves have zero mass, as can be seen by integrating (1.1) with
respect to x, while the KdV solitary waves given by equation (3.2) below clearly do not
have zero mass. Figure 2 illustrates that the positive part of the Ostrovsky solitary waves
translates off to infinity as v goes to zero. These images were actually the inspiration for
Lemma 3.3.

In order to precisely state the convergence result, we first recall that solitary waves of
the KdV equation satisfy

and that for each § > 0 and ¢ < 0 the unique (up to translation) ground state solution of
(3.1) is given explicitly by

wo(x) = ;csech2 (%x %) : (3.2)

Theorem 3.1. Fiz 3 > 0 and ¢ < 0 and consider any sequence v, — 0%. Denote by i
any element of G(B,¢c,v) and let py be given as in equation (3.2). Then there ezists a
subsequence (renamed 7 ) and translations yy so that

or(- = yr) — o

in H'. That is, the KdV solitary waves are the limits in H' of solitary waves of the Ostrovsky
equation.
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Figure 2: Convergence to KdV solitary waves as v — 0. Here # =1 and ¢ = —1.

To prove this result, we first note that the solutions (3.2) satisfy the same variational
principle as do the Ostrovsky solitary waves, but with v = 0 and in the space H'(R). That
is, they achieve the minimum

: I(u; 3,c,0)
0) = f — 7
m(ﬁ’ “ ) uEHll,rfl((u)7é0 K(U)2/3
where

I(u; 3,¢,0) = /ﬁui — cu’dx,

and K is defined as before by equation (1.4). We may extend the definition of d(f3,¢,7) to
the boundary v = 0 (see Figure 1), as

d(8,¢,0) = %K(@o) = —91—02 " sech® (%;p %) dr — g(_c)sm\/ﬁ

Thus, equation (2.3) again characterizes the set of these ground states, and we have the
following analog of Lemma 2.1



Lemma 3.2. Let ¢, € H'Y(R) satisfy
klim I(¢y; 8,¢,0) = klim K(¢y) = 6d(f,¢,0).

Then there exists some ¢ € G(3,¢,0), a subsequence, renamed 1y, and a sequence yr € R
such that ¥p(- — yx) — @ strongly in H'(R).

The idea of the proof of Theorem 3.1 is to show that the Ostrovsky solitary waves form a
minimizing sequence for the KdV variational problem as 7 vanishes. We first need to show
that d is continuous up to the boundary v = 0. The following lemma is needed.

Lemma 3.3. The space X, is dense in H'(R).

Proof. Let ¢ € H*. Then by the Sobolev embedding, we may assume ¢ is continuous. Now,
given € > 0, choose R > 0 so large that

/ O+ prdr < €
|z|>R

Next, choose R; > R such that |¢(R;)| < min(1,¢), and let

M:A&ﬂ@m

Without loss of generality, suppose ¢(R;) > 0 and M > 0. We now define a function ¢ € Xj.

First we set

U(x) =p(z),  z€[0,R]
Next we extend v to be linear with slope —1 on I} = [Ry, Rs] with ¢¥(Ry) = —h, where
h = 317 We now define 1 to be the constant —h on the interval Iy = [Ry, R3], of length w,
to be determined. Finally, extend 1) linearly with slope 1 on I3 = [R3, Ry] so that ¢)(R4) = 0,
and set (x) = 3f0r all z > R4. See Figure 3. We now have

Figure 3: X, approximation of an H' function.

/OO Y(z)de = M + ! (¢(R1)* = h*) — wh — Ly
0 2 2
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This equals zero when
1 1
= — [ M+ =p(R)* - h?
W=y ( + 290( 1) )

We define v similarly for # < 0. Since 1) is continuous, piecewise C' and compactly sup-
ported, it is in H'. Furthermore, since

/_wa) dr =0,

it follows that

(D) () = / " (y) dy

is also compactly supported. Thus both 1) and D, !¢ are in H', so ¢ is in X;. We now show
that 1 is close to ¢ in H'. First, since v and ¢ agree on [0, R;], we have

1% = @l 0,00 = ¥ = @lli1 (1, 00)

< el af>r) +/ Y2+ dx
Ry
el + [ w2t

I1UILUI3

The first term is less than e by our choice of R. We now calculate the second term explicitly.
On I, and I3, 92 =1, so

1 1
/ Y2+ ide = p(R) +h+ = (p(R)* + h*) + h+ -h* < 3e + €
I1UI3 3 3
On the interval Iy, we have 1, = 0, so
1
V2 +p?de = wh* =h (M + 590(R1)2 — h2) <€
I

We estimate the integral over (—oo, 0) similarly. This completes the proof of the lemma. [

Lemma 3.4. Fiz >0 and ¢ < 0. Then lim m(8,¢,v) = m(f,¢,0).

y—0F

Proof. By the monotonicity of m in =, it suffices to show that m(j3,¢,v,) — m(3,¢,0) for
some sequence 7y, — 0. For each positive integer k, choose a function ¢, in X; with

1
[V — wollmr < -

and let

. 1 1
= (E’ kJ |Dx1wk|2dx)

11



Then

m(B, ¢, vk) < —](?(’5];)62’/316)
_ (k3 B,¢,0) + i [ | D5 | da
K (yr)?/?
I(th; B,¢,0) + ¢
- K()¥3

Since I(+; 3,¢,0) and K are both continuous on H', we therefore have

I(¢0;6707 O)

K((PO)2/3 = m(ﬁag O)

khm m(ﬂ? ¢, f}/k) S

On the other hand, since m is strictly increasing in v, we have m(S3, ¢, v) > m(3,¢,0), so

lim m(5, ¢,v) = m(5,¢,0)

k—o0
which proves the lemma. O

Proof of Theorem 3.1. By continuity of m at v =0,

I(¢r; B,¢,0) = I(¢r; B, ¢ ) — T /(Dzlwk)Q dx

< I(w; B, ¢, )
= m(ﬁa G, ’716)3 - m(ﬁ7 ) 0)3 = 6d<ﬁa ¢, O)

and
K(@k) = m(ﬁ: ) ’Yk’)g - m(ﬁa c, 0)3 = 6d(ﬁ> ¢, 0)
Thus, the result follows by Lemma 3.2. U

4 Numerical Results

We now present some numerical results that imply the convexity of d in ¢ for all c. We
first outline the numerical method employed to compute the solutions. Letting z = D, 'y,
equation (1.2) may be rewritten

B2" + ¢ + vz = 227" (4.1)
Multiplying (4.1) by 2" and integrating gives

62///21 _ 2(2//)2 +

Cona Vo2 _ 2 ns

where we have used the fact that z and its derivatives decay to zero as |z| — oo. We assume
without loss of generality that ¢ has a local minimum at = = 0, so that 2”(0) = 0. The

12



shooting parameters are chosen to be a; = z(0) and ay = 2/(0), and the equation above gives

2"(0) = (243 — Sa3 — Za?) /Baz. We therefore need to solve the system

2y = 23
’

2y = (22023 — cz3 —y21) /0

with initial data (a1, as,0, (a3 — Sa

: a — Za?) /Bay) over an interval [—X, X]. Since we are
looking for a solution that decays to zero as x — +oo, it must lie in the intersection of the
stable and unstable manifolds of the system above. Let Es and FE, denote the stable and

unstable subspaces of the corresponding linear system

2

0 1 0 0
;o B 0 0 1 0
z = Mz, M = 0 0 0 1
—y/8 0 —¢/B 0

For any z € R*, we may write z = z, + 2, where z, € E, and z, € E,. Furthermore,
there exists matrices A; and A, which depend only on (3, v and ¢, such that z, = Az and
z, = Ayz. Setting v = A,z(X) and v = Asz(—X), we then define the shooting function
by S(ay,az) = (|[viF]|?, [[vs||?). To implement Newton’s method on S, derivatives of the
solution with respect to oy and ai are required, so we also solve the auxiliary system

wi = W2
why = ws
wg = W4
wy = (2wez3 + 2wsze — cws — ywy )/

with initial data (1, 0,0, —%) and (O, 1,0, (%ag — %c + %7%)/ﬁ> After solving these sys-
tems using a Runge-Kutta-Fehlberg solver, the method then proceeds by applying Newton’s
method and incrementing X until the tail of the solution is sufficiently small. MATLAB
routines and data are available at http://mathcs.holycross.edu/ spl/papers/ostrovsky/.

Typical profiles are shown in Figure 4 and Figure 2. For ¢ > —2+/3v they have exponen-
tially decaying oscillatory tails, while for ¢ < —24/37 the tails are exponentially decaying,
but not oscillatory. All profiles appear to be even functions of x. However, we do not have
a proof of this fact, nor do we assume this in the numerical computations.

We now fix § = 1 and recall from Section 2 that it suffices to compute d.. along I'y and
[y (see Figure 1) and that d,. is given by equation (2.6) along I's. Using the numerically
computed solitary waves, we can compute K (), and use formula (2.2) to compute d. We
can also use Lemma 2.5 to compute d. and d,. We then have two methods of approximating
d..; by using a second difference of d, or by using a first difference of its derivatives. The
graph of d.. along I'y is shown in Figure 5. It is clear that d..(c,1/4) > 0 for all ¢ € (—1,1).
Figure 6 shows a blowup of the minimum, which occurs at approximately ¢ = 0.964. The
curve appears to be smooth there. The graph of d.. along I'y is shown in Figure 7. Again,

13
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Figure 4: Solitary waves of the Ostrovsky equation.
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Figure 6: Blowup of the minimum in Figure 5.
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Figure 7: Graph of d..(c,7) for c = —1 and 0 < v < 1/4.
it is clear that d.. is positive. We also note that, as v — 0, d..(—1,v) — 9/2, the value of
d"(—1) for the KdV solitary waves.
These calculations suggest that d is convex in ¢ for all 3 > 0, v > 0 and ¢ < 2+/07, from
which it would follow that all ground states of the Ostrovsky equation are stable.
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