Decay Estimates for Fourth Order Wave Equations

Steven Paul Levandosky

1 Introduction

The equation
Uy + AN°u+u=f(u) on R (1.1)

may be thought of as a nonlinear beam equation. In this paper we obtain both LP-L9
estimates and space-time integrability estimates on solutions to the linear equation. We also
use these estimates to study the local existence and asymptotic behavior of solutions to the
nonlinear equation, for nonlinear terms which grow like a certain power of .

The main LP-L? estimate (Theorem 2.1) states that solutions of the linear equation with
initial data (u(0),u,(0)) in W24 (R") @ L7 (R") are bounded in L(R") @ W=24(R") for
2 < g < 2™ for all time and that their norm in this space decays at the (optimal) rate ¢2¢~ 4.
Here and throughout

o % for n>5
2 _{oo for 1<n<4 (1.2)
denotes the critical exponent ¢ in the Sobolev embedding H?(R") — L?(R"). The space-time
integrability estimate (Theorem 3.1) states that solutions of the linear equation with initial
data in the energy space X = H*(R") & L*(R") lie in the space L¢(R") & W—2¢(R"*!) for
all ¢ between 2+ 8/n and 2 + 12/(n — 4).

The local well-posedness result (Theorem 4.1) states that for nonlinearities f(u) which
satisfy

/()] < ClslP~. (1.3)

with 1 < p < 2** — 1, there exist strongly continuous finite energy solutions of (1.1) which
exist locally in time with arbitrary initial data in X. Finally, in Theorem 5.1 we prove that,
for nonlinear terms f(u) which satisfy (1.3) with p > 1+ 8/n, low energy scattering states
exist. That is, given g_ € X small enough, there exists a solution w(t) = (u(t),u:(t)) of
(1.1) and g4 € X such that ||Uy(t)g+ — w(t)[|x — 0 as ¢ — oo, where Uy is the solution
operator for the linear equation.

We remark here that the local well-posedness result verifies an important assumption
used in [5] in the stability analysis of solitary wave solutions of (1.1). Using the method
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of concentrated compactness [6] it was shown that traveling wave solutions of (1.1) exist.
The variational characterization of the traveling waves was then used to show that there is
a function d(c) of the wave velocity ¢ such that, modulo local well- posedness, the stability
of the traveling waves is determined by the convexity of d(c). In particular there exist stable
solitary waves of arbitrarily small norm in X when p < 1 +4/n. We also remark that the
low energy scattering result is complementary to the stability result, in the sense that it
excludes the possibility of small stable solitary waves for these values of p.

In Section 2 we prove the LP-L7 estimate following the ideas used by Marshall, Strauss
and Wainger [9] to obtain estimates for the Klein-Gordon equation. We find estimates on
an analytic family of operators and use complex interpolation ([14],[2]). The main difference
is that the oscillatory term in the kernel (2.28) is sin(try), where ry = (1 4 74)1/2, while in
[9] the oscillatory term is sin(tr;), with r; = (1 4+ r2)"/2. The difference in the behavior of
the derivatives of r; and ro, for both large and small r, affects both the decay rate and the
values of ¢ for which they hold. While the decay rates for (1.1) are slower than those for
the Klein-Gordon equation, the range of ¢ for which an L7-L? estimate holds includes the
interval [2, 2**].

In Section 3 we prove the space-time integrability estimate. The proof is based on the
ideas of Strichartz [20], with one major exception. In [20] an explicit formula for the Fourier
transform of a quadratic form is used to obtain the estimate, while in the case of equation
(1.1) the Fourier transform of a quartic form must be estimated. Without an explicit formula
available this is quite difficult. However, as (1.1) is still second order in time, the symbol of
the differential operator is quadratic in 7 and, since the symbol is radial in &, the explicit
relation for quadratic forms may be used to reduce the problem to estimating a one dimen-
sional integral very similar to the integral (2.28) associated with the time decay estimate.
The difference is that sin(trq) is replaced with a Bessel function of complex order. Thus the
result follows using techniques similar to those in Section 2, along with a careful analysis of
the dependence of Bessel functions of complex order.

In Section 4 we prove the local well-posedness theorem. We remark that the difficulty
lies in proving well-posedness for p up to the critical number 2** — 1. For 1 < p < 2**/2
nonlinearities satisfying (1.3) are locally Lipschitz on X and therefore well-posedness is a
consequence of standard semi-group arguments. For higher values of p we first use the time
decay estimates to establish existence in a weaker space X3 = LPT(R™) & W2PH1(R").
Approximating the nonlinearity by Lipschitz functions produces a sequence of solutions in
X which converges to the solution of (1.1). Using the decay estimates again, we show that
these solutions are uniformly Holder continuous in time with values in X3. Together with
arguments from [16] and [17] we then show that the original solution is in fact in X.

In Section 5 we prove the existence of low energy scattering states. The key ingredients
in the proof are the local existence result in X, along with the time decay and space-time
integrability estimates on Uy(t) established in Sections 2 and 3. Once these are established,
the result is an application of the abstract framework developed by Strauss [17].

Notation



— Fourier transform on R"™ (£ and 1)
— Fourier transform on R" (§)

— Fourier transform on R (7)

— convolution on R"

_—

2 Time Decay Estimates

In this section we establish time decay estimates from LY to L9 on solutions to the linear
equation
U + AZU +u=0. (21)

The main result is the following Theorem.

Theorem 2.1 For any n let q satisfy 2 < q < 2**, where 2** is defined as in (1.2). Let u(t)
be the solution of (2.1) with initial data u(0) = uy and u(0) = vo. Then

lu®llzaen < CF (fluollwaw @ny + Iollprny ) for — £>0. (22)
Furthermore, if ug = 0 then
lu(t) || Larny < OtH%_%HUOHm’(Rn) for t<1 (2.3)

where 1/q' +1/q = 1. The rates of decay in (2.2) and (2.3) are optimal.

To prove these results we introduce the following notation. Taking the Fourier transform of
(2.1) we obtain

which has solution

sin(1 + |£]*)1/%

(¢, 1) = () cos(L+61) %t + 20O =~ e (25)
The solution of (2.1) is therefore given by
u(t) = K°(t) % (1 + AV 2ug + K*(t) * vy, (2.6)
where oy . oy

We next embed the operators T%(t) = K“*(t)* in families of operators TS*(t) = K$*(t)*

where
—— . sin(l+ €112 —— = cos(l+ €M%

(1 + |gH)2 K5(@)(€) = (L €[ (2.8)




We denote by || -]|,,, the operator norm on the space of bounded linear operators from LP(R")
to LY(R™). Theorem 2.1 is equivalent to showing that the operators T%*(t) = T;"°(t) satisfy

IT*(®)lly.q < € min (#75¢157%)

oo (2.9)
[Ty q < Ct2a 5.
It can be seen immediately that for all £ > 0 we have
[Te@)ll22 <1 and [ T5(8)]22 <1 (2.10)
for Re(a) = 0 and
||Ts(t)||2’2 S Hlln(]_,t) and ||Tc(t)||272 S 1. (211)

We will establish (2.9) using Stein’s interpolation theorem, which we state here. See [14].

Theorem 2.2 (Stein) Let S be the strip 0 < Re(a) < 1 and let T, be an analytic family of
linear operators satisfying

||Ti1m(a)Hpo,qo < Mo(Im(a)) “T1+7:Im(a)Hp17q1 < My(Im(a)) (2.12)
where 1 < pj,q; < oo for j=0,1 and

sup e Mm@ og M, (Im(a)) < oo (2.13)

—oo<Im(a)<oo
for some b < w. Then if 0 < s <1 there is a constant M so that || Ts||,, . < M for

11— 1 1-
S -2 (2.14)
Ds Po b1 qs qo q1

Furthermore we may replace ¢ = oo with BMO.

The heart of the proof of Theorem 2.1 lies in the following estimates.

Lemma 2.3 There exists a constant C' so that for n > 4 we have

1K ()| oy < CEMY for  £>0 (2.15)

HK,,CL/4(t)HLoo(Rn) g Ctin/4 fOT‘ t > O (216)
and for n < 4 we have

IEKS()| ooy < CE4 for  t>1 (2.17)

K5 ()| ooy < CE"2 for  t<1 (2.18)

IKC(t)||pooqeny < CEM4 for > 0. (2.19)



Proof of Theorem 2.1 For n < 4 it follows from (2.17) and (2.18) that
1T ()] 1,00 < C min(t™™* #177/2) (2.20)

for all ¢ > 0 and therefore interpolation between (2.20) and (2.11) yields the first estimate
in (2.9). By (2.19) we have
|1T4(t) 11,00 < O/ (2.21)

and interpolation between (2.21) and (2.11) proves the second estimate in (2.9). In dimension
n > 4 we set Re(a) = n/4 and write

Ki(t) = Ku(t)M, where  My(€) = (1+ [¢]*)7me/2, (2.22)

It follows from ([2] p151, Cor.2) that |M.|smo.smo < C(1 + [Im(a)|*) for any integer

k > n/4. Together with (2.15) this implies that for Re(a) = n/4
IT5@®)lhrmo < CtA1+ [Im(a)[f). (2.23)

By applying Theorem 2.2 with po = qo = 2, p1 = 1, ¢ = BMO and s = 4/n to (2.10) and
(2.23), it follows that

T )| gg < CtH where ¢ =2"". (2.24)
Similarly, (2.16) may be used to establish

IT#)||gqg < Ct™" where g =2, (2.25)
Interpolating between (2.11) and (2.24),(2.25) yields (2.9) for n > 4. |

The remainder of this section is devoted to the proof of Lemma 2.3. We consider only
the estimates on K, since the estimates for K¢ may be obtained by applying the identi-
cal arguments with cos(try) instead of sin(try). We first write the formula for the Fourier
transform of a radial function

f(R) = (2m)"R'~"/? /0 h F(r) Tnjar(Rr)r"2dr (2.26)

where R = |z|, r = |£], and J,(s) is the Bessel function of order v. We shall denote

J,(s) = . (2.27)
In terms of J, we can use (2.26) to express the kernel K3 (t) as
K (t)(R) = (2m)" /000 sin(try)ry 1"ty o1 (Rr)dr (2.28)
where 7y = (1 4 74)1/2,

The following properties of Bessel functions of complex order v are proved in the ap-
pendix.



Lemma 2.4 If Re(p) is fized, then

| Ju(s)] < CemlImwl for |s| < 1. (2.29)
Also
Ju(s) = Cs™2cos(s — um/2 — 7/4) + O (62”|Im(“)||s|_3/2) (2.30)
and .
| J,u(s)| < CePmImnlg=ReG)=1/2 for|5| > 1. (2.31)

It follows from Lemma 2.4 that ||J,|p~m@+) = O (2™ for Re() > —1/2. The
derivative of .J, for any complex v is given by the formulas

o:l»—t

T(5) = ~ (1) = 20, (s)) (2.32)

J'(s) = —sJ,1(5) (2.33)

Estimates for n > 4.

The decay estimate for n > 4 is obtained by integrating (2.28) by parts multiple times.

Lemma 2.5 Suppose v >0, 0 >3 and 21+ 0 —v —1/2<0. Then

[ st ey = 5 [t w20

where
d 3 3
P,y (r) = = — 3 o3 (R = r5 4 (o — 2v N— 3)J,(Rr) + J,_1(Rr)] (2.35)
+2(7 + Dry 17 J,(Rr).
Proof. Since p
i _ "2 9 _
sin(try) = 5003 g sin(try — m/2), (2.36)
integration by parts gives
) B 1 o
/ sin(try)ryr?J,(Rr)dr = 2—sm(t7°2 — /23 3, (Rr)
0 ’ (2.37)

— —/ sin(try — 7r/2) [ T+1T”_3jV(RT)]dT.

By (2.29) and the hypothesis ¢ > 3 the first term vanishes at » = 0. It vanishes at infinity
as well since 75 = O (r?) asr oo and 2(t+1)+0—-3—-v—1=274+0—-v—3 <0by
assumption. The expansion of the derivative follows from (2.32). [



In order to prove Lemma 2.3 we fix a = n/4. The integral in (2.28) is the same as that
in Lemma 2.5 with 7 = —n/4, 0 =n — 1 and v = n/2 — 1. Thus we may apply Lemma 2.5
to (2.28) N times to deduce that

K2 u(t)(R) = (2m)" (;_;)N /0 " sin (trz—Ng> S Chufudr (2.38)

j+k+H=N

where ' o
fjkl(r, R) _ 70277’L/4+]+l7k7071—174]74lJgilij (R?") (239>

or, using the fact that j +k+1=N
Fir(r, Ry =y "o aNR T J(Br) 0<j+E<N. (2.40)

Thus we need to estimate terms of the form
L(R) = / sin (trs = N3) fulr, R)dr (2.41)
0

Since jn/g,l,j(s) is bounded, fjo(r) = O (7“"*1*4]\7) for r near zero. Hence if gj is to be

integrable at r = 0 we require N < n/4. Solet N = |“1]. In view of (2.38) and (2.41), the

first part of Lemma 2.3 is equivalent to the following.

Lemma 2.6 Forn >4 and o = n/4 we have ||Li|| = O (tV~/4) fort > 0.

Proof. For ease of notation we now fix k = n/2 — 1 — j. We first consider the case ¢t < 1.
We shall estimate I;;,(R) over the intervals [0, 1], [1,¢7'/2] and [t~/2 oc] separately. Since

J«(Rr) is bounded, the integral over [0,1] is O(1) in ¢ for all R. Over the second interval we

get
J

—1/2 1=1/2

sin (tr2 - N%) fie(r, R)dr < C/ /212N gy
1
t—1/2 (242)
=O0(1)+ 0 ("),

_ Tn/2f2N

1

Finally over the last interval, we integrate by parts to get

[e’¢) 1 . _ _ 0
/ sin(try) fix(r, R)dr = —— cos(tra)ry /41 pn—a=AN+4k J (Rr)
t

_% 2t —1/2 (2 43>
1 [ '
+—/ cos(try) Pj(r)dr
% )i
where
Pj(r, R) = Pyor(r, R) (2.44)



is defined by (2.35) with v =k, 0 =n—1—4N + 4k and 7 = N —n/4 — 2k. Since v > 1/2
implies P,o,(r) = O (r**772) for r > 1, it follows that Pj(r) = O (r"/27372N) for r > 1,
and therefore the last expression is of order

oV +0 (t‘l / h

+—1/2

r”/2_3_2Ndr) — O (VY. (2.45)

For ¢ > 1 the estimates on I, are established according to the congruence of the dimen-
sion n mod 4. There are two cases.

Case 1: n = 0(4). When n = 0(4), N = 25 and we need to show || Ij||ecmn) = O (t71).

For k = 0 integrating by parts gand using (2.33) gives

o -1 [~ d ~
Lin(R) = /0 sin <t7“2 - Ng) riry (rR)d =5 P (trg - Ng) Jo(rR)dr
1 T ~ 1 T ~
oo aaen] 5 e e
57 CO8 <t7“2 5 J, (T’R) i + o / cos (try — 5 rR°J.i1(rR)dr
1 oo
=0 (til) + —/ cos <t7°2 ) Jer1(rR)d
2t J,
(2.46)
By making the change of variable s = r R the remaining integral may be written as
C’/ cos (t (1+ 84/R4)1/2 - Ng) §Ji1(s)ds (2.47)
0

which is bounded independently of R since kK > n/2 —1—- N =n/4 > 1.
For k£ > 1 we have kK > 2 and we may apply Lemma 2.5 with v = k, 0 = 3 4+ 4k and
7 = —1 — 2k to obtain

Lik(R) = /0 sin (t'rg - N%) Ptk 1=2k T (rR) = 5/0 cos (trg - Ng) Pji(rR)dr
(2.48)
where
Pi(r, R) = vy r* N CJu(Rr) + Joo1 (Rr)] 4 Cry > 2r* 4 ] (Rr) (2.49)

On the interval [0,1] the function Pj(r, R) is bounded and thus we only need to estimate
the integral over the interval [1,00). We integrate by parts once again to find

— | P R)dr = m™ P; oo
/ o8 <tr2 N ) jk(r’ ) T = Ct_l sin (tTQ — N-) M
1 2

2 r3 .
- 0 (Py(r.R) (2.50)
1 . ATy @ T, L1)T2
+ Ct /1 sin (trg N2> o (—r3 ) dr
where ) . .
Pi(r, R) = 3 #*r* Y (O J(Rr) + Jo_1(Rr)) 4 ry 223 ] (Rr). (2.51)

Since Pj; is bounded and vanishes as r — oo the first term is of order O (¢7!). A simple
computation, using the fact that x > 2 shows that the derivative in the integrand is of order
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O (r=3) for r > 1 and therefore the last integral is bounded. This shows that, for k > 1, we
have I;;(R) < Ct~'. Hence the lemma is proved for n = 0(4).

Case 2: n # 0(4). In this case we will estimate I;; over [0,¢~ 4] and [t~/4 oo] separately.
On the interval [0,¢74], f;(r, R) is of order O (r"~'=*N*4*) 5o that

(—1/4 (—1/4
. T 1
/0 sin (tTQ — N§> fik(r, R)dr < C’/O L ANTAR g (2.52)
_ CtN—n/4—l < CtN_n/4.
On the interval [t~'/4, 0o] we may integrate by parts using (2.36) to get
< T 1 [ T
/ sin (trg - N—) fir(r, R)dr = — cos (trg - N—) Pji(r, R)dr
t—1/4 2 2t t—1/4 2 (2 53)

1 n ~
=5 cos (trg - N%) révﬂ /41”"’4’4NJ,{(R7“)

t—1/4

where Pj(r, R) is defined as in (2.44). By (2.31), the second term vanishes at the upper
limit r = 400, while at the lower limit (2.29) implies that this term is of order O (tN —n/ 4*1).
As above it follows that Pj,(r) = O (r"/273=2N) for r > 1. Forr < 1, P,,-(r) = O (r°~*) and
therefore Pj(r, R) = O (r">=*N*4%)  Since 2N > 223 for n # 0(4) we have n/2 —3—2N <

—3/2 and therefore the remaining integral is of order

1 (o)
0 (t‘l / prs ANk gy g t‘l/ T_wdr) =0 (). (2:54)
t 1

—1/4
Hence

Li(z) = O (t"~7) (2.55)
for n # 0(4). This completes the proof of Lemma 2.6. [

Estimates for n < 4.

The second part of Lemma 2.3 is proven in the following Lemma.
Lemma 2.7 For 1l <n <3 we have
K ()| poemny < O for  t>1 (2.56)
K ()| poeeny < CE™2 for  t <1, (2.57)

Proof. We will first consider the case t < 1, and prove (2.57) for dimensions n = 1, 2 and 3
separately. .
For n =1, J_12(s) = cos(s) and therefore

K*(t)(R) =27 /000 sin(try)ry ' cos(Rr)dr. (2.58)
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We need to show ||K*(t)|ze@ny < Ct/2. Over the interval [0,¢7'/%] we use the estimate

sin(s)s™! < C to get

J

On the remaining interval

1—1/2 1—1/2

sin(try)ry ! cos(Rr)dr < C’/ tdr = Ct'/2.

0

/ sin(try)ry ! cos(Rr)dr < C/ r=2dr = Ct'/2,
t t

—1/2 —-1/2

For n = 2,

K*(£)(R) = (27)* /O sin(tra)ry 'rJo(Rr)dr

and we need to show || K*(t)||ze®n) = O(1) in t. On [0,¢7'/%] we have

J

On [t1/2, 0o] we first consider R < t'/2 and integrate by parts to obtain

t—1/2 —1/2

sin(try)ry 'rJo(Rr)dr < C/ trdr = C.
0

[e.9]

o —1
/ sin(try)ry 'rJo(Rr)dr = 5 cos(try)r~2Jo(Rr)
t

—1/2 t—1/2
1 o0
5 cos(try)[2r 2 Jo(Rr) + r 2 RJ, (Rr)]dr
t—1/2
<O0()+ Ct_l/ r2(r~' + R)dr
+—1/2

=0(1)+ O (t7'/?R) = O(1).

Finally if R > ¢*/2 we use the estimate Jo(s) = O (s7/2) for s > 1 to obtain

o0

/ sin(try)ry 'rJo(Rr)dr < CR_l/Q/ r32dr = O (R7Y241%) = O(1).
t

—1/2 +—1/2
Ifn=3 -
K*(t)(R) = (2%)3/ sin(trg)rg_lrzjl/Q(Rr)dr
0

and we need to show ||K*(t)| e ®n) < Ct~Y2 On the interval [0,¢/?] we estimate

1—1/2 +—1/2

sin(tra)ry ' ya(Rrydr <€ [ e =0 (6

0

J

On [t7'/2, 00] we integrate by parts once again to find

o

—1/2

0 B -1 B
/ sin(trg)rz_lrzjl/Q(Rr)dr =5 cos(trg)r_lJl/g(Rr)
t

t—1/2
oo

% t—1/2 Rr

—0(t?) +0 (tl / N M) —0 ().

—1/2

10

cos(trs)r=? (COS(RT) - QM) dr

(2.59)

(2.60)

(2.61)

(2.62)

(2.63)

(2.64)

(2.65)

(2.66)

(2.67)



We remark here that the estimate (2.19) on K¢(t) for t < 1 follows in exactly the same way
as just shown. The only difference is that an estimate on sin(¢ry) was used on the interval
[0,¢71/2]. Using the fact that n — 3 < n/2 — 1 for n < 4 we see that

Ke(t)(R) =0 (/Ot_l 2 Tg_lr"_ldr> =0(1)+0 (/1t_1 2 7“"/2_1> =0 (") (268)

Next, for t > 1 we again use a different argument in each dimension. For n = 1, we need

to show that ||K*(t)||r=m@n) = O (t7*/*). Define H'(r) = sin(trs) cos(Rr) with H(0) = 0.
Then by Corollary 2.9 below,

|H(r)| < Ct™/4 (2.78)

:o+47r/OOOH(7~) (%)Sdr
~0 <t1/4 /OOO <:—2)3dr> —O0(t™Y.

For n = 2 we need to show [|K*(t)||ze®n) < Ct~'/2. On the interval [0,¢7'/4] we write

J

On the remaining interval, we first consider the case R < t'/* to obtain

and (2.65) implies

K5(t)(z) = 2nH (r)ry*

(2.69)

1—1/4 1—1/4

sin(try)ry 'rJo(Rr)dr < C’/ rdr = Ct=/2 (2.70)
0

< _ cos(trs) *
/tl/4 sin(try)ry 'rJo(Rr)dr = — Y Jo(Rr) o
5 cos(try)[r > Jo(Rr) + r 2RJy(Rr)]dr (2.71)
t—1/4
=0t +0 (tl/ r Rerr) =0 (t?).
t—1/4

Next, if + > R > t'/4 we first consider the interval [t~'/* (R/t)!/3] and use the estimate
(2.19) on Jy(s) for large s to get

(R/t)1/3 (R/t)l/3
/ sin(trz)rglrJO(Rr)dr =0 / 7ﬁ;lrl/zRq/zdr
¢ t

—1/4 —1/4

(2.72)
= O (RV2(R/)?) =0 (t7/7).
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On the interval [(R/t)Y/?, c0) we integrate by parts and use the estimate (2.31) once again
to obtain

o0 t [e.9]
/ sin(try)ry 'rJo(Rr)dr = _ cos( Z2> Jo(Rr)
(R/t)1/3 2tr (R/1)1/3
1 oo
+ = cos(try)[r 3 Jo(Rr) + r 2RJy(Rr)]dr
2 J(ryeypse (ra)lr L) 1(Br) (2.73)
1 [e.e]
=0 (t R/ +0 (— / r‘5/2R1/2dr)
Qt (R/t)1/3

=0 (' R/ +0 (T (R/)VPRVA) =0 (t71/?)

for t'/* < R < t. Finally, for R > t we use the asymptotic expansion (2.30) of J, again to
conclude

/ sin(try)ry 'rJo(Rr)dr = O <R1/2/
t t

—1/4 —1/4

[e o]

7’217“1/2617“) =0 (t’l/Z) . (2.74)

For n = 3 we must show || K*(t)||pe@n) < Ct=3%. On the interval [0, /4] we have

J

On the remaining interval we can use (2.34) to compute

1—1/4 t—1/4

sin(try)ry 12y o (Rr)dr < C’/ rldr = Ct=3/*, (2.75)

0

o0

0o B -1 N
/ sin(tro)ry 'r?Jy o (Rr)dr = 5 cos(tra)r~"Jy o (Rr)
¢

—1/4

t—1/4

1 [ in(R
+ ST cos(try)r—2 (cos(Rr) - 2%) dr (2.76)
=0(t?*)+0 (tl / r2> =0 (t731).
t—1/4
This completes the proof of Lemma 2.7. |

Lemma 2.8 Let f € C*(a,b), k > 2, and define
b .
G = / e ar. (2.77)

If |f'(z)] > X and f"(z) # 0 on [a,b] then |G| < CA7L. If |f®)(z)] > X on [a,b] then
|G| < OX"Y* where the constant C depends only on k.

Corollary 2.9 Define H(r) by H'(r) = sin(try) cos(Rr) and H(0) = 0. Then

|H(r)| < Ct~1/4 (2.78)
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Proof. We apply Lemma 2.8 to the function G (r) defined by G, (r) = e!l2£E7) G, (0) = 0.
The derivatives of f(r) = try & Rr up to fourth order are

F(r) = 2tr? LR ) = 2t7“2(33—|— r)
" 17;#(1 — ) 12t(1r2— 141" + 5r°) (2.79)
P = LS ) = PR
Since f"(r) >t for r > 1/2 and f""(r) >t for r < 1/2 we have
IGL(r)| < Cit™2 + Cot i (2.80)

Since sin(try) cos(Rr) is a linear combination of terms of the form e* (2% " this proves

(2.78). n

Proof of Lemma 2.8. The first statement follows by writing G = f; 4[] f,_(f,) dr and
integrating by parts to get

eif(r) b /b A f”(?“)
— + 7 elf("’) d/}" 2.81
el T TP 2

The modulus of the first term is bounded by 2/, while the second term is bounded by
b "
f"(r) ‘ 1 1 2

drl = - |<Z 2.82
[ ot = 7w~ 7@l = 252

since f(x) does not change sign on [a, b]. Proceeding inductively, suppose that f®*+1)(z) >
A > 0 on [a,b]. We may also suppose that f*(x) < 0 on [a,c] and f*)(z) > 0 on [c,b] for
some ¢ € [a,b]. If ¢ < b, then for any v € (c,b) we have f*)(x) > (v — ¢)A on [7,b], so that
the induction hypothesis implies
b
/ e ar
v

b ) 0%
/e’f(r)dr §/ 1dr +

Choosing v — ¢ = C’AY*+1) minimizes the last expression. Hence Gy < C” A=Y *+1)  Simi-

larly Gy = ‘f: e dr| < CA"Y*+1) and the lemma is proved. |

C

G, = (v = ) /ENI/E

<(y—¢o+ (2.83)

Optimality

We next obtain lower bounds for the rate of decay which, along the line of duality, agree
with the decay rates in Theorem 2.1.

Lemma 2.10 There exists a constant C' such that for any 0 <t < 1 we have
IT°(#) g > Ct' 730 (2.84)
and there is a sequence t, — +00 such that

1T ()|l = Cti ™. (2.85)
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We remark that Lemma 2.10 shows that the estimates of Theorem 2.1 are sharp since

n n n o n n n n o n
o - d l——+—=14+—-—— 2.86
4q 4p 2q 4 a 2p+2q +q 2 ( )

on the line of duality.

Proof. We first consider the case t > 1. Let ¢ (z) be a function with Fourier transform
12(5) = ¢(|€]), where ¢(r) is C* with support on [0, 1] and satisfies ¢ > 0 and ¢(r) = 1 for
r < 1/2. Then define ¢y (z) = t Top(x/tV/4). Tt follows that U (€) = t3 (£t and we
have the formula

TS () (R) =t /oo sin(tra)ry ' Jn a1 (Rr) ot r)r™ L dr. (2.87)
0
Since the integral takes place only over the interval [0,¢~/4] we may use the expansion
tro =t(1+r")"? =t + %MA +0 (tr%) (2.88)
to get
sin(try) = sin (t + %tr‘*) + O (tr®). (2.89)

Thus we may break up the integral in (2.87) as T°(¢)Yy(R) = I1(R) + I5(R) where the main
term is

1—1/4
n 1 -
Ii(R) =t / sin <t + 5257“4) ot T a1 (R)S(E )~ dr. (2.90)
0

Making the change of variable s = t'/*r gives

o_n [1osin(t+sY/2) - _ .
I(R) =t /0 WJMHUM Y e(s)s" ds. (2.91)

Since the Bessel function J, /2—1 is positive on some interval [0, a], we can choose constants
c1, ¢ so that if ¢1t'/* < R < ¢pt'/* then jn/g,l(Rst_l/‘l) > 0 for s € (0,1). Also, for any
¢t > 1 we have (1+s*/t)""/? > 1/2. Finally, for t; = (4k + 1)3 we have sin(t), + s*/2) > 1/2
for s € (0,1). So for R and t; chosen in this way we have

n

L(R)>Ct” * = ot (2.92)

Next we must show that the term

L(R)=0 (t%'/
0

is really an error term. Making the same change of variable as above, we get

t—1/4

r;ljn/g_l(Rr)gzﬁ(tl/47’)r”+7dr> (2.93)

1 4N —1/2
L(R) =0 (W‘fl/ (1 + 37) Jn/g_l(Rst1/4)s"+7ds> : (2.94)
0
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Since the integral is bounded independently of ¢ and R we have I1(R) = O (tf;’_%_1> and
therefore

n

T (ty) oy, (R) > Ct,”
/4

t=Ct (2.95)
Since this holds for R in a set of measure t,’~ we have

£_n (4k + 1)m

T (1)1, || Laey > Cty, #tia = Ctl % for te = 5 (2.96)

This proves (2.85) since ||y, ||Lrrn) = [|¥)]| 1@y for all k.
Next, for ¢ < 1 we define 1 () = ¢ 2r¢)(x/t2) where ¢ is defined as above. We then
have &t(f) = tTP’w(f‘t%) and therefore
T () (R) = ¢ / sin(trs)ry ooy (RP)S(t5r)rdr. (2.97)
0

Since ¢ is supported on [0, 1] we can make the change of variable s = t'/%r to get

o _n /1 sin(vt? + s?)
0

T*(t)(R) =t 1+ 51/2)172

Jnja—1(Rst™*)¢p(s)s"ds (2.98)

Now, for s < 1 and ¢ < 1 we have V2 + s < v/2 and therefore
sin(Vi2 + s4) (14 s*/t3) 72 > /2. (2.99)

Also, there is some ¢; such that for R < ¢;t"/? we have J, /5 1(Rst="/?) > 0 for s € (0,1).
Hence

T*(t)y(R) > Ct' 2w 2 = Ct' 7%, (2.100)

Since this holds for R in a set of measure cyt™* we have
T (t)hillg > Ct' 372, (2.101)
This proves (2.84) since ||1)¢||zo@ny = ||1)|| Lrny for all ¢. |

3 Space-Time Integrability

In this section we again consider solutions of the linear equation
Uy + A%u+u=0 (2.1)

with arbitrary initial data in X and show that they are integrable in both space and time.
The main result is the following.

15



Theorem 3.1 For any n let q satisfy

vedsa<a= {50 10200, 6
Then the solution of (2.1) with initial data (ug,vo) € X = H*(R™) & L*(R™) satisfies
[ul| Laqns1y < O (wo, vo) | x (3.2)
and
[[uel[w—2.0@ni1) < Cff (0, v0)|x- (3-3)
Theorem 3.1 is a consequence of the following theorem.
Theorem 3.2 For any n choose q so that
2+ % =< {2({?{;) ;Z:: nnzzfz (34)

Let u(t) be the solution of (2.1) with initial data w(0) = ug and u(0) = vy, where (ug,vy) €
Y = HY(R") ® H Y(R™). Then

HUHL‘Z(R”‘H) S CH(U(),'U(])H)/. (35)

We prove Theorems 3.1 and 3.2 by using the method of Strichartz [20] to reduce the
estimate to an estimate on the Fourier transform of a certain quartic function (3.17). The
theorems then follow from the main estimate in Lemma 3.4. For completeness we first repeat
here the reduction to the integral estimate.

By taking the Fourier transform of (2.1) in the spatial variable, we obtain the solution

‘ . . d.
U(Q?, t) = / e‘”’"g (elTQt(Tgﬁo — Z"[J()) + Q_WQt(T'Q’lALO + Z’[)o)) 2 f

VIHIEE

This formula may then be considered as the Fourier transform of a function on a surface in
R™+1. More precisely, we define

S={&7): g —1=0} (3.7)

and define a measure on S by

(3.6)

2/1+ ¢

where 0y denotes the delta function centered at 0. If we then let

~ J(r2tio(§) —i0(§)) on S_
9(6) = {(Tzﬁo(f) +1i0o(§)) on Sy (3.9)

where S_ = SN {r <0} and Sy = SN {7 > 0}, we have
u(z,t) = 7 (gdp) (3.10)

where F denotes the Fourier transform in R"*! and F ! denotes its inverse. We will prove
the following result regarding the measure du.
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Lemma 3.3 Let q be chosen as is Theorem 3.1 and let 1/p+1/q = 1. If g € LP(R™!), then
]—"g‘s e L*(S,dp) and ||Fg| 2w < Cllgllo@n+ry. Also if g € L*(S,dp), then F(gdp) €
LY(R™1) and || F(gdp) || Lawn+ry < Clgll L2(s,p0)-

Proof of Theorem 3.2 By (3.10) and the second part of Lemma 3.3

[ullZoeny < Cligll (s, —/ raltio(§)* +ry i (€)*dE
Rn (3.11)

= H(UOaUl)H?{l(Rn)@Hﬂ(Rn)
where 75 = (1 + [£]*)1/2 as in Chapter 1. |

Proof of Theorem 3.1 By (3.6) it is easily seen that V,u =#F'(£gdu). We also have

10,20 =71 (ry*gdp). As in the proof of Theorem 3.2, it follows from Lemma 3.3 that

IVaul| Laniry < Cll(uo, vo)llx

(3.12)
18" ul| Lagen+1y < Cll(uo, v0) 1 x
for ¢ chosen as in Theorem 3.2. Hence

we L([0,T], WH(R™)) € LU([0, T], L#-4(R™)) (3.13)

and 2
ue WY2([0,T), LY(R")) € L= ([0, T], L(R")). (3.14)
Interpolating between (3.13) and (3.14), with s = 25 shows that u € LI(R™") where
q= %. This proves the first statement since by the choice of ¢ in Theorem 3.2 we have
qg< %. The second statement follows since (1 + A%)~Y/2y, =F1(jdu), where § = ig on
S_and g = —igon S,. [ |

Proof of Lemma 3.3 We first note that by duality the two statements are identical. Also
the first statement is implied by

| F(dp) * gl Lan+ry < Cllgll Loy (3.15)

where 1/p +1/q = 1. For if we assume (3.15) holds, then
/ |Fgl*du = /?gfgdu = / g7 (Fgdp)
S S n

_ / G(F(dp) * g) < Cllgll o | F(dp) * gl e

< CHQ”%P(R”)'

(3.16)

Hence it suffices to show that the operator T' = F(du)x* is bounded from LP(R™*!) to L¢(R™!)
for p and ¢ as above.
Let
G(z) =T(z+ 17" (1 -7+ [¢[Y)7. (3.17)
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If we define S, = {(&,7) : 72 — [£]* — 0 = 0} with the corresponding measure
djiy = do(7% — [§|* — o)dédr
7 2\/o + ¢t

then for any test function ¢ (&, 7) we may make the change of variable o = 72 +|¢|* to obtain

(3.18)

/ﬂw G2)p (& 7)dgdr =Tz +1)7 /R (/ w%) (1 0):do. (3.19)

Since (- o)
e =%l (320)
(see [3] p57) it follows that
tim [ Gyl dedr =€ [ (e (3.21)
So if we define the family of linear operators
T.(9) =F'G(z)* g (3.22)

then Lemma 3.3 is equivalent to the statement that 7"_; is a bounded operator from LP(R"™!)
to LY(R™*1).

Now, for Re(z) = 0, G(z) is bounded by Celf™) and therefore ||T.|2, < Cell™@I
According to Lemma 3.4 below we also have ||T%|/10, < CeCl™3)| Therefore Lemma 3.3
follows from Theorem 2.2. |

Lemma 3.4 Let G(2) be defined as is (3.17). Then F(G(z)) € L>®(R™) and for |Im(z)|
large we have
1F(G(2)) || L@y < CemmE) (3.23)

where z satisfies

—n/4—1/2 for n>3

-1 for n=1,2. (3.24)

—n/4—1<Re(z) < {

The rest of this section is spent proving Lemma 3.4. We first observe that, for fixed &, the

quantity in (3.17) is quadratic in 7 and therefore its Fourier transform in 7 may be explicitly

computed using Lemma 3.5 below. Since the result is a radial function of £ we may then

use the formula from Section 2 (2.26) for the Fourier transform of a radial function. The

problem is then reduced to bounding an integral (2.23) in the same way as in Section 2. We
let 7, denote the Fourier transform with respect to 7.

Lemma 3.5 Let f(7) = (a*> — 7%)%. Then

at

Fof(t) = Val(z + 1)a* ! (—

—z—1/2
5 ) JZ+1/2(at). (325)
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Proof. This follows by making the dilation 7 — 7/a in the formula

—2z—1/2
=7 = VAT ) (5) Sea(d) (3.26)

which can be found in [3], p185. |
Using Lemma 3.5 with a® = 1 + |z|* gives

t

—z—1/2
RAGE) = VR (1) Snt 0 30

where J, once again denotes the Bessel function of (complex) order v. Since the result is a
radial function of the variable £, we can use (2.26) to obtain

9 z+1/2  pco .
F(G(z)) = CR'™/? (;) / 1y T2 T o (trg) T oy (Rr)r™/ 2 dr, (3.28)
0
With J,(s) = s7J,(s) defined as in Chapter 1 we may write
f(G(Z)) = C2Z+1/2 / T§Z+1jz+1/2(t7’2)jn/2_1(R?”)Tnildr. (329)
0

We next prove the analog of Lemma 2.5.

Lemma 3.6 Suppose —2Re(p) +2Re(t)+ 0 —v —5/2 <0 and o > 3. Then

3 3 1 [ .
ird,(tro)ryr? J,(rR)dr = —5/ Jys1(tr2) Prory(r, R)dr (3.30)
0

where
o d T4+2 0-3 7 . T o7
Poru(r,R) = e G J(Rr) ) —4(p+ V)rir® J,(Rr)

= 7% 24 (0 — 2v — 3)J,(Rr) + J,_1(Rr)] (3.31)
+2(1 — 20— 2)r3r° J,(Rr).

Proof. By Lemma 2.4 (2.32) we have

d% (Jy(trg)) - 277;(Jy_l(tr2) — 2w, (trs)) (3.32)
and consequently
. . 2 d s~
Jtr2) = 20 + 1) Ja(tra) + 35— <Jy+1(tr2)> (3.33)
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Using (3.33) we have

/ Ju(tro)ryre J,(Rr)dr = 2+ 1) Ty (tr9)r5ro J, (Rr)dr
0

(3.34)

% < d T -3 7
/0 Ju+1(t7"2)5 (T2+2T 3JV(R7“)> dr.

By Lemma 2.4 the second term in (3.34) is of order O (r~2Relm+2Re(n)to=v=5/2) for Jarge r
and therefore vanishes as r — co. It vanishes at » = 0 as well since o > 3. The result follows
by expanding the derivative inside the integrand, using (2.32). [

Estimates for n < 2.

Define g, (r, R, t,2) = r5" " J_1/0(tra) oo 1 (Rr)r"~! for n = 1,2. Then (3.29) implies

F(G(2)) = C. /OOO gn(r, R, t, 2)dr. (3.35)

Forn =1
gi(r, R t,z) = T2Z+1JZ+]_/2<{:T2) cos(Rr). (3.36)

If t <1, g1 is bounded by Ce“l™G) for r € [0, 1] independently of R and ¢ and thus

1
/ g1(r, R, t, 2)dr = O (el (3.37)
0

On the interval [1,¢71/2] we have try < 2, and for such arguments the Bessel function bounded
by CeCH™Al Thus

—1/2 —1/2
/ gi(r, R,t,2)dr = O ecum(z)/ pAfe)+2 g
; ! (3.38)
-0 ( C|Im( z)|)
since Re(z) < —1. Finally, on [t~'/2, 0o] the estimate (3.33) implies that
/ g1(r, R, t, z)dr = O (ecm(zn / tRe(Z)lrme(z)dr)
—1/2 1/2 (3.39)
-0 ( C|Im( z)|t—2Re(z) 3/2) -0 (BC\Im(zﬂ)
since Re(z) < —1.
If t > 1 we use (2.30) to obtain
FG(2)) = C’Z/ rit* "t cos(try + C.) cos(Rr)dr
0 (3.40)

+0 (ecllm(Z)l /Oo Tfe(z)—ltRe(z)er) .
0
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Since —5/4 < Re(z) < —1 the last integral is bounded. To estimate the first integral we
define H(r) by H'(r) = cos(tre + C.) cos(Rr) with H(0) = 0. Lemma 2.8 then implies that

|H(r)| < Ot~ Y/4eCHmE)] (3.41)

and therefore integration by parts yields

F(G(2)) = C.H(r)rit—* 1 +o( cirm())

N (3.42)
— 2zt / H(r)r§_2r3dr
0

The first term vanishes since Re(z) < 0 and H(0) = 0. Finally, the estimate (3.24) shows
that the integral is of order

O (eC[m(z)tRe(z)5/4 /OO rgRe(z)—Qr?)dr) ) (343)

0

Since Re(z) < 0 the integral is bounded, and since Re(z) > —5/4 this term is of order
O (ec‘lm(z”). This proves the estimate in dimension one.

For n =2, go(r, R, t,2) = T§Z+1jz+1/2(tT2)TJ0(RT). When ¢ < 1 (2.29) implies

1
/ ga(r, R, t, z)dr = O (eC1mG)) (3.44)
0

and

1/2

I
1
if Re(z) < —1. Over [t™/2 o0] it follows from (2.31) that

/ g Rt 2)dr =0 (eo“m(zﬂ / N t‘Re(z)—lrQRe(ZWdr)
t—1/2 t—1/2 (3.46)
-0 (€C|Im(z)|t72Re(z)72) -0 (6C|Im(z)|)

t71/2
G2, R, t,2)dr = O eC”m(Z)l/ JARe(2)+3 .
1 (3.45)
=0 (ec\fm(Z)\t%Re(Z)%) -0 (€C|Im(z)|)

since Re(z) < —1. Next, if £ > 1 we can use (2.30) to obtain
G(z) = C/ t7* 1% cos(try + C.)rJo(Rr)dr
0

+0 < C|Im( z)\t—Re(z)—Z /OO T§6(Z)_1Tdr> ‘
0

For Re(z) < —1/2 the second integral is bounded. Therefore, since Re(z) > —3/2 this
term is of order O( C“m(z)'). We bound the remaining integral first on [0,°] where 3 =

(3.47)
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Re(z)/2 +1/2. Using (2.31) we obtain

/
= O (CHm

On [t?, oo] first consider R < #3+1. Integration by parts yields

8

B
t—* 12 cos(try + C.)rJo(Rr)dr = O @C|1m(2)|t—2ﬂ/ rdr
ot i) ( 0 (3.48)

o0

o sin(tr
/tﬁ t7*7 1% cos(tro+C,)rJo(Rr)dr = t_z_z%r?l(]o(}%r)

tB

—t_Z_Q/ sin(try) Jo(Rr)[Crs ™t + Ory ™3 dr (3.49)
t

B

—t_Z_Q/ sin(try) Jo(Rr)ri ™ r 2 RJ, (Rr)dr.
8

The first term vanishes at infinity, while at r = ¢° it is of order O (eC\Im(z)\thRe(z)fS) =
O (e“"m@1) since Re(z) > —3/2. The second term is also of order O (eCHm()lg=2Re(z)=3)
while the last term is order

O (CImGNE31R) — O (LM (3.50)

for R < 38+,

For #3%+1 < R < t we first consider the interval [t%, (R/t)'/?]. Since rR > 1 on this
interval,we may use (2.31) to see that

(R/t)1/°
/ t7*7 12 cos(try)rJo(Rr)dr = O ecum(z)'t_w/
t t

B B

(R t 1/3

rl/zR_l/zdr>

(cCHmEN=23(R /)12 12 (3.51)

(eC|Im(z)|t—Re(z)—3/2) =0 (€C|]m(z)|)

for Re(z) > —3/2. On [(R/t)'/3, 0o] integration by parts gives

o0

(e} : t
/(R/ s t=*7 15 cos(tra)rJo(Rr)dr = 772 51112(7“;'2)715“(]0(}%7“)
t

(R/t)!/3

— 2 /(R/t)1/3 sin(try) Jo(Rr)[Cri~tr + Ori™r—3dr (3.52)

oo
- t_z_2/ sin(try) Jo(Rr)ri ™ r > RJy(Rr)dr.
(B3
Using the estimate (2.31) again, this reduces to

/ t7*7 1% cos(try)rJo(Rr)dr = O (ecum(z)'t_Re(z)_z(R/t)_2/3)
(

R/t)1/3
+0 ( C|Im( Z)|t Re(z)— / 7,5/2R1/2d7,,> (353)
(B3
-0 ( C|Im( z)\t—Re z)— 4/3R 2/3) +0 ( C|Im( z)|t—Re(z)—3/2)
-0 ( ClIm( Z)\) )
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Finally, for R > t we use (2.31) again to obtain

> —z=1,.2 eC\Im(Z)\ - 1/2, Re(z)
/tl/4 cos(tra)t™* rirJo(Rr)dr = O (W /tl/4 Ty dr)

-0 (€C|Im(z)|t7Re(z)flRfl/Z)
-0 (eC|1m(z)|t7Re(z)f3/2) -0 (6C|Im(z)|)

(3.54)

for Re(z) > —3/2. This proves Lemma 3.4 in dimensions n < 2.
Estimates for n > 3.

In dimension n > 3 we apply Lemma 3.6 multiple times. After N iterations we arrive at

FG(z)) = C/ Jes1/aen(tr2) Z hjr(r, R)d (3.55)
0 j+k+H=N
where
g (r, R) = Cypry T2 pn=1=4i=dl j o (Rr) (3.56)
Once again, since 7 + k + [ = N we must consider terms of the form
L(R.t) = / ho(r Rot)dr — 0<j+k<N (3.57)
0
where
hje(r, B, t) = Joyr o (tro)r3 N2k n ok gy o (R, (3.58)

In order for Lemma 3.6 to apply in the Nth stage of iteration it is necessary that o =
n+3—4N >3, or N < n/4. We define N = [21] as in Section 2 and let k = n/2 —1 — j.
For N chosen in this way it is shown below in Lemma 3.7 that ||I;||fe@n) < Ce“lmGl,
Since N < n/4 this proves Lemma 3.4.

Lemma 3.7 Suppose n >3 and —n/4 —1 < Re(z) < —n/4 —1/2. Then
Vel ey < C2mEN (3.59)
Proof. We first prove the estimate for n = 0(4). In this case
hin(r, Ryt) = Jonacyja(trg)ry” 727 2344 T (R (3.60)

When k& = 0 we may integrate by parts once again and use (2.29) to get

l- z+n >

Li(B ) = 5 Jopnis po(tra)ry™ T T (Rr)
1 0 (3.61)
5/ z+n/4+1/2 (tro)r 22+n/2+1R27“J,€+1(Rr)d7“.

23



Since k > 1 and Re(z) + n/4 +1/2 > —1/2, Lemma 2.4 shows that the first term on the
right is bounded at r = 0 by Ce™!™). Since 2Re(z) + n/2 + 1 < 0 this term vanishes at
r = 00. In the remaining integral we make the change of variable u = Rr to obtain

/ Tompagra(tuz)us™ "2, (u)du (3.62)
0

where u2 = 14+ u*R~*. Since Lemma 2.4 implies that J,,, /a+1/2(tug) is bounded, and since
k> 1 and 2Re(z) +n/2 + 1 < 0, this integral is bounded independently of both R and ¢ by
ClemIm(z)]

For k£ > 1 we have kK > 2 and we may apply Lemma 3.6 with v = Kk, 0 = 3 + 4k and
T=224n/2—1—2kand u=2z+n/4—1/2 to obtain

Lin(R,t) = / Tevnparrja(tra) Hyg(r, R)dr (3.63)
0
where )
E[jk(r7 R) = _§PVO'TM(Ta R) (364)

Since Re(z) +n/4+1/2 > —1/2 it follows from Lemma 2.4 that
| Jotnasyaltre)| < Celm@) (3.65)
for all ¢ and r. Also, since 0 —4 =4k —1 > 3, 2Re(7) + 0 = 4Re(z) + n+ 1 < —1 and
|Hji(r, R)| < C(r°* +177]) (3.66)
it follows that Hj is integrable. Hence Lemma 3.7 holds for n = 0(4).

For n # 0(4) we first consider the interval [1, 00]. Using (2.33) we obtain
/ hjk(r,R, t)dr :/ Joi1 /o (trg)raz tIF2N =2k n=1=ANTk T (B dy
1 1
= (22 + 3 +2N) / Joya/a g (trg)raz T ITEN =2k n=1mANTE T (Rrydr - (3.67)
1

1 /> d /- -
X 5/ — <Jz+3/2+N(t7”2)) T§z+3+2N—2krn—4—4N+4kJR(RT)dT.
1

Integrating by parts gives

/ hjk (7”, R, t)dT‘ _ jz+3/2+N (tr2)r§z+3+2N72krnf4f4N+4k jﬁ(Rr)
1 . 1 (3.68)
—3 /1 Jot3sa4n(tra)hjp(r, R)dr
where . 3 .
hj(r, R) = r3=3T2N=2kyn=5=aNHk (O T (Rr) + J._1(Rr)]. (3.69)
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By Lemma 2.4 the first term is of order O (r?Re(x)¥n/2=3/2=2N+J) for large r. Since 2Re(z) +
n/2—3/2—2N +j < —5/2 — N it follows that this term vanishes at r = co. At r = 1,
Lemma 2.4 implies that its norm in L*°(R") is bounded exponentially in /m(z). Next we
observe that since & > 1/2 each term in hj;(r, R) is of order O (rifeHnt1) on 1, 00] for
every R. Since Re(z) +3/2+ N > —1/2 Lemma 2.4 implies that the remaining integral is
bounded by

Ce2w|1m(z)| /'oo T4Re(z)+n+1dr — Ce27r|lm(z)| (370)
1
for 4Re(z) + n+1 < —1.

On [0, 1] we consider the cases ¢t < 1 and ¢ > 1 separately. When ¢t < 1, Lemma 2.4
implies that hji(r, R,t) < Ce™™ @) for all R and for all r € [0,1]. Hence

1
/ hji(r, R, t)dr < Ce™mG)l, (3.71)
0

When ¢ > 1 we divide the interval [0, 1] into [0,¢#7%/4] and [t~'/4,1] and estimate, using
Lemma 2.4, as follows:

J

1—1/4 1—1/4

hjk(ry R7 t)d?“ < Cew[m(z)t—Re(z)—l—N/ Tn—1—4N+4de

0

(—1/4
_ Oeﬂ'\lm(z)|t—Re(z)—1—NT,n—4N+4lc (372)

0
S Cefr\[m(z)\

as long as Re(z) > —n/4 — 1. On the remaining interval we integrate by parts once again
to obtain
1

1
/ hjk(r R t)d?” — JZ+3/Q+N(tT2)T‘2Z+3+2N rin 4— 4N+4kJ (R?“)
+—1/4

L=t/ 3.73
. ~ (3.73)

1
~3 / Jorgsan (tra)hjg(r, R)dr.
t71/4

As above, the first term has norm in L>®(R™) bounded exponentially in [Im(z)| at r = 1,
while at » = t~'/* we have tr, = O(t) and Lemma 2.4 shows that this term is of order
O (t~Re@=1=n/izkerlim)l) = O (emI™G)) if Re(z) > —n/4 — 1. Finally, for r € [t71/4,1],
hj(r, R) is of order O (r"~>~*N*+4) and therefore of order O (r"~5~*N). Since n —5— 4N #
—1 for n # 0(4), we have

1 1
/ hik(r, R, t)dr = O (e""™@) + O < mHm(z)] /
t—1/4 t

—1/4

t_Re(z)_Q_NTn_5_4NdT)
-0 ( w|Im(z)| (1 + t—Re(z)—2—Nrn—4—4N

! (3.74)
$—1/4
— O (FmeN)

since Re(z) > —"+4. This completes the proof of Lemma 3.7. [
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4 Local Existence

In this section we find precise conditions on f so that for arbitrary initial data in the energy
space X = H%(R™) @ L?(R") solutions of the nonlinear equation

Uy + A%u+u = f(u) (1.1)

exist locally in time and are strongly continuous with values in X. We assume the nonlin-
earity satisfies the following hypotheses.

(@) f(0)=0

4.1
(1) f e CY(R) and If'(s)| < C|s|P~. (4.1)
We first write (1.1) in the form of a system as
Uy =0V
4.2
v = —A%u—u+ f(u) (4.2)
If we denote w = (u,v) then the functionals
1 g, Lo 1
E(w) = §]Au| —|—§|v\ —|—§\u] — F(u)dx
" (4.3)

Qw) = / oVuda

where F'(s) = f(s) and F(0) = 0, are formally invariants of (4.2). We now state the main
result of this chapter.

Theorem 4.1 For anyn let p satisfy 1 < p < 2**—1. Given initial data g € X, there exists
T > 0 which depends only on ||g||x and a unique solution w = (u,v) of (4.2) in C([0,T), X)
such that w(0) = g and E(w(t)) = E(g) for all t € [0,T].

We prove the theorem directly in dimension n < 4 using standard semigroup techniques,
while for higher dimensions we proceed by first establishing existence in a weaker space
using the decay estimates from Chapter 1 and then approximating the nonlinear term with
Lipschitz functions. The system (4.2) may be rewritten as

dw

i Bw + P(w) (4.4)

where
B=(_ad_yq) P@=05w) (45

The theorem then follows using standard semi-group results (see [13],[11]) once we show that
B is the infinitesimal generator of a Cy-semigroup of bounded linear operators on X and
that P is locally Lipschitz on X. This is the content of the following two Lemmas.
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Lemma 4.2 The operator B is the infinitesimal generator of a Cy-semigroup of unitary
operators on X.

Proof. Define an inner product on X by

(uhvﬂxu%vﬁ)—:/‘UMMAUQ+UﬂQ—FmUﬂdw (4.6)

Then for w € D(B) = H*(R") & H?*(R"),
(Bw,w) = ((v, —A%u — u), (u,v))
= / (AvAu + vu — vA*u — vu)dz = 0

and therefore B is skew adjoint. The lemma follows from Stone’s theorem. [ |

Lemma 4.3 Let 1 <n <4 and let f satisfy the hypotheses in (4.1) with 1 < p < co. Then
the map P : X — X given by P(w) = (0, f(u)) is locally Lipschitz.

Proof. For 1 < n < 4 the Sobolev inequality implies that H?(R") C LP(R") for 2 < p < oo.
So let wy,wy € X and compute

|mmg—mwm§:AJﬂmy¢@wa

= . |/ OM@)ug + (1 — X)) ug)(ug — ug)|Pdx

2(p1 (4.8)
gc/“mumm@>m—mmx
Rn
2(p—1
< Ollfua] + fuz| 7% gl — ][ 20y
< C(lwillx + Jwa]|x)*®~Vwy — wo%-
and therefore P is locally Lipschitz. [ |

For n > 4 we proceed as follows. Let Uy(t) denote the solution operator for the linear
equation (2.1) at time ¢. Then clearly the map Uy(t) : X — X is unitary for all t. If we
denote by w = (u, u;) then (1.1) may be written as an integral equation

w(t) = Uo(t)g + / Uo(t — 7)P(w(r))dr (4.9)

where w(0) = g € X is the initial data. We define the following spaces in which to solve
(4.9). Let

X, = {0} @ L''/P(R™)
X3 = LPPYR™) @ W2PHHR™) (4.10)
Z = L"([0,T], X3)
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where
p—1 . _nlp-1

= — . 4.11
"T1-4d Ap+1) (4.11)
Lemma 4.4 For any p > 1
[1P(w)]lx, < Cllwll, (4.12)
and
-1
1P (wr) = P(wa)llx, < Cllwnlli,” + [[wallX,)llwr — walxs. (4.13)
Proof. This follows immediately from (4.1) and the definitions of X; and Xj. |
Lemma 4.5 Let n > 5 and suppose 1 < p < 2** — 1. Then
106 1x,.x, < Ot (4.14)

Proof. Let wy = (0,v9) € X;. Then
Uo(t)wo = (u(t), v(t)) (4.15)

where u(t) is the solution of (2.1) with initial data u(0) = 0, u:(0) = vy and v(t) is the
solution of (2.1) with initial data v(0) = vy, v;(0) = 0. Since (1 + A2?)~Y/2y(t) is the solution
of (2.1) with initial data ((1 4 A2)~2y,,0) it follows from Theorem 2.1 with ¢ = p+ 1 that

Hu(t) HLP-&-l(Rn) S CtidHFUOHLlJrl/p(Rn) (416)

and
(1 4+ A%) 7 20()] o ey < CElvol| prv1/n gy (4.17)
This proves the Lemma. n

We now define the space 3
Z(6) ={v: [lvllz < 0} (4.18)

and prove that for small enough ¢ solutions to (4.9) exist in Z(4).

Lemma 4.6 Forn > 5 suppose that 1 <p < 2" —1. Then for any g € X there exists some
T > 0 depending only on ||g||x, some § > 0 and a unique solution w € Z(8) of (4.9).

Proof. First define ,
N(w)(t) = / Up(t — 7)P(w(r))dr (4.19)
0
Lemma 4.4 and Lemma 4.5 imply that
t
IV (w) (#)]|x; < C/O [t = 71w (7) %, dr. (4.20)
Using the singular integral inequality this implies

IN(w)llz < CllwllZ (4.21)
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since 1+ 1/r = p/r + d. Next we choose § so that Co?~* < 1/2. It follows that N maps
Z(0) to itself. Also since

1N (w1) = N(wa)llz < Cllwnlly " + llwa |l Dllwr = ws z (4.22)

this implies that N is a contraction mapping on Z(8). Since Uy(+) is unitary on X, we have
Up(1)g € L*¥(R, X) C L>®(R, X3) C Z and therefore

T
1Us()gll < C / 1Un(r)glli, dr

(4.23)
< CT”U()(').QHEOO(R,X;;)‘
Hence R
Uo(+)g € Z(6/2) (4.24)
if T is chosen small enough. So N(w) = Up(-)g + N(w) is also a contraction on Z(§) and
there exists a unique fixed point w which solves (4.9). |

We now show that the solution obtained above is continuous with values in X and satisfies
the energy equality. We first prove a Lemma which will be needed later.

Lemma 4.7 Given an interval I denote Y = L"(I,X3) N L*(I, X3). Suppose w € Y N
B(I, X3) is a solution of

w(t) = Up(t)g +/ Uop(t — 7)P(w(T))dT (4.25)

where s € I and g € X. Then w € C™'4(I, X3) and ||w||cor-a(1 x,) < Cllwl]y-.

Proof. For t; < t, we subtract to obtain

w(tz) —w(t1) = (Uo(tz) — Un(tr))g + / 2 Uo(ts — 7)P(w(7))dr

t1

+ / 1(U0<t2 — 7') — U(](tl — T))P(’LU(T))CZT <426>

= A+ Ay + As.
We then notice that
(Uo(t2) = Us(tr))g = (K°(t2) = K°(t2)) * (1 + A) g1 + (K*(82) = K*(t)) + g2 (4.27)
where K°(t) and K*(t) are defined in (2.7). By (2.7) it follows that
[(Uo(t2) — Uo(t)gllx < [t — tallgllx (4.28)

so that
[A1llx, < Clta —t]. (4.29)
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To estimate the second term we use Lemma 4.4 and Lemma 4.5 and the fact that w €
L>(I, X3) to obtain

to

[Asllxs <C [ [ta = 7|~ fJw() %, dr < Cllw|§ [t — '~ (4.30)

3
t1

Finally, we notice that
(Uo(ta — 7) = Up(t1 — 7))(0, g2) = (K47 — K, 1) * G- (4.31)

So if we define
Lv=(K°(ty—7)— K*(t; — 7)) *v (4.32)

then L maps L*(R") to itself with norm

[Lll22 < [t2 — ta]. (4.33)
Also, since
L= Ts(tg — T) - Ts(tl - 7') (434)
it follows from (2.9) that
ILllyq < C(ltz = 77" + [t = 77 (4.35)

where ¢ = 2** > p 4 1. Interpolating between (4.33) and (4.35) yields
1Ll 11 /ppr < Clto = ] (te = 77" + [t — 7| 71)° (4.36)

Hence

|Asllx, < C / NLP @) sy dr
s (4.37)

t1 .
< Clty — 1]t / (lts — 714+ |t — 7|~ dr
S

Since 0 < d < 1, the last integral is bounded independently of s, t; and ¢, and the lemma is
proved. [

Lemma 4.8 Forn > 5 and 1 < p < 2 — 1 the solution w(t) of (4.9) satisfies w €
C([0,T],X) and E(w(t)) = E(g) for allt € [0,T].

Proof. We use arguments similar to those in [16] and [17] together with Lemma 4.7. We
first approximate the nonlinearity f by a sequence of Lipschitz functions fj, chosen so
that fr(s) — f(s) uniformly on compact subsets of R and |fx(s)| < |f(s)|. Since the
operators Pg(u,v) = (0, fr(u)) are Lipschitz on X, it follows from the same argument given
in dimension n < 4 that there exist solutions wy, € C([0,T], X) of

wn(t) = Uity + | Uo(t — 1) Pulun(r)dr (4.38)
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with constant energies

1
B = 5lun(®lfs - [ Fulw(0)do. (4.39)
Since w(0) = ¢ for all k we have
1 2
By = Slgllx = | Filgr)dw

: (4.40)
< Slgllx + Cllgrllr@n) < C.

Hence Ej is a bounded sequence. To show that the nonlinear part of the energies is also
bounded, we define the space Y; = L*([0,t], X3) and set My (t) = ||w|ly,. Taking the X3
norm of both sides of equation (4.38) we obtain

M (t) < ||gllx + CT* (M (t))? (4.41)

for all t € [0, T], where the constant C'is independent of ¢, T"and k. Now, for T' chosen small
enough, the function h(M) = M —||g||x — CT*~¢MP? is positive on some interval (a, b), where
llgllx < a < b < oco. Since My(0) = ||g|lx, and M(t) is continuous in ¢ (wy € C([0,T], X))
it follows that My (t) < a for all t € [0, 7] independently of k. Thus

< Cllwglly, (4.42)

is bounded, and therefore (4.39) implies that ||wy(¢)||x is bounded independently of ¢ and
k. Hence there is some subsequence which converges weak-* in L>°([0,7], X') to some @ =
(a,0) € L>=([0,T], X). Also, since ux(t) € H*(R™) and u},(t) = vi(t) € L*(R") it follows that
up, € HY(R™ x [0,T]) and therefore for any compact subset K of R", u; converges strongly
in L?(K x [0,7T]) and thereby almost everywhere in R™ x [0,7] to @. Thus fi(uz) — f(u)
a.e. in R™ x [0,7] and since fi(uz) is bounded in L'*¥/P(R") it follows that f(uz) — f ()
in L} (R™ x [0,T]) and therefore  is a solution of (4.9). As in the proof of Lemma 4.6 the

condition (4.1) along with Lemmas 4.4 and 4.5 imply that @ € Z(8). By uniqueness, @ = w.
We next show that w(t) is weakly continuous on [0, 7] with values in X. First write

(g, @) + (ur, &) = (ur(to), ¢(to)) — (91, ¢(0)) (4.43)

where (-,-) and (-,-) denote the inner products on L?(R" x [0,#]) and L*(R") respectively,
and ¢ is any test function. Since wy(ty) is bounded in X it has a subsequence which converges
weakly to some (@,0) € X. Taking the limit as k — oo in (4.43) gives

(W', @) + (u, ¢') = (@, (to)) — (g1, 6(0)). (4.44)

If we choose ¢(x,t) = ¢(t)Y(z) in such a way that ¢ is zero for t < ty — €, one at t =ty and
linear between, we obtain
1 [P
lim — (u(t),)dt = (a,). (4.45)

=0 € to—e
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But since

we L([0,T], HX(R™)) c L2([0,T], L2(R™))

u' € L=([0,T], L*(R™)) c L*([0,T], L*(R™)) (4.46)

and

' = —A’u—u+ f(u) € L®([0,T], H(R"))

c L*([0,T), H*(R™)) (4.47)

it follows that w € H'([0, T], L*(R")®&H 2(R")) C C([0, T], L*(R™")®H %(R"™)) and therefore
the limit in (4.45) is (u(to),®). Since this holds for all test functions ¢ it follows that
@ = u(ty) € H*(R™). Thus, letting t, vary proves that u(t) is bounded in H?(R™) for all
t €0, T]. Tt follows similarly from the equation

(uy(to), ¢(to)) — (91, #(0)) — (u, &) + (Awg, Ag) = (fi(ur), ¢) (4.48)

that © = u/(ty), and therefore u/(¢) is bounded in L?(R") for all ¢ € [0, T]. We next consider
a sequence t; — t. Since w(t;) is bounded, some subsequence converges weakly in X. By
the continuity of w in L*(R") & H~%(R") it follows that the limit is in fact w(¢) and hence
w(t) is weakly continuous in X.

Now fix t € [0, 7. Since wy(t) — w(t) weakly in X we have

lw(®)l[x < liminf [Jwg]|x. (4.49)
Also, since ug(t) is bounded in H?(R") it follows that uy(t) — wu(t) strongly in L?(K) for

any compact subset K C R". Thus ug(z,t) — u(z,t) for a.e. x € R". If we subtract (4.9)
from (4.38) and define ||w||p = sup{||w(t)||x, : t € [0,T]} we find that

[k (t) = w(t)]|x; < C/O [t = 717 Pe(wi (7)) = Pow(7))|lx,dr
+C/O [t = 77 Pe(w(r)) = P(w(7))|x,d7

S CTl_dek — wHB

+CA|%wTWﬁW@M—f@UMMMMWMT

(4.50)

since wy, is a bounded sequence in L>([0,T], X). For T chosen so small that CT'~¢ < 1/2
and for € > 0 chosen so that d(1 +€) < 1 we have

e/(1+e¢)
+ €
e = wllp < OTE </|m«<» Fm) 5 g ) (4.51)
We now show that the last term vanishes as k& — oco. Define
9x(7) = || fr(u(T)) — f(ulr ))Hlﬁffp(w (4.52)
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Since fr — f we have fy(u(x,7)) — f(u(x,7)) — 0 for a.e. x € R", for any fixed 7 € [0, T].
Since |fr(s)| < |f(s)| for all s it follows that

[fi(u(e, 7)) = fule, 1) FVP < |2 (u(z, 7)[FP € LNR™). (4.53)
Thus the dominated convergence theorem implies that

lim gx(7) =0 for all T €[0,7]. (4.54)

k—oo

Next, if we choose € so that p(1+ 1/¢) > r it follows that
u € L([0, 7], LPH(R™) 0 L7([0, T], L (R™))

4.55
c LMHY9((0, T), LPHR™)). 4
Thus since
1+1/e (1+1/e
L D) gy < Cllum) 555 (4.56)
we have
1+1/€
gk(7) < |12f ()i, € LM([0,T)). (4.57)
Thus we may conclude using the dominated convergence theorem again that
T
/ ge(T)HVedr — 0 as k — oo (4.58)
0
By (4.51) this shows that
klim |lwg —wl||p =0 (4.59)
In particular wy(t) — w(t) in X3, so that ug(t) — u(t) in LPTH(R™), and therefore
lim [ Fyfu(t)de = / F(u(t))dz. (4.60)
—0 JRrn n
Hence 1 ]
sl ~ [ P < 3lolk - [ Flads (4.61)
for all t € [0, T]. To obtain the opposite inequality we consider the solution y(s) of
() = Us)(w(t) + [ V(s =) Ply(r)ir (1.62)
0

The solution exists on an interval [—T', 0] (since the existence time depends only on ||w(t)||x <
llgllx) and satisfies y(0) = w(t). By uniqueness, y(—s) = w(t — s) and therefore y(—t) = g.
The same arguments as above therefore imply that

lol = [ Floyds = 3lu(-0% — [ Fln(-t)ds
< 51Ol = [ Pln)ds (4.63)



This proves the equality

Sl = [ Fa®ds =Sl - [ Flad. (4.64)

To show that w(t) is in fact strongly continuous, we apply Lemma 4.7 with I = [0, 7]
and s = 0 to conclude that w is strongly continuous with values in X3. Hence

/n F(u(t))dx (4.65)

is a continuous function of ¢t. Together with (4.64) this shows that the norm |w(t)|x is
continuous on [0, 7. Since w(t) is weakly continuous from [0, 7’| to X, this proves the strong
continuity. (]

5 Low Energy Scattering

In this section we consider the asymptotic behavior of solutions of

uy + A%u+u = f(u) (1.1)
with small initial data. As in Section 4 we write this as
d
= = Bu+ P(w) (4.4)
where
0 1
B = (_ AT 0) Plu,v) = (0, f(u)). (4.5)

This may be written as the integral equation

w(t) = Uo(t)g + / Uo(t — 7)P(w(r))dr (5.1)

where the initial data is w(s) = Uy(s)g. The main result of this section is the following
theorem. It can be interpreted as saying that the scattering operator maps a neighborhood
of the energy space X into X.

Theorem 5.1 For any n choose p so that 1+ 8/n < p < 2™ — 1. Then there ezists a § > 0
such that for g € X with ||g_||x < 0 there exists a unique solution w of (5.1) which is
continuous in t with values in X and satisfies

lw(t) = Up(t)g-llx =0 as t— —o0 (5.2)
Also there exists a unique g, € X so that
llw(t) — Up(t)g+|lx — 0 as t — +o0 (5.3)
and
Ew(t)) = llg-llx = llg+llx- (5.4)
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The space in which we shall solve (5.1) is
Z = L'(R, X3) N L®(R, X;) (5.5)

where r and X3 are defined as in Section 4:

X3 = LPTH(R") @ W2PHH(R") (5.6)
p—1 n(p—1)
_ d= -2~/ 5.7
"T14d Ap+1) (5:7)
In addition we define
X, = {0} @ L'V/P(R") (5.8)
X4 — W—k,p—i—l(Rn) D W—k—Q,p+1(Rn) (59)

Theorem 5.1 is a consequence of the results in [17] and [18] once we verify the following
hypotheses.

(I) The space X is a Hilbert space and the solution operator Uy(t) of the linear equation
is untary on X.
(IT) The operator P (see (4.5)) maps X3 into X; with P(0) = 0 and

1P (wn) = P(ws)llx, < Cllwn |, + llwel|R,)lJwr — wallx, (5.10)

(ITI) The spaces X, X; and X3 are continuously embedded in Xj. Furthermore X is
continuously and densely embedded into X3.
(IV) For each g € X the function Uy(-)g is contained in L"(R, X3).
(V) The restriction of Uy(t) to X N X, can be extended to all of X; in such a way that
it maps X; to X3 with norm
1Uo(t) ]| x,x5 < Ct4. (5.11)

and 0 < 1/p < d < 1. Furthermore, the restriction of Uy(t) to X NX3 extends to a continuous
linear map from X3 to Xjy.
(VI) The functional

G(u) = /n F(u)dz (5.12)

is continuous on Xsj.
(VII) Whenever [ is a time interval, s € I, g € X, w € Z with ||w||z sufficiently small,
and w satisfies

w(t) = Up(t)g +/ Uo(t — 7)P(w(T))dr (5.13)

for t in the interval I, then u € C(I, X).

Hypothesis (I) is trivial and hypothesis (IT) was proven in Lemma 4.4. The embeddings
in hypothesis (III) are obvious. Hypothesis (IV) is proved using the following Lemma.
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Lemma 5.2 For any n choose p such that 1+8/n <p <2* —1. Ifge€ X then Uy(-)g € Z

with |Us(1)gllz < Cllgl x-

Proof. Since ||Uy(t)9)|lxs < C||Uo(t)g]lx = C|lgllx we have Uy(-)g € L*(R, X3). If we now
define Z,, ,, = L (R, L2 (R") & W~2%%) then L"(R, X3) = Z,,41 and Theorem 2.1 implies

that
1Uo(")gllz,, < Cligllx
where
2+ 8 <gqg< M for n>>5
n n—4

8
24 —<g< @ for 1<n<4.
n
Along with energy conservation, this shows that

1U0(-)gll 2y, 0, < Cllgllx

for ¢; and g, with (1/g2,1/q1) lying inside the quadrilateral shown below.

1

q1

1

12 | I @
2 n 2
Region on which Uj is bounded (shown for n = 5).

The points (1/(p + 1), 1/r) which satisfy r = =% lie on the curve

1_1—%%—%

73 G2 — 2

(5.14)

(5.15)

(5.16)

(5.17)

(5.18)

which is contained inside this region. Hence Uy(-)g € L"(R, X3) and therefore Uy(-)g € Z

with norm bounded by ||g|x-

The first part of hypothesis (V) follows from Lemma 4.5 and the definition of d. For the

second part we need the following Lemma, whose proof is left for the reader.
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Lemma 5.3 Let o = (1 + [£|Y)'/2. Then for k large enough, the kernels ry"*sin(try) and
15 ¥ cos(try) are in WHHL(R™).

Hence (14 A2)7*/2K¢(t) and (1 + A%)"*/2K3(t) (see (2.7)) are in L'(R"™) for large enough
k. Consequently (2.6) implies that Uy(t)(ug,vo) € Xy if (ug, vo) € X3. Next, since F' = f is
C' and satisfies | f'(s)| < C|s[P™!, hypothesis (VI) follows. Finally we prove that hypothesis
(VII) holds.

Lemma 5.4 For any n choose p so that 1 +8/n < p < 2" —1 and let Y = L"(I,X3) N
L*>(1,X3) for some interval I. Then there is some 6 > 0 such that if g € X, s € I and
w €Y is the solution of (5.1) with ||w|ly < 0, then w € C(I,X) and E(w(t)) is constant.

Proof. We proceed as in the proof of Lemma 4.8.

1. First let fi be a sequence of Lipschitz functions such that fi.(s) — f(s) uniformly on
compact subsets of R and | fx(s)| < |f(s)|. Then, since the functions Py(u,v) = (0, fr(u)) are
Lipschitz from X to itself, it follows using standard semigroup arguments that there exist
solutions wy, € C(I, X) of the equations

¢
wk(t) = Uo(t>g+/ U(](t—T)Pk(wk(T))dT (519)
with constant energies
1
B = 3luon®lk ~ [ )iz (5.20)

Since at t = s each of these solutions has the initial data Uy(s)g we have

E), = %HUo(s)glli - / Fe((Uo(s)gh)dx (5.21)

1
< 5 IU()glx + ClUs(s)g)1llor @y < C

Hence E}, is a bounded sequence.

2. We need to show that the nonlinear part of the energies is also a bounded sequence.
First define

N(w)(t) = / Up(t — 7)P(w(r))dr (5.22)

By (5.1) we have
Up(1)g = w — N(w). (5.23)

Using Lemma 4.4 and Lemma 4.5 it follows that

[N (w) (@) xs < C/ [t = 77w (7|, dr- (5.24)

Since 1+ 1/r = p/r + d the Hardy-Littlewood-Sobolev inequality implies
[N (W) Lr1,x5) < Cllwl]y- (5.25)
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Next we let I = IN[t —1,t + 1] and Iy = I N I{ and write

[ 1= el ar < Clul (520

I

— __rd_
/] |t — 7] d||w(7')|’§(3d7' < (/] |t — T 7'pd7') Hw”ir(LXzs)‘ (5.27)

Since rd > r — p the last integral is finite and bounded independently of I, so that, together
with (5.24) we have

and

IN(w)lly < Cllwlly (5.28)
If 0 is chosen small enough, we then have

1Uo(-)glly < 26. (5.29)

Now let ¢t € I and define Z; = L"(I;, X3) N L*>°(1;, X3) where I, = [s,t] if s <t and I, = [t, 5]
if s > t. Set Mi(t) = ||wk||z,. Then the same argument used to prove (5.28) shows that

My(t) < 26 + C (My(t)) (5.30)

where C' is independent of ¢ and k. Since wy € C(I,X) C C(I,X3) the norms Mj(t) are
continuous functions of ¢ and since My(s) = ||Uo(s)g||x, < J, this implies that if § is chosen
sufficiently small, then Mj(¢) is bounded on I by 3§ independent of k. Hence

|wglly < 30 for all & (5.31)

and therefore
< Cllwklls (5.32)

is bounded and therefore ||wy ()] x is bounded independently of ¢ and k.

3. It follows as in the Proof of Lemma 4.8 that there is a subsequence, renamed w;,
which converges weak-* to some w in L*(I, X), and that w is in fact bounded and weakly
continuous with values in X. It also follows using the argument in Lemma 4.8 that w is
strongly continuous with values in Xj.

4. We claim that wy(t) converges to w(t) in X3. We subtract the equations satisfied by
wy, and w and use Lemmas 4.4 and 4.5 to obtain

[k (t) = w ()] xs < C/ [t =717l ()" + lwe(m) %D llwr(r) — w(7)llx,dr

t (5.33)
+ C/ [t = 77| Pi(w(r)) — P(w(T))||x,dr
Using the Hardy-Littlewood-Soblev inequality again, it follows that
lwi = wllzrxs) < CUlwllerr,x0) + lwpllr,xa)P~Hlwk = wll e, x,) (5.34)

+ C||Pr(w) — P(w) || zr(1,x1)-
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By (5.31) and the hypothesis ||w|ly < ¢ in the statement of the Lemma the first term is
bounded by C0?~!|wy — w||1r(1,x,) and therefore if ¢ is chosen small enough we have

|we — w||Lr1,x5) < Ol Pe(w) — P(w)]|rz,xy)

. 1/r (5.35)
= ([ UG = P et
If we now define
9r(T) = [ fe(u(r)) = F(m) 525170y (5.36)
it follows as in the the proof of Lemma 4.8 that the dominated convergence implies
/gk(T)dT —0 as k — oo. (5.37)
I

Therefore (5.35) implies that wy — w in L" (I, X3), and there is some subsequence, renamed
wg(t), which converges to w(t) in X3 for a.e. t € I.

5. We now show that wg(t) converges to w(t) in X3 for every ¢ in I. By (5.31) we may
apply Lemma 4.7 to conlude that the wy are Holder continuous from I to X3 with norms
bounded independently of k. For any ty, € I let € > 0 be given and choose any t such that
Clto — t]'7? < €/3 and wy(t) — w(t) in X3. This is possible by the convergence of wy to w
for a.e. t in I. If we now choose k so large that |Jwg(t) — w(t)||x, < €/3 the claim above
implies that

[[wi(to) — w(to)llxs < [lwk(to) — wir ()l xs + [[wi(t) = w(B)l|x; + Jw(t) — w(to) | x

5.38
<e€/3+€/3+¢€/3=c¢ (5.38)
Hence wy(tg) — w(ty) in X3.
6. Since the solutions wy, satisfy
1
SllweOlx = / Fug)dr = E(wy(t)) = E(g) (5.39)
for all ¢ we may take the liminf of both sides to obtain
1
Sl - [ P < B) (5.40)

for all ¢ in I. Reversing the roles of ¢ and s (see (4.63)) proves the opposite inequality, and
hence the equality

Sl = [ Fluds = Blg) (5.41)

7. Since w(t) is continuous with values in X3 the function [y, F'(u(t))dz is continuous,
and therefore, by conservation of energy, ||w(t)||x is also continuous. Together with the weak
continuity of w(¢) in X this proves that w € C'(I, X). |
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6 Appendix: Proofs of Technical Lemmas

Lemma 6.1 If Re(u) is fized, then
| J,(5)] < Cemiml (6.1)
for |s| < 1.

Proof. The series expansion of the Bessel function of order p (valid for any p) is

o 2) 2j+p
Z r P (s/2) : (6.2)
— Tle+i+1n)
If Re(p) is not a negative integer then
(s/2)" <~ (=1Y(s/2)¥
K j=0 reo(p + k)

Since Re(p + k) # 0 for any 1 < k < j, it follows that there is a positive constant C
depending only on Re(p) so that | [[]_,(x + k)| > C(1 + [Im(u)])’, and therefore

[Ju(8)] < CIT(p+ 1)| e/ 0HHmGaD (6.4)
The result then follows by using the estimate

lim |F(:1c—|—zy)]e2|y‘|y|2 (2#)1/2 (6.5)

ly|—o0

n [8] p13. If Re(u) is a negative integer we break up the sum as

—Re(p)—1 . ) - ‘ '
(—1)3(8/2)2j+u (_1>J<S/2>2j+u
jgo P(p+j+1) " ‘:%w) T(p+7+1) (6.6)

Since the Gamma function has simple poles at the negative integers, it follows that |I'(u+j+
1)]7' < Cfor0<j<—Re(u)—1and [Im(u)] < 1. By (6.5) we then have [T'(u+7+1)|7! <
CemImWl for 0 < j < —Re(u) — 1. We therefore have

—Re(p)—1 j 2j
3 (Z1Y(s/2)™) - o el gRel) (6.7)
— Tl+i+l) |7

for |s| < 1. The second term is estimated as before to obtain

[e%S) j 25+
Z (=1)(s/2)7™ _ Crg—Re(w) ,C2 /(c+[Im(u))) (6.8)
' C(p+j+1)

j=—Re(n)

This proves the lemma. n
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Lemma 6.2 If Re(u) is fized, then
| Ju(s)| < CePrlimmlg=n=1/2 (6.9)

for |s| > 1.

Proof. We can express J, in terms of the Hankel functions as

H(l) H(Q)
J, = e e ‘5 " (6.10)
As shown in Watson pl168, if Re(u) > —1/2 we have
1/2 i(s—Zy—T . p—1/2
H;Sl)(s) = <3) —e( Y /e“u“1/2 (1 + w> du
S +1/2 2s
a / ) K (6.11)

1/2 —i(s—% S\ p—1/2
s C(p+1/2) /, 2s

where () = nei’, r € [0,00). We repeat here the exposition in [21] Ch7.2, keeping careful
track of the dependence on I'm(u). Using the binomial expansion

(1— y)ﬁ = i (_B,)jyj + EBmiry™ /01(1 —0)™(1 —yv)P " o (6.12)

J! m/!

with 8 = —1/2 and y = 55 and recalling that

I(v) = /e‘“u”_ldu (6.13)

we obtain
2 \YV2 5D (12— ) D(p+ j +1/2) (1, s)
HY(s) = [ — L 6.14
w () (71'8) I'(p+1/2) (JZ j1(2is) * (2is)m+1 (6.14)
where
1 2 — m p—m—3/2
L (1, 5) = / -1 / / it m=3/2 (1 - “—,”) dvdu (6.15)
2is
Since arg(u) = 7/4 along v and since s and v are real, it is easily verified that
uv 1 uv 3T
LR P 4 0<ag(1-52) < 6.16
' 2is| =2 =TI T o) = (6.16)
Thus if m is chosen so that Re(u) —m — 3/2 < 0 we have
1 —m—3/2
/ (1— o)™ (1 - ﬂ)“ dv| < CeFImw)] (6.17)
0 2is

41



where C' does not depend on I'm(u). Also, since arg(u) = /4 on v it follows that

/ ettt =32 gy
.

[ L (1, 8)] < Poa(|Im(pe) )em ™) (6.19)

For large [Im(u)| we then have

1/2 eils—5n—7) 1 2n[Im(p)]
HO(s) = (3) Z (1/2 = p); M+J+1/2)+O<€ ) (6.20)

< Ceilmwl (6.18)

Thus

# s I'(p+1/2) g J(2is)? gmtl
Similarly
2 1/2 —z(s—f )y _m 1/2 _ ,U + ] + 1/2) 627r|1m(u)|
H®(g) = [ = Ol ——— 6.21
(%) (71'5) [(p+1/2) ]Z:(; ”J !(2is)i i st (6:21)
Hence we can write
9\ /2 ) , e2m [ Im ()|
Ju(s) = (E) (@, cos(s — ¢,) + Q7 sin(s — ¢,)) + O (W) (6.22)
where ¢, = Z(p + 1) and
1]

1 e (EDF(/2 = ) (e + 2k 4 1/2)
Omlit5) = 2 o2 T (5 1/2) (6:23)

125 ke
Gl = 3 (=D*(1/2 = o D(p + 2k + 3/2)

2o T2k D2 T (1 1/2) (6:24)
Ignoring all but the first term of this expression gives
9\ 1/2
Ju(s) = (%) cos <s — §u - Z> + O (e2rmmlg=5/2) (6.25)
for Re(u) > —1/2. The same formula holds for Re(u) < —1/2 since
J, = e HyY 2+ e H,Y (6.26)
This proves the lemma. n
Together Lemma 6.1 and Lemma 6.2 imply
Lemma 6.3 If Re(u) > —1/2 is fived, then
[ Julloe = O (e>IFm i) (6.27)

as |[Im(p)] — oc.
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