College of the Holy Cross, Fall 2018
Math 244, Midterm 2 Solutions

1. Let
1 —1 1 0
3 1 1 0
W1 = Span 11121 W2 - Span 21 11
3 1 2 1

Find the dimensions of Wy, Wy, Wi + W5 and Wy N W,. Prove your assertions.

Solution. Let

1 —1 1 0
3 1 1 0
Wi = 1 Wo = 1 W3 = 9 Wy = 1
3 1 2 1

Clearly {w;,ws} is linearly independent, so it is a basis for W; and thus dim(WW;) = 2.
Likewise, {w3, w4} is a basis for Wy, so dim(Ws) = 2.

Since
1 -1 10 100 —3
wef |31 L0 _ 010 3
1 -1 21 001 1
3 1 21 000 O
the set of vectors {wy, wy, w3} is linearly independent, and wy = —%Wl + %Wg + ws. Thus

Wy + Wy = Span(wy, Wo, W3, Wy) = Span(wy, wo, w3). This implies {wy, wo, w3} is a basis
for Wy + Wa, so dim(W; 4+ W3) = 3. By the dimension theorem,

dim(Wy N Ws) = dim(W7) + dim(Ws) — dim(W; + Ws) =242 -3 = 1.

2. Let T : R* — R? be defined by T'(vy,v2) = (vive,v1 + ve). Is T a linear transformation?
Prove your assertion.

Solution. 7' is not linear. Let v = (1,1). Then T(v) = (1,2), so 2T'(v) = (2,4). But
T(2v) =T(2,2) = (4,4), so T'(2v) # 2T (v).

3. Let T : R* — R? be the linear transformation whose matrix with respect to the standard
1 2 3 4
basesis A=|1 -1 1 —1]/.
1 —-10 =5 —16

(a) Find T(2€2 + 364).

1 2 3 4 (2) 16
Solution. 7'(2e;+3e4) = |1 -1 1 -1 ol = -5
1 -10 =5 —16 3 —68

(b) Find bases for Ker(7") and Im(T").
Solution. Since

O wirnw|ot
O wlowin

1
rref(A) = |0
0

o = O



the first two columns of A are linearly independent, and the last two are linear combi-
1 2

nations of the first two. Thus 1, -1 is a basis for Im(7").
1 —10
From the echelon form we also see that the solution of Ax = 0 is given by

T —213— 2y -2 —2
3 5 3 5
2 —3%3—5%a| _ |73 =3
T3 xIs3 3 1 + 0 ’
Ty Ty 0 1
_3 _2
3 3
_z _2
SO 13 : 03 is a basis for Ker(T).
0 1
(c) Is T injective? Is T surjective? Explain.
Solution. T is not injective since dim(Ker(7)) = 2 > 0. T is not surjective since
dim(Im(7)) =2 < 3.
3
(d) Find the set of solutions of the equation T'(x) = | 1 |.
)
3
Solution. Since T'(e3) = | 1 |, x, = e is one particular solution of the equation. Thus
)
the set of solutions is {e3} + Ker(T'). In parametric form
0 _5 _2
3 3
X = O +x 3y | 3
1 ‘1 0
0 0 1
2 1
4. Let a= [2| and b= |—2], and define a linear transformation 7' : R* — R3 by
1 2

v-a v-b
T(v) = <—) —— | b.
v) a-a)” N <b : b)
(This is the projection onto the plane spanned by a and b.)

(a) Show that T is a linear transformation.
Solution. Let u,v € R? and ¢ € R. Then

o= () () (mnn) ()

(e (T2 (B0 (0
-a

(e (D (e (1)
2

+



and

so T is linear.

(b) Compute T'(e;), T'(es) and T'(e3).
Solution.

-b
a-a b-b 9
e;-a es;-b 4
T(e3)=<a3.a>a+<;_b)b:a+2b: )
5

(c) Find the matrix for T with respect to the standard basis for R?.
Solution. The columns of the matrix for T" with respect to the standard basis are the

5 2 4
vectors found in part (b). Thus the matrix for Tis A= |2 8 —2].
4 -2 5
(d) Find a basis for Ker(7").
10 —1
Solution. Since rref(4) = |0 1 —% = Span 3
00 1

5. Suppose o = {vy, vy} is a basis for V' and {w1,ws} is a basis for W, and T : V — W is

b=
a linear transformation such that [T7]7 = g 1

(a) Let x = 4v; — 3vy. Find the following:

.

Solution. [x], = {_43}
. (X))

Sotution. [1(x]s = (7120 = |5 1| | ] = |}
o T(x)

Solution. T'(x) = 9vy + 5vs.



(b)

Find a vector y € V such that T(y) = ws.
Solution. Let [y, = [yl}. Then since [T'(y)]s = [T)2]y]o and [T(y)]s = [W2]s = {0},

N

The solution of this system is Bl] = {_13} , S0y = —3vy + va.
2

we need to solve

6. Let T: P;(R) — Py(R) be defined by T'(p(x)) = p"(x) + p/(x) + p(z).

(a)

Show that T' is linear.
Solution. Let p and ¢ be in P(R) and let ¢ € R. Then

Tp+q)(x)=@+q" (@) + @+ (x)+(+q(r)
=p"() + ¢"(x) +p'(x) + ¢'(x) + p(z) + q(x)
=p"(x) +p'(x) + p(x) + ¢"(z) + ¢'(x) + q(z)

=T(p)(z) +T(q)(x)

and

T(cp)(x) = (cp)"(x) + (ep)' () + (ep)(2) = cp”(2) + cp/(x) + cp(x) = T(p)(w)
so T is linear.

Find the matrix for T with respect to the basis o = {1, z, z%}.
Solution.

T(1)=1=1-140-2+40- 27
Tx)=1+r=1-1+1-2+0-27
T(a*)=2+2r+2"=2-1+2-2+2-2°

so the matrix for T" with respect to « is

[T]a =

=
O =
NN

Is T injective? Is T surjective? Prove your assertions.

0
Solution. Suppose p(z) = a + bx + cx? is in Ker(T). Then T'(p) = 0, so [T'(p)]. = [0].
0

But
1 1 2] |a a+b+2c
[T(p)]a = [T]g[p]a =10 1 2 bl = b+ 2c )
0 01 c c

so we have a + b+ 2c = 0, b + 2¢ = 0 and ¢ = 0, which implies a = b = ¢ = 0 and
thus p = 0. Thus Ker(7') = {0} and T is injective. Since V' =W = P»(R), T is also
surjective.



7. Suppose T : V — W is a linear transformation.

(a) Show that if {vi,vs,vs} is linearly dependent then {7'(vy),T(vs),T'(v3)} is linearly
dependent.

Solution. Suppose {vy, vy, v3} is linearly dependent. Then there exist scalars ¢;, ¢ and
c3, not all of which are zero, such that

c1Vy + vy + c3vy = 0.
Thus by linearity of T',
C1T(V1) + CQT(VQ) + CgT(Vg) = T(clvl + CoVo + Cng) = T(O) =0

so {T'(v1),T(vs),T(vs)} is linearly dependent.
(b) Let U be a subspace of W and define Y = {v € V : T(v) € U}. Show that Y is a
subspace of V.

Solution. Let y;,y2 € Y and ¢ € R. Then T(y;) € U and T(y2) € U. Since U is a
subspace of W, ¢T'(y1) + T(y2) € U. By linearity, ¢T'(y1) + T(y2) = T(cy1 + y2), so
T(cy, +y2) € U, which by definition of Y implies cy; +y2 € Y. Thus Y is a subspace
of V.

8. Let T : R* = R? be a linear transformation.

(a) What are the possible dimensions of Ker(7)? Explain.
Solution. By the dimension theorem dim(Im(7)) + dim(Ker(T)) = dim(R*) = 4,
so dim(Ker(7)) < 4. But Im(7) is a subspace of R?, so dim(Im(7")) < 2, and thus
dim(Ker(T')) > 2. Therefore dim(Ker(7")) could be 2, 3, or 4.

(b) Give an example of such a transformation for which dim(Ker(7")) = 3.
Solution. Let T be the linear transformation whose matrix with respect to the standard

basis is A = [(1) 8 8 8} Then Ker(T') = Span(es, €3, e4), so dim(Ker(7)) = 3.



