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Abstract
This work studies the stability of solitary waves of a class of sixth-order Boussinesq equations.

1 Introduction

In this work we study the generalized sixth-order Boussinesq (GSBQ) equation [5, 8, 9]

Ugt = Uge + BlUsrer + Vsoroze — (f(u));cac (11)

where f € C? is homogeneous of degree p > 2. Neglecting the sixth-order term, equation (1.1) becomes
a generalization of the classical Boussinesq equations

Ugt = Uge + Blszes — (f(u))xxa B ==l (12)

Equation (1.2) was originally derived by Boussinesq [4] in his study of nonlinear, dispersive wave
propagation. We should remark that it was the first equation proposed in the literature to describe
this kind of physical phenomena. Equation (1.2) was also used by Zakharov [24] as a model of nonlinear
string and by Falk et al [11] in their study of shape-memory alloys.

When g = 1, equation(1.2) is called “bad” Boussinesq equation, while (1.2) with g = —1,

Uty = Ugy — Ugzzx — (f(u))m:m (13)

is called “good” Boussinesq equation. Given certain conditions on f, (1.3) possesses special traveling-
wave solutions with finite energy. Indeed, (1.3) can be written as the system of equations
U = U
e (1.4)
vp = (U — Ugz — [(U))s

By a solitary wave solution of (1.4), we mean a traveling-wave solution of the form J(z — ct), vanishing
at infinity, where c is the speed of wave propagation. It was shown in [3, 17] that these solutions are
of the form @ = (¢, —cp) so that they must satisfy

(1-c)p—¢" = flp) =0. (1.5)
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Bona and Sachs in [3] proved that the solitary waves of (1.4) are stable under an appropriate
convexity condition. Liu [17, 18] showed the nonlinear instability of solitary waves of (1.4). His proof
was based on a modification of the general argument of [13].

Equation (1.1) can be also written as the following system of equations

Ut = Vg

vy = (U + BUgy + Upgzr — [(U)) (1.6)

If we put the solitary wave form p(x — ct) into (1.1), we obtain

(1= +B" +¢"" — f(p) =0. (1.7)

It is worth noting that the solitary wave solutions of equation (1.7) have been investigated numerically
and the two classes of subsonic solutions corresponding to the sign of 8 have been obtained, more
precisely, the monotone shapes and the shapes with oscillatory tails [5].

The system (1.6) has the conserved quantities

E(u,v) = /R %(ufm — Bu? +u? +v?) — F(u) dz (1.8)

Q(u,v) = /Ruv dz (1.9)

We also note that, at least formally, the quantity

/ ud? v dx
R

is conserved for any positive integer k. If ¢ is a solution of the solitary wave equation (1.7), then
7 = (p, —cyp) satisfies

E'(§) +cQ'(#) = 0,
so solitary waves are critical points of the action

L(u,v) = E(u,v) + cQ(u,v). (1.10)

Our aim here is to study the stability of solitary waves of (1.1).

This paper is organized as follows. In Section 2, we consider the properties of ground state solitary
wave solutions. The solitary wave equation (1.7) is a fourth-order elliptic equation, and is identical,
after a rearrangement of parameters, to the solitary wave equation that arises in the study of the fifth-
order KdV equation. The variational, regularity, and decay properties of this equation were considered
in [15], so we refer to this work for several results. In Section 3 we prove the main stability result,
Theorem 3.2 which states that the set of ground state solitary waves is stable if d”(c) > 0, where d is
defined by equation 3.6. In Section 4 we prove the main instability result, Theorem 4.2, which states
that a given ground state is orbitally unstable if there exists an “unstable direction”. In Theorem
4.3 we show that such an unstable direction exists provided d”(¢) < 0. Using a different choice of
unstable direction, we also derive in Theorem 4.4 conditions on p, 8 and c that directly imply orbital
instability. Section 5 is devoted to establishing further properties of the function d. We first show
that when f(u) = |u[P~!u for p < 5, there exist ¢ near ¢, such that d’(c) > 0. See Theorem 5.1 and
Corollary 5.1. We then derive in Theorem 5.2 the main scaling identity satisfied by d, and use it to
prove that d”(c) may change sign at most once along each semi-ellipse in the (8, ¢)-plane. Finally, in
Section 6, we outline the numerical method used to compute the function d, and present the results
of these numerical calculations. The main conclusions that can be drawn from these results are found
in Observation 6.1.



Notations

For each r € R, we define the translation operator by 7,u = u(- +r).
Given a solitary wave @ of (1.6), the orbit of ¢ is defined by the set Oz = {7.&; r € R}.
We shall denote by g the Fourier transform of g, defined as

3(C) = /R g(w)e < du,

For s € R and 1 < p < oo, we denote by H*P(R), the Bessel potential space defined by H*?(R) =
A7 LP(R), with respect to the norm

gl s @) = A9l Lr ()

where A® = (I —02)*/2. In particular, we define the nonhomogeneous Sobolev space H*(R) = H*2(R).
Let 2 be the space defined by
Z = H*(R) x L*(R),

with the norm
4l o = I(w, V)l o = llull g2y + 101l L2 (R)-

For any positive numbers a and b, the notation a < b means that there exists a positive (harmless)
constant K such that a < kb. We also use a ~ b when a < b and b < a.

2 Existence of Solitary Waves

Solutions of the solitary wave equation (1.7) may be shown to exist via the following variational
problem. Define

I(u) = /Ruir —Bu + (1 — A’ dz (2.1)

K(u)=(p+ 1)/ F(u) dz (2.2)

R

When ¢? < 1 and 8 < B, = 2v/1 — ¢2, the functional I is coercive in the sense that
I(u) > C(B, ) ||ullfr gy (2.3)
where ) 8
1—c <0
C(ﬁ’cb{ 1@ 13/T—& §>0 }>0'

Since K (u) < C||u||I;;tR), it follows that for A > 0 we have

My =inf{I(u) | u € H*(R), K(u) = A} > 0.

We say that a sequence uy, is a minimizing sequence if K (ug) — A > 0 and I(ux) — M. The following
result is a consequence of the concentration-compactness theorem, and was shown in [15] for a more
general class of homogeneous nonlinearities (see also [10, 14]).

Theorem 2.1 Fizp > 1. Suppose c® < 1 and B < Bx. If ui is a minimizing sequence for some X > 0,
then there exists a subsequence uy,, scalars y; and ¢ € H*(R) such that uy, (- — y;) — ¢ in H*(R).



Since the function 1 achieves the minimum M, it satisfies the Euler-Lagrange equation

(1 =)+ BY" + " = pf(y),

for some multiplier u. Multiplying this equation by 1 and integrating, it follows that My = I(¢) =
pw(p + 1A, so > 0. Thus ¢ = p'/P=D4y is a solution of the solitary wave equation (1.7). Such
solutions are referred to as ground states, and achieve the minimum

m(B,c) = mf{mf)g% ‘u € HA(R), u # 0}.

The set of all ground states will be denoted by ¢(8, ¢). Multiplying the solitary wave equation (1.7)
by ¢ and integrating gives I(¢) = K(¢). Thus the set of ground states is given by

G(8,¢) = {p € HX(R) : I(p) = K () = m(B, )71}, (2.4)

and we denote

G(B,c) ={F=(p,—cp) € X : p €Y (B,c)}.

As mentioned in the introduction, elements of ¢(8,¢) are critical points of the action L defined by

—

(1.10). In fact, elements of ¢(f, ¢) are minimizers of L subject to the constraint P = 0, where

P(@) = (L' (@), @). (2.5)

Theorem 2.2 Suppose 8 < 3, and ¢* < 1. Let
N ={w e X; @ #0, P(w) = 0}. (2.6)

The following are equivalent.

-

(i) g€ 9 (B,c).
(ii) G € N and L(F) = inf{L(d) : @ € N}

Proof. The crucial identities that we shall need relating the two variational problems are

L(u,v) = %I(u) - zﬁK(u) + %/R(cu +0)? dz (2.7)
and
Plu,v) = I(u) — K(u) + /]R (cu +v)? dz. (2.8)

From this it follows that, for any (u,v) € .4, we have L(u,v) = %K(u).

First suppose ¢ € 4(8,c¢). Then by definition I(p) = K(¢), so P(@) = 0 and thus g € A"
Denote A = K(¢). Then I(¢) minimizes I(u) over all u € H?(R) such that K(u) = A. Now let
W = (u,v) € 4. Then K(u) > 0, so if we set & = au where o = (K(@)/K(u))ﬁ, then K (@) = K(p)
and consequently () < I(@). Therefore

0= P(p) =I(p) — K(p) < I(a) — K(a) = a’I(u) — " K (u) = a®(1 — a? ™) I(u),

which implies o < 1. Thus K(¢) < K(u), and it follows that

L(@) = 5P K9) < 5oy K ) = L),




Hence (i) implies (ii).

Next suppose @ = (¢,1) € N solves the minimization problem. We need to show that ¢ € 4(3,¢)
and ¢ = —cp. Denote A = K(p) > 0 and suppose u € H?(R) minimizes I subject to the constraint
K(-) = A. Then

Uzgze + Plze + (1 - 02)U = ﬂf(u)

for some p. Multiplying by u and integrating gives I(u) = uK(u) = pA. Since
I0) < 1(9) = K(9) = [ (o0 =) d < K () = A (29)

we have y < 1. On the other hand, if we set & = ,uplflu, then I(a) = K(a) so if we define @ = (@, —ct)

then we have & € .#". Therefore L(g) < L(w). Since ¢ € A4 we have L(F) = 2(’;;:1)}((90) and thus

p—1 o
WK(@) = L($)

IN

IN

It then follows that > 1 and thus g = 1. This implies I(u) = K(u) = A. But (2.9) then implies that

—

I(p) = K(¢) = X and ¢ = —cyp, so we have ¢ € 4(8, ¢) and therefore ¢ € ¥(8, c¢). This completes the
proof. O

As shown in [15], solitary waves have the following regularity and decay properties.

Theorem 2.3 Suppose ¢ € H?(R) is a weak solution of (1.7) and that f € C*(R). Then ¢ is a
classical solution and ¢ € C**4(R). Furthermore, ¢ decays exponentially as |x| — oo.

It is noteworthy that regularity and decay properties of the solutions of (1.7) can be obtained by
using an argument similar to [10] via the following equivalent form of (1.7)

o =kxf(p),

where
1

FpP+1-¢

k() = (2.10)



Figure 1: The kernel k, shown here for c=1/2, and = -2, =0, 8 = 1.5.

2 < 1land 8 < B, = 2vV/1—c2. Using the residue theorem, one obtains the following explicit
expressions for k.

e C L R E B < .,
Ho) = =2 <1+ ) V| P (2.11)
me 7l .
ToweTren (Weos(wz) +osin(wlz]), B € (=P B,
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One can observe that k oscillates when 8 € (—f, B«); contrary to the case 8 < —f,. The function
k may give us an intuition of the properties of the solutions of (1.7), and is useful in determining the
behavior of the function d (see (3.6)) near the boundary of its domain.

Theorem 2.4 There exist no solutions in H*(R) of equation (1.7) if any of the following conditions
hold.

) 3p15)(p—1)(c2—1
(z)c221andﬁ< p ;(fg ) ).

(ii) F(u) >0 for allu, ¢* > 1 and 8 > 0.

Proof. Suppose ¢ € H%(R) is a solution of (1.7). Multiplying the equation by z¢’ and integrating
yields the Pohozaev identity

/R 3(6")? — B(e)? — (1 — 2)g? + 2F(p) dz = 0. (2.13)

The identity I(yp) = K(p) may be written

/R ("2 — B(@)? + (1 - ) — (p+ 1)F() d = 0. (2.14)



Together these give

(3p+5)/( N2 d p+3,8/ 2 dx — ( —1)(1—c2)/<p2dx:o.

The term on the left side of this equation will be positive, a contradiction, when condition (i) is
satisfied. Next, eliminating the ¢” terms in the equations above gives

25/ Zdz —4 1—02)/R<p2dm:—(3p—|—5)/RF(cp)dx.

The conditions in (ii) imply that the left hand side is non-negative and the right hand side is negative.
O

3 Stability

In this section we establish that the set of ground state solitary waves is stable under a suitable
convexity condition.

Theorem 3.1 (Local Existence) Suppose p > 2. Let iy = (ug,vo) € £, then there exists T > 0
and the unique solution @ = (u,v) € C([0,T); Z") of (1.6) such that @(0) = iy. Moreover @ satisfies
E(u) = E(to), Q1) = Q(to), Q1(4) = Q1(to), Q2(10) = Q2(tho) and Qs(i) = Qs(to) where

B(i) = E(u,v) = A;ﬁ—m%w;+ﬁ—ﬂwm, (3.1)
Q@) = Q(u, v) =y4w®g (3.2)
Qu(il) = Qulu,v) — Aum, (3.3)
Qo(il) = Qa(u,v) = 4vm, (3.4)
Qs(7) = Qs(u,v) = /Ruag’“v de, keN. (3.5)

and F' = f and F(0) = 0. Furthermore T = +o00, or T < 400 and

lim @] 2 = +oo.
t—T—

Proof. First write the system (1.6) as

where ; )
b= (&c + B3 + 03 om) g) = (0,—f(u)z).

The result then follows by classical semi-group theory (|20, 22]), once we show that B is the infinitesimal
generator of a Cy-semigroup of unitary operators on 2, and that g is locally Lipschitz on 2 . Define
an inner product (-,)5 on 2" by

((ur,v1), (u2,v2)) 5 = /R(ul)ww<u2)a:a: = B(u1)z(u2)z + uruz + vivs da.



Then for and @ = (u,v) € Z°, we have

(B, W) 5 = / VzgoUzz — BzaUs + Vot + (Us + BUszs + Uszzzs )V AT
R
=0

and therefore B is skew adjoint with respect to this inner product. It then follows from Stone’s
Theorem that B is the infinitesimal generator of a Cy-semigroup of unitary operators on Z". Now let
Wi, Ws € Z'. Then

|G(W2) — g(&1)ll - = I[f (u1) — f(u2)]ellL2r)
= [|f"(u1)(u1)z — f'(u2)(u2)z|| L2 ®)
< F (ua) (ur = u2)ellz2@) + [[(u2)o[f (w1) = f'(u2)]ll 2 ()

To bound the first term, we use the homogeneity of f and the imbedding of H?(R) into L>°(R) to
obtain

1 )l ) < CllunlP2l) < Cllua s, < Clldn i
and thus
1 (ua) (w1 = ug)a |2 < Cllwn |5 | (wr = ua)ell 2y < Clld || [[d1 — o] 2
For the second term, we again use the homogeneity of f and the imbedding H*(R) into L>°(R) to find
[(u2)a[f' (ur) = f'(u2)]l[72my < Clluallmz (luill gz @) + lluell mzm)P =2 lur — vzl 22w
< Olldia| 27 ([ || 2 + [|2 | 2 )P 2|1 — 10 -

Hence g is locally Lipschitz on 2, and the proof of local existence is complete. The conservation laws
then follow by differentiating each quantity with respect to ¢ and using the system (1.6). O

Definition 3.1 We say that a subset S C 2 is Z -stable if for every e > 0 there exists some § > 0
such that whenever

inf{||1ﬁo Pl e 5} <4,

the solution W of the system (1.6) with W(0) = Wy exists for all t > 0 and satisfies
sup inf {||u7(t) = S} <e
>0

Otherwise we say the set S is 2 -unstable.

In this section we show that the stability of the set of ground states is determined by the convexity
of the function

d(c) = E(@) + cQ($) (3.6)
where @ = (¢, —cyp) and ¢ € 4(8, c).

Theorem 3.2 Denote 9(8,c) = {7 = (p,—cp) : ¢ € 9(B,¢)}. Suppose ¢ < 1 and B < B, =
2V/1—= 2. If d’(c) > 0 then 9(B,c) is X -stable.

Before proving Theorem 3.2, we state the basic properties of the function d. We first note that, for
any W = (u,v) € 2~ we have

B() + Q@) = ~I(u) — ]ﬁ

5 K(u)+ % /R(cu +v)? da. (3.7



Applying this to ¢ = (¢, —cp) where ¢ € (5, ¢) and using the fact that I(p) = K(¢), we have

1 1 -1
BP)+eQ(P) = 31(0) = 7 K(p) = 50— 1(9).
By relation (2.4) this implies that
_ pr-1 =

so d is well-defined, and the properties of d may be deduced by studying the properties of the function
m(f, ¢). By reasoning similar to that in [15] we obtain the following.

Lemma 3.1 On the domain DT = {(8,¢) : 0 < ¢ < 1,8 < 2/1 —¢?}, d is continuous and strictly
decreasing in both ¢ and 8. For each fixed 3, d.(8,c) exists for all but countably many ¢, and for fized
¢, dg(B,c) exists for all but countably many B. At points of differentiability we have

de(B.¢) = Q@) = —c / & da
ds(B,c) = —%/goi dz

for any ¢ € 4 (5, c).

For the remainder of this section we fix 5 < 2 and regard d as a function of ¢ only. We denote by

Ue=Upye = {u? e | inf < e}
ped (B,0)||[w—Fll 2

the e-neighborhood of the set of ground states 4(5, c).

Lemma 3.2 For each (8,c) € DT there exists € > 0 such that the mapping ¢ : U, — R defined by

o) = c(u,v) = d~! (2(1’]9;11)}(@))

18 continuous.

Proof. Since d is monotone decreasing and continuous, it follows that for fixed 8 < 2 its inverse with
respect to d, d!, is defined and continuous in some §-neighborhood of d(c). It therefore remains to

show that 2(’;;_:1)}( (u) lies in this neighborhood when u € U, and e is sufficiently small. First observe

that for any u1,us € H?(R) we have
|K (u1) — K(uz)| < (p+ 1)/R|F(U1) — F(ug)| dz
=(p+1) /R [f(u(@)ur + (1 = p(z))uz)|lur — ue| dz

=(r+ 1)/ Clu(x)ur + (1 = p(@))ug)[Plur — ug| dx
R
< Clluallpesr + lluzllLor)Pllur — wall Lo+

Thus by the embedding of H?(R) into LP*1(R), it follows that K is locally Lipschitz on H2(R). Given
any ¢ € 4(B,¢) the coercivity condition (2.3) and relations (3.8) and (2.4) imply that

2(p+1)
p—1

lollme@ < C ' (p)=C* d(c).



Hence the set of ground states 4(f,c) is a bounded subset of Z". Consequently the neighborhood

U. is bounded for any e > 0. Thus since %K(ap) = d(c) for any ¢ € ¥4(B,c), the Lipschitz
p

continuity of K and boundedness of U, imply that Q(%J:DK (w) lies in the d-neighborhood of d(c) for
all W = (u,v) € Ue if € > 0 is small enough. O

Lemma 3.3 Suppose d’(c) > 0. Then there exists some €. > 0 such that for any
ffe¥9B,c) and any & € Ue we have

E(@) = E(p) + c(0)(Q(d) - Q(¢)) = id"(C)(C(lﬁ) —o).
Proof. Using Taylor’s Theorem and the fact that d'(c) = Q(&) we have
d(er) = () + Q@)(er — ) + 3d"(e)(ex — 0 + offex — el
for ¢; near ¢. Thus for ¢; is some d-neighborhood of ¢ we have
dler) 2 d(e) + Q) er — ) + 70" () ex —

By Lemma 3.2 it then follows that for sufficiently small €, and @ = (u,v) € U, we have

Next suppose ¢ € 4(8, ¢c(w)). Then I(¢; 53, c(wW)) = K(¢) = Md(c(w')) = K(u) and ¢ minimizes

p—1
I(-; B, c(w)) subject to the constraint K(-) = K(u). By (3.7) we have

» v L - 1 1 2
E(@) 4 (W) Q(W) = 2I(u, B, c(w)) o 1K(u) + 5 /]R(cu +v)° dz
1 1
> —I(a; 7)) — ——
> 5100 6,(@) - — S K(W)
= d(c(w)).
Combining these inequalities proves the desired result. O

Proof of Theorem 3.2. Suppose 4(j3,c) is 2 -unstable, and choose initial data @} such that

1
inf wk — @ < -
g -l <

This implies that there exist ¢ € ¢(f, ¢) such that
lim | — Gl 2 = 0. (3.9)
k— o0

Denote by w*(t) the solutions of (1.6) with @*(0) = w§. Then there exist some § > 0 and times t
(for each k > %) such that

inf  ||@*(ty) — Bl 2 = 6.
Jnt i (t) = Bl

10



Without loss of generality we may also suppose that < €. and therefore " (t;) € U.,, so that Lemma
3.3 implies

B(@*(t")) — E(@) + c(@" (tx))) Q" (tr) — Q(¢)) = 7 d" () [e(d* (tx)) — . (3.10)

Next, using the fact that E and @ are continuous on 2" and conserved for solutions of equation (1.6),
we have from equation (3.9) that

Jim E("(tx)) — E(@x) = lim B(uig) — B(#) =0 (3.11)
and
Jim Q" (tr)) — Q(ex) = lim Q) — Q(&) =0. (3.12)

By Lemma 3.2, the sequence of scalars c(w"(t;))) is bounded, and thus equation (3.10) implies that

lim c(@"(t)) = c.
k—o0

By continuity of d, this implies that K (u*(ty)) = %d(c(zﬁk (tx))) converges to 2gapjll)d(c). Using

the relation (3.7) and the fact that d(c) = E(Gx) + cQ(Pk), it follows that

S0 (0)) = B(*(00)) + QU () + 1 Kb t0) — 5 [ Rl () + 0¥ ()"

< E(*(ty)) — E(Gr) + c(Q(0* (t)) — Q(Fr)) + ]ﬁK (uF(tr)) + d(c)

1
N

. ld(c).

Thus

2 1
lim sup I(u”(t)) < (p+1)
k—o0 p—= 1

d(e),

which implies that u*(¢;) is a minimizing sequence for A = %d(c). By Theorem 2.1, there is a
translated subsequence, renamed u*(t;), that converges in H?(R) to some ¢ € ¥(8,¢). To control the
second component of 1*(t;) observe that

1 1 1 . .
3 /R(cuk(tk) 0 (00))" = =3 (1) + o K (8)) + B (8)) + eQ(a" ()
— —d(c) +d(c) = 0.
Hence v*(#;,) converges in L2(R) to —cyp, and thus " (t;) converges in 2" to @ = (¢, —cp). Therefore

inf ||@*(ty) — @lla =0,
we%(ﬁ,c)” (tr) — Pl

a contradiction. This completes the proof of Theorem 3.2. 0

4 Instability

In this section we establish conditions that imply orbital instability of solitary waves.
The following theorem is a key point in the proof of the instability.

11



Theorem 4.1 Let A%uy and A%vgy be in L' (R). Assume that |f(s)| = O(|s|P) and |f'(s)| = O(|s|P~1),
as s — o0, for p > 1. Suppose also that @ = (u,v) is a solutions of (1.6) with @(0) = @y. Then there

exists 6 € (0,1) such that

sup| [ (e t) de] < € (14440070 (D00
x€eR —00

fort € (0,T), where T is the mazimum existence time for @, ¢ = min{2,p} and the constant C > 0
depends only on o2, f and sup,co 7y [|U(t)]| 2 -

To prove Theorem 4.1, a series of useful lemmas are laid out. The first one is the well-known Van
der Corput lemma [23] as follows.

Lemma 4.1 Let h be either convex or concave on [a,b] with —oo < a < b < +o00. Then

- —1/2
/ &) del < 4 < min h”(f)) )

§€[asb]

if " #0 in [a,b].
Lemma 4.2 Suppose h is twice differentiable on R and
(i) h" has a finite number of simple zeroes.
(ii) there exist positive constants Cy and Cy such that |h"(€)| > Cy for |€| > C1.

Then there exists a constant C such that

/eith(§) df‘ < Ct71/3
R

forallt > 1, and

/eith(f) dé—‘ < Ot71/2
R

for 0 <t < 1. Equivalently,

/eith(f) dg‘ < C(t71/2 +t71/3)
R
for allt > 0.

Proof.  First consider ¢ > 1 and define Oy = {€ : [¢] > C1} and Q2 = {£ : |§] < C1}. Then by
Lemma 4.1 we have

/ oith(e) dg‘ <oV <o,
Q

Next let &1, ...,&, denote the zeroes of h”, and set I, = {€ : | — &k| < €} for € > 0. Since each zero
of " is simple, it follows that there exists a constant Cs such that for € > 0 sufficiently small we have
[h"(&)] > Cqe for all £ € Q2\Q3, where Q3 = I, U---U I,. It then follows from Lemma 4.1 that

/ Gith(©) e
22\

/ th(®) df‘ < ne.
Q3

< Ot~ Y212,

Finally we have
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For t > 1 sufficiently large, we may then set € = t~/3 and the lemma follows by summing the estimates
above.
Next consider the case t < 1. As above Lemma 4.1 implies

/ eith({) dé—’ S Ct—l/Q’
Q

while on €25 we have

/ e'th(e) dé‘ <Cp <otV
(92
and the result follows.

Lemma 4.3 Let 8 < 2 and define h(§,a) = /&2 — BE* + &8 + . There exists a constant C' such
that

sup
a€cR

/eith(g,a) df‘ < C(t71/3 +t71/2),
R

for all t > 0.

Proof. Since h is an even C*°-function in R\ {0} with

&h _ [€(=38+2(5+ ))€> — 95¢* + 6¢°) (4.1)

o¢7 (1= B + €77

d
" Ph B4 106 105E 4 4(1 4 FR)E0 — 558 42610
ags = Sgn(g) (1_’_52 +£4)5/2 ’

we have 93h/0¢3(0,a) > 0; and if 92h/0€2 (€, ) = 0 then & = 0. Hence the only stationary point of h
is € = 0. Define Q= {¢ €R : |¢| >}, where § = 2/3. Then by Lemma 4.1, it reveals that

(4.2)

ith(&,a) < 1Y < —1/2+6/2
/Qe dg‘ <4 (t min o2 h(¢, @) ) < Ct . (4.3)
On the other hand,
/ (&) qel < o0, (4.4)
R\Q

Consequently, combining (4.3) and (4.4), we complete the proof of the lemma in this case.
Attention is now given to the proof of the lemma for the case § = 1.
First one can easily observe that

9?h  3[¢|(4€? — 1 — 3¢ 4 2¢5)

5T arerepn -
and 9%h —1+ 1062 — 10¢* + 8¢5 — 5¢8 + 2¢10
8753 = 3 Sgn(f) (1 + 52 + 54)5/2 ° (46)

Let 8 = 2/3. Now we consider two cases: ¢ > 1 and ¢ < 1.
Case t > 1. We divide R into the following two regions:

M ={eR: é>1+t u{ceR : <1t}

QW={¢eR: ¢<1+t ) n{ceR : ¢> -1t}

13



By (4.5) and (4.6), one can observe for N > 1 that

62 82 t—e p
in |— >|=—h|— >t77, .
Juin 8§2h(§’a) _’852h<N,a>‘Nt (4.7)
Thus Lemma 4.1 implies that
/ eith(f,a) dé—‘ < Ct9/2_1/2. (48)
Q1

Now we divide €5 into the following two subregions:
Qi=QWn({EeR : ¢ <t ?U{¢eR : [¢-&| <t u{ceR : |€-&|<t?}),

Qoo =QWnN{€eR : {2t N{¢eR : [(-&| =t n{¢eR : [E-&|>t7},

where &y 2 0.553041 and & = —&p are two nonzero real roots of 9Zh/9&>. Similar to above we have
2

for N > 1 that
(0 s e 4.9
il > pf— - .
" _‘852 <N,a>\w , (4.9)

so that using Lemma 4.1 again, it is inferred that

h(¢; a)

min
£€Qao

/ eith(g,a) df‘ < Ct0/2—1/2_ (4.10)
Qa2

On the other hand, for 51, it is seen that

/ elth(&:a) dg’ <ct?. (4.11)
Q21

Hence,
‘/eith(g,a) dg’ <C (t*1/2+9/2 +t*9) < Or1/2+0/2 (4.12)

Case t < 1. By setting 7 = ¢t~! > 1 and arguing as in the proof of case ¢ > 1 above, we obtain
‘/eith(f-@‘) df’ <C (77047200 (4.13)
Consequently, it is deduced in this case that
‘/eith(ﬁm df‘ <C(t 4 20R) <o (01 20 <o (4.14)

Now (4.12) and (4.14) complete the proof of Lemma 4.3. O
Lemma 4.4 Ifu € LP(R), 1 < p < oo, then A"?u € LP(R) and ||A"?ul|Lrw) < Cllull Loy, for some
C>0.

Proof. The proof follows from Young’s inequality and the fact G(x) = exp(—|z|) € L'(R), where
A2u=Gxuand G(&) = (1+&3)7L. O

The following lemma gives a time estimate on the solutions of the linearized problem.
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Lemma 4.5 Let S(t) be the Cy group of unitary operators for the linearized problem of (1.6)

L (0 1YL
“t+< —1-802-32 0 )“x—o’

with @(0) = @o(ug,vo). If A2ug € LY(R) and vg € L (R), then S(t)iy € L>®(R) x L>*(R) and
1S (E)oll oy ey < € (E77 +£/2572) ((|A%u0 | oy + ool o ey)

where C > 0 is a constant.

Proof. Since

4 cos(t&¥(€)) 79(5) sin(t€9(€)) \
@(t) = S(t)io(z) = / el tio(€) dE,
R 19() sin(t£9(€)) cos(t&(€))

where ¥(§) = /1 — €2 + &4 Tt is deduced from Fubini’s theorem and Lemmas 4.3 and 4.4 that

|a(®)] = 15()

<UO n ,UA> itE(9(6) /1) dg‘ / (G & 0(€)T5) e %2/ d£’
J(§) R
(%i A‘21)0> ot () /1) dg‘ + Z ‘/ 170 + A—ZUO) St (I (E) £z /1) df’
R R

< Z/R ’uo(z) :l:A_Qvo(z)’ ‘/}Reitf(ﬂ(g)ix/t_z/” d{‘ dz
+ 3 [ fonle) & A2uo(o)] | [ o ag] as
R R

where the sums are over all two sign combinations. Therefore, we obtain for ¢ > 0 that

|t(t)] < sup
a€eR

< (t_‘g +t‘1/2+9/2) (lvollzr @y + [A%uol L1 wy) -

/ elth(€.e) d€' (ol L1 ryx 1) + 1A w0l L1 (r) + 1A% uoll L1 (r))
R

Hence, for some C > 0, it is concluded

(1)) < € (¢70+ 724972 (ol ey + 1A%u0 | 2 qwy) -

g
A proof of Theorem 4.1 is now in sight.
Proof of Theorem 4.1. Let w(t) = S(t)tp, then & satisfies
g+ Y20, with @(0) =@ (4.15)
t —1-pgo2—-0* o )P VW - v '

Then the solution #(t) of (1.6) can be written
0
cao-a s 0 ) e
w =t sy )
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We should estimate o 0
Ut)=W(t) — S(t—1) ( Flu(r)) ) dr, (4.16)

where

0 (1) = / D i) ds and W(nt) = / @(2,1) dz.

— 00 — 00

First observe using (4.15) that

t
B, . 0 1
Wt:U—/ST( >11’d7'7
() =Uo— | SO 21 _poz—gn o )7

where Uy(z) = J* . io(z) dz. Now Lemma 4.5 implies that

t
(W (2, t)| < Mol Ly @<zt @) + (1A%l L1 () + ||A2v0||L1(R))/ (T—e n 7—1/2+e/2) ar
0
S <||A2u0||L1(R) + ||A2U()||L1(R)) (1 +t70 4 t1/2+‘9/2) .

Setting

Pt = [[56=0( ey )

and using again Lemma 4.5, it follows that

MERIPS / (=7 + =72 2) | f ()l ) dr. (4.17)

On the other hand, it is deduced from Cauchy-Schwarz inequality that

Yie 1) </ /( ﬁ£2+§6> |/ (u (6, 7)) \d§d7</ £ (s ) 2wy dr (4.18)

Since H2(R) < L*(R) and |f(s)| = O(|s[?) and |f’(s) = O(|s|P71)| as s — 0, for p > 1, it transpires
that || f(u)||z1r) < C, provided p > 2, for some positive constant C' which depends only on f and
supyeo,7) |i(t)]| 2. Hence, if p > 2,

t
V(2,0 S / ((t =70+ =) V202) ar < 0 (8170 4 01/24002).
0
If 1 <p <2 it is straightforward to check that |[f(u)| g1.2/»®) < C, for some C > 0. Since (4.17)

and (4.18) hold for any f € L'(R) N H%(R), a straightforward interpolation thus can be applied for
the mapping S(¢t — 7) as in (4.17) and (4.18). Thus the same argument proves that

PaOls [ ((6=n7+ @ =072 ) nrnge) dr

<C (t1+e<1—p> I t1+<1%9>(1—1’>) ,

By combining the estimates of Y and W, the proof of Theorem 4.1 is now completed. 0

Proposition 4.1 Let @(t) = (u(t),v(t)) be the solution of (1.6) with @(0) = uy. Then there exist
C >0, depending only on sup,c(o 1) |U(t)|| 2 and ||E~ ol ; and £ € (0,1) such that

1€ u(t)|| L2y < C(1+t9).
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Proof. The solution #(t) of (1.6) can be written as

i(t) = S(t)ido — O, /O St —7)f(u(r)) dr (4.19)

or

a7 a(t) = S(t)d; My — / S(t —7) fu(r)) dr, (4.20)
0

where f(u(r)) = ( f(u(ET)) > and 8/;\1 = —i¢~1. Tt follows from (4.20) and the properties of the
unitary group S(t) that

17 8(0) 22 ) < 105 @ < 105 o) + H | ste-nftutr ar )

~ [l ||x+</5t—7 dT/St—s ))ds>5{

~[1§” 1ﬁoII%+// St —7)f(u(r)), St — s)flu ())>% dr ds
~|\s*1ﬁo||éy+/o <ﬂ<u<r>>,/0t S(r — 5)flus)) d >% ar
< HE*EEIIZ%-

/ NF U 11 st ( / 180 — ) FCu() v iy oo i) ds) dar,

where p’ = (p+ 1)/p. Now since we have

I1S(r = 5) fu())ll 2 < 1f ()2 @)

using an interpolation theorem to the map S(7 — s) as in Theorem 4.1, it transpires that
€~ a1 22wy S 1€ 0l

t t
+/O “U(T)||I£p+1/0 (|7‘ — 3|_9T’ + |7. _ S|—(1/2—9/2)r> Hf(u(s))”LP’(R) ds dr
= s 0 9
<€ o5 + (3213 ||u(t)||II}2(R)) / / (\r — 8|7 |7 — |7 /z)r) ds dr
> o Jo

<Cc+cC (tzfer n t27(1/270/2)r> —-C (1 Loy t27(1/270/2)r) ’

where r = (p —1)/(p + 1) < 1. This completes the proof of Proposition 4.1. O
Given g € 9(6,¢) and € > 0, we define the “tube”
Nge= {u ez, vlerg¢ v —ull2 < e}

and the operator
H =L"(p) = E"(§) + cQ"(P)-
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Theorem 4.2 Suppose ¢? < 1 and B < fB,. If there exists 1/_; € Z such that &,ﬂff € LY(R) x LY(R) and
Y € H*(R) x H3(R)

1. (Q9),0:3) =0,
2. (HOb,0.0) <0,
then Oy is Z -unstable.

Lemma 4.6 Let ¢> < 1 and B < B« and ¢ € 9(B,c) be fived. There exist eg > 0 and a unique C*
map o : Qg — R such that a(F) =0, and for all v € Qg ¢, and any r € R,

(i) (u(- — (), 0:8) = 0,

(i) a(u(-+r) = a(d) —r,
(iti) o/ (@) = rrgrar—armyy 02 A — al@)), and
(iv) (o (@), @) =0, if @ € Og.

Proof. The proof follows the line of reasoning laid down in Theorem 3.1 in [12] and Lemma 3.8 in
[19]. O

Let 1/7 be as in Theorem 4.2. Define another vector field B 7 by

H O3 — o)),

for @ € Qg ., where " = ( ) Geometrically, B J can be interpreted as the derivative of the

1 0

orthogonal component of T,a(.)’lE with regard to 7_,(.)0z .

Lemma 4.7 Let 1E be as in Theorem 4.2. Then the map BJ : Qze, — 2 is C1 with bounded
derivative. Moreover,

(i) By commutes with translations,
(i) (By(u), #u) =0, if i € gz,
(iii) B3(@) = 0u K, if (F,0u10) = 0.

Proof. The proof follows the same lines from the proof of Lemma 3.5 in [1] or Lemma 3.3 in [2]. O

Before starting with the proof of Theorem 4.2, we enunciate and prove the following lemma which
shows the boundedness of the Liapunov function (see (4.28)).

Lemma 4.8 Let 1E be as in Theorem 4.2, Uy = (ug, vo) be in Qg ., such that Aug, Avg € L'(R) and f
satisfy the assumptions of Theorem 4.1. If @(t) is a solution of (1.6) which corresponds to the initial

data g and 1i(t) € Qgz.c,, fort € [0,T], then there exists § € (0,1) such that

/R Bz — a(@(®)) - i@z, ) dz

< C (14410070 4 1450070 (4.21)

fort € [0,T), where T is the mazimum existence time for @, ¢ = min{2,p} and the constant C > 0
depends on ||A%ugl| 1 (wy, ||A%vollL1(r), [ and &.
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Proof. Let H be the Heaviside function and ¥ = [; d,(x) dz. Then the left hand side of (4.21)
may be written

+o0

/R (7 = — a(ii(t))) — FH(z — a(ii(t)))) - ile,t) da + - /Q(M (o, 1) da.

So it follows from Cauchy-Schwarz inequality and Theorem 4.1 that

/ O(x — ald(t))) - d(z,t) do
R

Hﬁ<t)||LZ(R)XL2(R) +C (1 + ti+o(-q) + t1+(¥)(1—Q)) )

<[y

L2(R)x L2 (R)

We show that ¢ — ¥H € L2(R) x L%(R). Indeed, Minkowski’s inequality yields that
. o 1/2 too
_ —’H‘ < 2 _ _,H 2
L N ( | 1ita) dx) + ( | 1) - 5E) dx)

0 +oo | ptoo 2 1/2
— It 2d) O,0(2) dz| d
(/ 1F@)P s +(/ [ o a )
L P — / 10,9(@) V] da

< ||1Z||H2(R)xH2(R) < +o0.

1/2

1/2

Hence, for t € [0,T), we obtain

< C (14410070 (5900,

/ D@ — al@(t)) - iz, ) dz
R

All the elements are now in place to mount a proof of the instability result in Theorem 4.2.
Proof of Theorem 4.2. First we claim that there exist e3 > 0 and o3 > 0 such that for each
iy € Q@Ey

L(g) < L(to) + £ (to)s, (4.22)

for some s € (—03,03), where & (1) = (L' (1), Bj(1)).

We consider g €€ Qz.,, Where € is given in Lemma 4.6, the initial value problem

d51i(s) = Bp(i(s))

i#(0) = iio. (4.23)

By Lemma 4.7, we have that (4.23) admits for each @y € Qgz¢, a unique maximal solution @ €

C%*((=0,0);Qg.,), where o € (0,400]. Moreover for each €; < ¢, there exists oy > 0 such that

o(ty) > o1, for all @y € Qg .,. Hence we can define for fixed €;, o1, the following dynamical system
U :(—01,0) X Qz.e; — O3z

¥,€1 ¥,€0
(5,710) — @/(S)ﬁo,
where s — % (s)iy is the maximal solution of (4.23) with initial data . It is also clear from Lemma
4.7 that % is a C'—function, also we have that for each @y € Q,, the function s — % (s)iy is C*
for each s € (—01,01), and the flow s — % (s)ip commutes with translations. One can also observe
from the relation
¢

t
U(t)p =g+ /0 Ta(u (s)3)02t) ds — /0 P(8)Ta(a (52 02F ds
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that % (s)g € H"(R), r > 3/2, for all s € (—o1,01), where

B <%(8)SB’ Ta(%(t)g)azl/;>
AU ()P, Tauw (1)5)025)

Now we get from Taylor’s theorem that there is p € (0,1) such that

p(s)

L(% (s)iio) = L(i) + 2 (iio)s + %R(%(gs)ﬁo)sa

=0
P’ P

and R(P) < 0, then there exists e € (0,€;1] and o2 € (0,01] such that (4.22) holds for iy € B({, €2)

and s € (—o2,02). On the other hand, it is straightforward to verify that

where R(i) = (L"(@) By, B;(i)) + (L" (1), Biﬂ(ﬁ)(B =(@))). Since R and & are continuous, L'({p)

-,

d
P(%(S)ﬁo)‘(ﬁms):(gﬁp) =0 and ds P(%(S)ﬁ0)|(ﬁ0)s):(@70) = (P'(#), 0:1),
where P is defined in Theorem 2.2. We show that (P’(@), 0,1) # 0. Otherwise, 0,1 would be tangent
to A4 at @, is defined in Theorem 2.2. Hence, (L"(3)0,1, &ﬁ[f} > 0, since ¢ minimizes L on A4 by
Theorem 2.2. But this contradicts Theorem 2.2. Therefore, by the implicit function theorem, there
exist €5 € (0,e2) and o3 € (0,02) such that for all @y € B, €3, there exists a unique s = s(dy) €
(—o3,03) such that P(% (s)ip) = 0. Then applying (4.22) to (i, s(tp)) € B, €3 x (—os,03) and
using the fact ¢ minimizes L on A4, we have that for @y € B, es there exists s € (—o3,03) such
that S(@) < L(% (s)io) < L(tp) + Z(iip)s. This inequality can be extended to Qg ., from the gauge
invariance.
Since % (s)ip commutes with 7, it follows by replacing g with % (s)tp in (4.22) and then § = —s
that
L(P) < L(% (8)§) — 2 (% (8)§)d, (4.24)

for all § € (—o3,03). Moreover, using Taylor’s theorem again and the fact &(g) = 0, it follows that
the map 6 — L(% (§)¢$) has a strict local maximum at § = 0. Hence, we obtain

L(OZ/((S)()B) < L(‘ﬁ)v 4 7& 07 0 € (_04a 0-4)a (425)
where o4 € (0, 03]. Thus it follows from (4.24) that
P(U(6)@) <0, d € (0,04). (4.26)

Let 6; € (0,04) such that §; — 0 as j — oo. Consider the sequences of initial data g ; = % (J;)@. It
is clear to see that 4y ; € H"(R), r > 3/2 for all positive integers j and @y ; — @ in £ as j — oo.
Now we need only verify that the solution ;(t) = % (t)up,; of (1.6) with ;(0) = @ ; escapes from

Q3.c,, for all positive integers j in finite time. Define

T; =sup{t' > 0; @;(t) € Qg.,, Vt € (0,¢)}
and
P = {1 € Qg.¢,; L) < L(), (i) <O},

Hence it follows from (4.22) that for all j € N and t € (0,7}), there exists s = s;(t) € (—03,03)
satisfying L(@) < L(to,;) + 2 (u;(t))s. By (4.25) and (4.26), uo,; € Z; and therefore ;(t) € Z for all
t € [0,7}]. Indeed, if 2(u;(to)) > 0 for some ¢y € [0,7}], then the continuity of &7 implies that there
exists some ¢ € [0,T}] satistying &2(@;(t1)) = 0, and consequently L(g) < L(up,;), which contradicts
Up,; € 9. Hence, Z is bounded away from zero and

— 2(i)) > M =n; >0, Vte[0,T}]. (4.27)
3
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Now suppose that for some j, T; = 4+-00. Then we define a Liapunov function

A(t) = / 3o — a(i@y) - (e, 1) de, € [0,T)). (4.28)
Since .
U L
d—tj =0, X F (uj),

then we have

—

S = (@), ) (aui —at@ ). a,0) + (TN, G )
= (0 (1)), ()0 (1)) — 0w 1)), 2 (1)
= (By (1), L' s (0) + e (Bl (1), Q1)) =~ (1),
for ¢ € [0, T}]. Therefore it is deduced from (4.27) that
—de >n; >0, Ve [0, Ty).

This contradicts the boundedness of A(¢) in Lemma 4.8. Consequently T; < +oo for all j, which
means that @; eventually leaves {0z ,. This completes the proof. O

The remaining results of this section are applications of Theorem 4.2. In verifying the hypotheses
of this theorem, we will use the fact that for any w; = (u1,v1) and Wy = (ug,v2) in £ we have

(Hy, W) = /(u'l’” + Buf + (1 — Aug — F()ur)ug + (cuy + v1)(cug + v2) da. (4.29)
R

In view of this, we define Hy; = 93+ 302+ (1—c?)+ f'(¢). Our first result is the following complement
of Theorem 3.2.

Theorem 4.3 Suppose 8 < 2 and assume there exists a C? map ¢ — ¢ € 9(B,c) for ¢ < c.. If
d"(c) <0, then Oz is 2 -unstable for any g € G(B,c).

Proof. Define

- v 2d/(c)
= [ ) - 2 ) v,
V() /_ W) = Gy Few) dy
where @, = %(ﬁ = (Ye, —cpe — ). We need to show that ¢ satisfies the hypotheses of Theorem 4.2.

Now
(Q®).0:5) = Q@) 9 - Zfl,((;)

so the first hypothesis is satisfied. To show that the second hypothesis is satisfied, first note that

Q@) = 21/(e) = 20/() = 0

_4d'(o)
47(c)

(H0.5,0.5) = 7.3 - D 115,31 + (200) (15 .

Using the homogeneity of f and the solitary wave equation, we have

Hy(e) = flp) = f'(0)e = (1 =p)f (),
so by relation (4.29) it follows that

(HE,@) = (1-p) / (@ de=(1-p)p+1) / Flg) dz = —2(p + 1)d(c)
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and

(6.6 = =) [ 1o)eeds= =) [ Plo)ac) =20
By differentiating the solitary wave equation with respect to ¢, it follows that

Hl(pc = 26907

SO

(H@e, Be) = / 2e0pc + 992 dz
R

([ ) -2

()

= —d"(0).
It now follows that
(H8,7,0,5) = 20+ 1d(0) - 1) o)+ (200) e
= 2(p+1)d(c) + W <0
since d”(c) < 0. This completes the proof. 0

We next apply Theorem 4.2 to obtain conditions on p, 5 and c¢ that imply orbital instability. For
our choices of unstable direction we will use the following.

(i) Uy = (¢, +cyp) — for small ¢, and any p > 1.
(ii) Uy = G+ 22, — for large p.
Lemma 4.9 Let 0,0 = G+ 223, = (¢ + 220, —c(p + 22¢')). Then <Q’(g§), 8931;> =0 and

A _ (1-p-3)

(H0.3.0.7) = 2K (o) + [ 246" ~48(¢') o

Proof. First, we have
(@(9,0:8) = [ ~200(¢+2¢¢/) da =0
R

as claimed. Next we have
(0.H0.0.5) = [ (o 220)" + B+ 220)" + (1= )+ 205 = 1 ()i + 209 + 20
R

which may be split into three terms:
A= /[w’”’ + 89" + (1 =)o — f'(9)plp da,
R
=2 [+ 8¢ + (1= o - F()el(20¢) d,
R

Ay = / (Y™ + Brgl )" + (1 - 3)2egl) — () (209)] (2) do.

22



Since ¢ + B¢ 4+ (1 =)o — f'(p)p = (1 — p) f(¢) we have

A= (1=p)p+1) | Flp)do= (1= pK()

and 41— p)
—-p
Ay =—4(1 - F de = ———=K(p).
2= =i(1=p) [ Plo)do =~ ()
For Aj first observe that by differentiating (1.7) we obtain ¢ + " + (1 — )¢’ — f'(¢)¢’, and thus
(20")"" + B(22¢")" + (1 = ¢*)(22¢") — f'()(22¢") = 8¢"" + 45"

Thus
Ay = [ (8" + 485" 200" do = [ 20(5") ~ 48(¢')" da
R R

so summing Ay, As and Ajs yields the result of the lemma. O

Theorem 4.4 Suppose ¢> < 1, B < B+ and p € 9(B,¢). Then O(p) is X -unstable in the following
cases.

(i) p>1,c < ;% and,@’<2,/1—£—i“;’02.
(ii)) p>9,c2 <1 and B < (((ppill))%) Bs.
Proof. To prove the first statement, consider the choice 8961; = (p,cp). It is easy to see that
<Q’(g5),5‘m1/7> = 0. Since
<<9tz/7, 8x15> = /R(@’”’ + 89" + o = f(9)p)p + (cp)? + 2epcp do
= /R(so’”’ + 80" + (1= ) — f(9)p)p +4c%p® du

— (1 - p)K(p) +4¢ / o da,

it follows that <8xH 1;, 83;1E> < 0 when c is sufficiently small. To be more precise, first suppose 3 < 0.
Then I(p) > (1 —¢?) [, ¢? dz, so

L 4¢2
(0.H,0,) < (1 —p+g CCQ) I(p).

This is negative when ¢? < %' Now suppose 8 > 0. Then

2 2
fo)= [P o2+ etans (1-¢ - ) [ ao

and thus

IR 4¢2
<8me,5xw> < (1 —p+ 1cj+ﬁz> I(¢).
o 4
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This quantity is negative when condition (i) is satisfied.
To prove (ii), we use the choice of unstable direction given in Lemma 4.9. Multiplying the solitary
wave equation by z¢’ and integrating yields the Pohozaev identity

/R 3(6")? — Bl — (1 — 2)g? +2F(p) dz = 0. (4.30)

The identity I(p) = K(¢) may be written

[0 =86 + (1= @) — 0+ DF(p) do = . (131)
R
Together these give
[ 46072 =280~ - 1)P () do = 0.
Together with the result of Lemma 4.9, this gives

(out1d0.5) = C=DE=D () 185 [ (02 a,

Since

it then follows that

G%Hﬂi&ﬂ§<:<ﬂffﬁ-+<l_fﬁﬁ_9)>K1w)

The term in parentheses is negative when £ satisfies condition (ii) above. O

5 Properties of d.

In this section we establish further properties of the function d. We first obtain bounds on the
function d as ¢ approaches *c,, where

o — 1-4p8% 0<B<2
1 B <0.

To obtain these bounds, we use trial functions to obtain bounds on the Rayleigh quotient that defines
m(B,c). To motivation the choice of trial function, we observe that solutions of the solitary wave
equation (1.7) have tails that decay like solutions of the linear equation

P+ B + (1= ) =0. (5.1)

The fundamental solution of this equation is the function k defined by (2.10). Recalling that h is
given explicitly by the expressions in (2.11), we see that &k € H?(R), and is thus a valid trial function,
provided K (k) > 0. Since scaling has no effect on the Rayleigh quotient that defines m, we use the
following scaled version of h for simplicity. Define

u(z) = e~ 71 (w cos(wx) + o sin(w|z|))

when —f3, < 8 < B, and
v(z) = Age Azl \ Al

when § < —pf,, where A1, A3, 0 and w are defined by (2.12).
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Theorem 5.1 Suppose f(u) = |u|P~ u. Fiz 8 < 2. Then
p+3
d(8.¢) = O (e, — )71
as ¢ approaches c,.

Proof. First consider 0 < 8 < 2. Then ¢, = /1 — iBQ, and it follows that

oc=0(ci—¢)
w=+/6/24+0(ck —¢)

as ¢ — c,. For the trial function u given above, a direct calculation reveals that I(u) = 40w?(0? +w?),
and by calculations similar to those in [16] we have

K(u) = /R|u\erl dz > %

for small 0 > 0. Thus

m(B.0) < ey = O (7F) = 0 (te. — 0 %71)

as ¢ — Cy.
Next, when 8 < 0 we have ¢, = 1, and

A1 = 0w —¢)
Ao =+/—B+0(c, —¢)

as ¢ — c¢.. For the trial function v given above, another direct calculation reveals that I(v) =
2(A2 — A1)A1A2(A3 — A?), and by calculations similar to those in [16] we have

1
O(M)

K(v) >
for small A\; > 0, and thus

I(v) _ i%i’ o _p+3
m(B,c) < W =0 (/\1 =0 ((c* —c) 2(p+1>)
as ¢ — Cy.

The result then follows from the relation between d and m. 0

Corollary 5.1 Suppose f(u) = |u|P~ u where 1 < p < 5. Fiz 3 < 2. Then there exist ¢ arbitrarily
close to ¢, such that 9(8,c) is X -stable.

Proof. Since 2(1;7+_31) > 1 when 1 < p < 5, the function (¢, — c)#ﬁ) is convex and vanishes at ¢ = c,.
Thus by Theorem 5.1, d vanishes at ¢ = ¢, and is bounded above by a convex function. Since d is
positive, this implies that there exist ¢ arbitrarily close to ¢, such that d”(c) > 0, and the result then
follows from Theorem 3.2. O

Remark 5.1 The results of Theorem 5.1 and Corollary 5.1 also hold for the even nonlinearity f(u) =
|u[PTt in the case that 3 < 0 since the trial function v is positive for small Ay (c near 1). However, for
0 < B < 2 the non-positivity of u only allows one to obtain the weaker estimate d(83,c) = O(y/cx — ¢)
which does not imply convexity of d near c,.
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We next present the main scaling identity satisfied by the function d.
Theorem 5.2 Let > <1 and 8 < B, = 21 — 2. Then for any 0 < r < (1- 02)_1/2 we have
d(rB,/T—12(1 = 2)) = r2-1d(B, c).
Proof. Recall that
m(B,c) = inf {K(UI)(;/L()PJrl)}

where
I(u) = I(u; B,¢) = / u?, — Bu + (1 —c*)u? dz
R
and

K(u) = (p+1) / F(u) da.

R
Given any u € H?(R), we set v(x) = r**u(r~1/2z). Then

I(v:3.¢) = /Ru; = + 1% (1= ) do = 1w, /T = r2(1 = )

3p+5

and K(v) =7 1 K(u). If we then suppose v achieves the minimum m(g, ¢) it follows that
_ IwiBe) s I(wrf, /1 —r2(1—c?)) e JI—P(1=)
m(ﬁ,c) = W = ¢~ 200+D) K(u)Q/(P-‘rl) > 2(p+1)m(rﬁ, 1—r (1 —c ))

By supposing that u achieves the minimum m(rg, /1 — r2(1 — ¢2)) we obtain the reverse inequality,
and the result then follows by the relation between d and m. O

Remark 5.2 This scaling property implies that all values of d on any semi-ellipse 8 = kv/1 — ¢ with
k < 2 are determined by any single value of d on that semi-ellipse.

Setting 8 =0 and 72 = (1 — ¢?)~! in Theorem 5.2 gives the following result.

Corollary 5.2 When 3 =0, d(c) = (1 — ¢*)3®
(i) If p>9, then d"(c) < 0 for ® < 1,

3p+5
_1)
7

and it follows that

(i) If p <9, then d’(c) < 0 for ¢® < % and d"(c) >0 for ¢ >2(p—1)p+ 7.

Theorem 5.3 Suppose d is twice differentiable on its domain, and consider the curve T'y = {(8,¢) :
0<c<1,8=kVv1—_c?} for some k < 2. Then d..(,c) changes sign at most once along T'y.

Proof. We present two proofs of this fact, both of which make use of the scaling property of d. First,
setting r = (1 — ¢2)~%/2 in Theorem 5.2 gives

d(B,c) = (1—c*)d(B/V1~c,0)

where v = 4%21_?)' Equivalently, setting s = v/1 — ¢2 we have

d(B,V1 —s2) = s*7d(8/s,0).

Differentiating once with respect to s gives

do(B, /1~ 52) - \/1__3732 = 27s27Ld(B/s,0) — B2~ 2ds(B/s,0).

26



or equivalently

de(B,V/1—82) = /1 — 82 [~27s2772d(8/5,0) + B> 3ds(8/5,0)] .

Differentiating again with respect to s then gives

dcc(ﬂv V 1- 82) : \/l_s

2 = s 257 (85,0 + 857 (65, 0)]

+1/1— 52 [—27(%{ — 2)54773d(ﬂ/s, 0)
+B(2y — 3)s7 dg(B/s,0) — B*s*7Pdss(B/s,0)] .

Now denote Sy = 8/v1 — ¢? = §/s. Then this becomes

dee(B,¢) = —275*7~2d(Bo, 0) + 857> dg (B, 0)
+ (1= 5%) [29(2y — 2)s*71d(Bo, 0) — B(4y — 3)s*72dg(Bo, 0) + 8257 Cdsp(Bo, 0)]
= —2ys*772d(Bo, 0) + Bos>"*ds (o, 0)
+ ¢ [279(2y — 2)s*7*d(Bo, 0) — Bo(4y — 3)s*7 " *d3(Bo, 0) + B5s> *dsa(Bo,0)]
Simplification yields
dcc(67 C) = 82’}/74 [2’7d(60a O)(62(2’}/ - 1) - 1) + Bodﬂ(ﬁ()a 0)(1 - (47 - 2)82) + CZﬂgdﬂﬁ(ﬁm O)}

= 5771 [(29(2y — 1)d(Bo, 0) — 2(2y — 1)Bodis(Bo, 0) + B3dss(Bo,0))
+(50dﬁ (607 0) - Q’Yd(ﬂ(), 0))}

Since the bracketed term is linear in ¢2, this shows that d.. changes sign at most once on I'y,, and the
change of sign occurs when ¢ = /P, where

—Bods(Bo,0) + 2vd(Bo,0)

P= P00 = oy = 19d(80,0) — 227 - 1)ds(Bo, 0) + BB, 0)

provided 0 < P < 1.
Alternately choose any point (8y,co) € T'y, with ¢g # 0. Then applying Theorem 5.2 with r = 55/
gives

ﬁ q
d(B,c) = () d(Bo, co)
Bo
where ¢ = Q%gf?) . Differentiating twice with respect to ¢ and using the relation ¢y = /1 — 82(1 — c2)/32
we have

q—4
dCC(ﬂvc) = # ( ﬂ ) [(1 - C%)COCQdcc(ﬂo,CO) + (Cg - cz)dc<50700)] .

(1 =) \Bo

The term outside the brackets is positive, while the bracketed term is linear in ¢ and therefore can
change sign at most once for 0 < ¢ < 1. The change of sign occurs when ¢ = /P, where

ctd.(Bo, co)
(2 — 1)codec(Bos co) + de(Bo, o)

provided 0 < P < 1. a

P = P(co) =

Remark 5.3 Theorem 5.3 does not imply that for 5 fixed d.. has at most one sign change as ¢ varies.
Indeed, when p = 4 there exist  for which d.. changes sign three times as ¢ varies from 0 to 1.

27



6 Numerical Results

In this section we present numerical calculations of d and its derivatives for the nonlinearities
f(u) = |u|P and f(u) = |u[P~1u for several values of p. These results illustrate precisely the regions
in the (f,c)-plane where d.. is positive and negative, hence where the solitary waves are stable or
unstable.

The method consists of numerically computing a solitary wave ¢ for given (8,¢) and using the
relations

48.0) = 5t K(0)

ds(B,c) = —% /Rwi dz
dc(67c) = _C/ 302 dx
R

to compute d and its first derivatives. By then doing this for several values of (8,c¢) the second
derivatives d.. and dgg may be calculated numerically. By the scaling relation in Theorem 5.2, it
suffices to perform these calculations over the segments

Flz{(ﬂ,c):020771§6<2}
Ty ={(8.0): f=-10<c<1},

since for every k < 2 the semi-ellipse I'y, = {(8,¢) : 0 < ¢ < 1,8 = kv/1 — ¢} passes through either
I'y or I's. The calculations in the proof of Theorem 5.3 may then be used to determine the locations
where d.. changes sign.

To compute the solitary waves, the following spectral method due to Petviashvili. The Fourier
transform of the solitary wave equation (1.7) is

—

(€' =B+ (1~ %) = fly)

so we perform the iteration

A _ F(en)
Gry1 = MP/ (P 1)54 = 552(?()1 —2)

where the stabilizing factor M is given by

oy (€ =58+ (1= )l ds.

The convergence properties of this method were studied in [21], where it was shown that the exponent
1% of the stabilizing factor M yields the fastest rate of convergence. In the case of the nonlinearity

f(u) = uP for integer p, there exist exact solutions of the form

(3T p—1 ;
ola) = (L) set (VAT

p+1
solitary waves very closely approximate the exact solutions, with an L? error on the order of 107° after
about 100 iterations using Gaussian initial data.
The results of these computations for the odd nonlinearity f(u) = |u[P~*u and even nonlinearity
f(u) = |u|P are shown in Figures 2 and 3, respectively. Each curve corresponds to a different choice of

when = — (pTH + L) V1 —¢? ([6]). On the spatial domain [—200,200] the numerically computed
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the power p, and separates the domain DT into two regions

D, ={(B,c) € D" :d..(B,¢c) <0}
Dy ={(B,c) € DT :d..(B,¢c) > 0}.

Since d..(3,0) < 0 for all 8, the region of unstable solitary waves, D,,, is the “lower” region that
contains the [-axis, while the region of stable solitary waves, Dy, is the remaining region. Several
observations may be made regarding the stable and unstable regions.

Observation 6.1 (i) For p < 5, the stable region Dy is unbounded and for each fixed 3 contains

points (B, c) near (B, cy), in agreement with the result of Corollary 5.1.

(ii) For p > 5, the stable region Dy is bounded, and when p > 5 appears to consist of the set of points

interior to a smooth closed curve that passes through (0,1).

(#ii) For p > 12, Dy is empty.

(iv) For sufficiently large p, there exist B such that d.. changes sign more than once as ¢ varies from

0 to cs.
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