College of the Holy Cross, Fall 2018
Math 244, Homework 8

1. Find the determinant of each matrix.

(a) det |2 7} T

(b) det s _6} =

—2 4

c) det 10 =44
0 4
[0 11:

(d) det 4 0]~ —44
[0 11]

(e) det 0 4] =0

2. Find the determinant of the matrix for each transformation 7" : R?> — R? with respect
to the standard basis.

cos(f) —sin(0)

(a) Roty: det { ] = cos*(6) + sin*(f) = 1

sin(f)  cos(6)
(b) Refy: det Eﬁgz}) _s;r;(sz(g)e)] = —cos2(26) — sin®(26) = —1

2
(c) Proj,: det — [ “ al?] =0

2 2
atay lajay  aj

3. Give an example of 2 x 2 matrices A and B such that det(A + B) # det(A) + det(B).

2 0 0 0

Solution. Let A = [O 0 05

det(A + B) = 10.

} and B = [ 1 Then det(A) + det(B) =0+ 0 = 0, but

4. Show that for any 2 x 2 matrix A and any ¢ € R, det(cA) = c*det(A).

Solution. Let A = {all au}. Then
21 Q22

ca1p Caio
Cag1 Ca9go

det(cA) = det [

} = (CCLH)(CQQ)—(CCL12>(CCL21) = 02(a11a22—a12a21) = 02 det(A)

5. Let A and B be 2 x 2 matrices. Prove that det(AB) = det(A)det(B).

bll b12

Solution. Let A = Gn  G12 and B =
ba1 Do

a21 A2

] . Then

det(A) det(B) = (a11a22 — algagl)(bllbzg — blgbgl)

= a11a22b11022 — a11a22b12b21 — @12a21011b22 + a12a21012b2;



and

a1biy + ar2bar a1z + aizbao
az1b11 + agabar  az1biz + agabao
= (a11b11 + @12021)(a21b12 + A22b22) — (@21b11 + A22b21) (11012 + @12b22)
= apbrrazibiy + a11b11a2bas + a12ba1a21b12 + aieborazabsn
— anbraribiy — a21b11a12b22 — aebaiai1biz — assbararaban
= a11022011022 — A11a22012b21 — A12a21b11b22 + 12a21D1202;

= det(A) det(B)

det(AB) = det

1
~ det(A)

Solution. Since AA™! = I, the result of the previous problem implies 1 = det(/) =
det(AA™) = det(A) det(A™1).

6. Suppose A is a 2 x 2 invertible matrix. Show that det(A™!)

7. Find the determinant of each matrix.

3 1 2

(@) det | 1 1 1] =3det |~ b —vaet | ', M 42aet| L =30y —1m +
3 4 -3 4 -3 3
-3 3 4
2(6) = 8
70 2 7 9
(b) Expanding along the second row, det |0 3 0| = 3det [2 5] =3(31) =93
20 5
[2 7
(¢) det [0 5 9 | =(2)(5)(=3) = —30
0 0 -3
0 0 3 0 4
(d) det {0 4 7| =3det [5 71: 60
5 7 9
(e)
1 5 32 1 5 3 2
-3 1 2
1 2 4 4 0 -3 1 2
2 -1 4 3 0 —11 -2 -1
3 1 2 31 2 ol s
=det | 9 4 3| =det |21 0 =5 :—l-det{17 _3}
(11 2 1 17 0 -3
= —22



(f)

(2)

5 0 0 00
7T 2 0 00
det | -3 6 —1 0 0| =(5)(2)(=1)(7)(3) =—210
4 -8 3 70
9 6 3 73
2 1 3 1 2
6 2 11 5 3
det |4 —8 3 7 13| = 0 since rows 1 and 4 are identical
2 1 3 1 2
9 6 3 7 3

8. For which real numbers x is each of the following matrices invertible?

(a)

11—z 2
3 5—=x

Solution. Since det [1 g v 2

5—x

when x = %E, the matrix is invertible for every real number = except 3 + +/10.

!

Solution. Since det Lj _wl} = —1 — 22 is always negative, this matrix is invert-

ible for every real number z.

- 2

} =(1—z)(5—x)—6 = 2*—6x—1 is zero only

Solution. Since det B ;2] = 0 for every real number x, the matrix is not
invertible for any .
x 1 2
1 = 1
2 1z
z 1 2
Solution. det [1 z 1| = x(2? — 1) — 1(x — 2) + 2(1 — 22) = 2° — 62 + 4.
2 1 x

Now notice that if x = 2 the first and third rows of the matrix are identical,
which means its determinant must be zero. Therefore x — 2 must be a factor of
2 — 62 4+ 4. Factoring, we have 2® — 62 4+ 4 = (v — 2)(2* 4+ 22 — 2), which is zero
when z = 2 or x = —1 £ /3, and thus the matrix is invertible for every z except
these three values.

9. The transpose of a matrix A is the matrix A® whose entry in row 7 column j is the



entry of A in row j column .

aixp aig
A= |an ax
az1 a3s2

For example, if

a13 11 Aag21 a31
23 then At = | Q12 Q22 Q32
ass3 @13 dg23 (33

Prove that for any 3 x 3 matrix A, det(A") = det(A).
Solution. First expand det(A) and det(A") along the first rows:

det(A)

det(A")

= a11(022a33 - a32a23) - Cl12(6121a33 - &31a23) + a13(a216132 - a31a22)
11022033 — A11A32023 — Q12021033 + G12G31023 + 13021032 — A13031022
Gll(a22a33 - a23a32) - a21(G12G33 - a13&32) + &31(G12G23 - Cl136l22)

11022033 — (11023032 — G21012033 + A21A13G32 + G31Q12023 — A31A13022

Since the first, second, third, and sixth terms in each expression are identical, and the
fourth term in each expression matches the fifth in the other, the two expressions are

equal.



