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ABSTRACT. We investigate the combinatorial proper-
ties of the traces of the n-th Hecke operators on the
spaces of weight 2k cusp forms of level N. We establish
examples in which these traces are expressed in terms
of classical objects in enumerative combinatorics (e.g.
tilings and Motzkin paths). We establish in general that
Hecke traces are explicit rational linear combinations of
values of Gegenbauer (a.k.a. ultraspherical) polynomi-
als. These results arise from “packaging” the Hecke
traces into power series in weight aspect. These gener-
ating functions are easily computed using the Eichler-
Selberg trace formula.

1. INTRODUCTION AND STATEMENT OF RESULTS

Throughout, let £ be a positive integer, and let Sox(I'g(V))
(resp. S5E¥(T'o(V))) denote the space generated by the weight
2k cusp forms (resp. newforms) on the congruence subgroup
Lo(N) (see [9], [10] for background on modular forms). For
positive integers n and N which are coprime, define the inte-
gers Tro (Io(N), n) and T,V (I'g(N), n) by

(1.1) Ty, ([g(N), n) := trace of the n-th Hecke op-
erator on Sy (T'o(NV)),

(1.2) Tro(To(N), n) := trace of the n-th Hecke op-
erator on Sy, (Io(N)).

Recent works (for example, see [1], [5], [11], [12]) have proven
congruences between such traces and combinatorial numbers
such as the Apéry numbers
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For example, Ahlgren and the second author [1] confirmed a
conjecture of Beukers that

T (s = 4( 25 (mod )

for every odd prime p. Many more such congruences for traces
are obtained by the authors in [5].

In view of these congruences, it is natural to investigate the
instrinsic combinatorial properties of these traces. In the n-
aspect (i.e. where 2k and N are fixed), one does not expect to
find a simple combinatorial description of these traces. How-
ever, in the weight aspect these traces are indeed combinato-
rial numbers. We begin by presenting four examples of this
phenomenon.

There are many instances where these traces are combina-
torial numbers analogous to the Apéry numbers. For example,
we establish the following fact.

Theorem 1.1. If k > 2, then

k-1
Trgk(F0(7), 2) = -2 — Z (k +2T7“ 1) . (*2)’677"7].
r=0

Theorem 1.1 provides a combinatorial formula for the trace
of Ty on the space of cusp forms for the congruence subgroup
[(7). Such formulas are often closely connected to hyperge-
ometric functions. First we recall the traditional notation for
these functions. If n is a positive integer, then define (a), by

(1.3) (@), ==ala+1)(a+2)---(a+n—1).

If n = 0, then let (a), := 1. Gauss’ 9F; hypergeometric
functions are defined by

Cc

(1.4) 2F1< o, b

— (c)an!

We establish the following formula involving o F} functions
(which are Gegenbauer polynomials).

Theorem 1.2. If k > 3, then
Teae(To(17),3) = 2+ 3(- 2%,y (7072 0,002 | o)
+(=2)F o F) ( (1-k)/2 (2-k)/2 9>_

In general we shall see that, apart from certain simple sum-
mands, Hecke traces are almost always sums of such 5 F} eval-
uations.

In view of the combinatorial formulas in Theorems 1.1 and
1.2, it is natural to wonder whether these traces are connected
to classical topics in enumerative combinatorics. The next
two examples confirm this speculation.




If » is a non-negative integer, then let

(1.5) T'(n) := #{tilings of a 3 X n rectangle using
1 x 1 and 2 x 2 tiles}.

For example, here are the five tilings when n = 3.

FIGURE 1. Square tilings of 3 x 3 rectangles

It turns out that Tri5(T'9(3),2) = 6 - T(3) = 30, an example
of the following more general result.

Theorem 1.3. If k > 3, then
Trop(T'o(3),2) = 6(—1)% - T'(k — 3).

As another example, we consider Motzkin paths. An el-
evated Motzkin path of length n is a lattice path which lies
strictly above the z-axis, apart from its endpoints (0,0) and
(n,0), with steps of the form (1,1), (1,—1) and (1,0). If
n > 2, then let

(1.6) M, (n) := sum of areas bounded by length n
elevated Motzkin paths and the z-
axis.

For example, here are the four elevated Motzkin paths of
length 5:

o 1 2 3 4 5 0 1 2 3 4 5

FiGure 2. Motzkin paths of length 5



Therefore, M,(5) = 20. Tt turns out that Triy(Tg(4),3) =
12 - M,(5) = 240. This formula also generalizes to other
weights, as given in the following result.

Theorem 1.4. If k > 3, then
Tror(To(4),3) = 12(—1)% - M, (k — 1).

The four theorems above are special cases of a general the-
orem concerning the combinatorial properties of the traces of
Hecke operators in weight aspect. To illustrate this general
phenomenon, consider the cusp forms in Sox(To(N?)) given
by

(L7)  F(Niz)i= ) T (Te(N). n)g”

(note that ¢ := €™ throughout). By Atkin-Lehner theory,
such a cusp form is essentially (and often exactly) the sum of
the newforms in the space SH" (Io(N)).

To study the coefficients of these cusp forms, it is conve-
nient to employ the Eichler-Selberg trace formula (for exam-
ple, see [3], [4], [8], [13]). Although these formulas are quite
formidable at first glance, we make some elementary observa-
tions which reveal some surprisingly simple properties leading
to results such as the theorems above.

For the group I'y(8), consider the forms Fj%(8; 2):

Fpev(8;z) = q —4¢* —2¢° +24¢" +---

Fpev(8:2) = q +20¢° —T4¢> —24¢" +---
(1.8)

F°V(8;2) = 2q —40¢® +348¢° —1680q" +---

For general N, we use these coefficients, grouped by column,
to define the power series

(1.9) R™™(Dy(N = Z T2 (Do (N), n)zk .
Similarly, we consider the power series
(1.10) R(Ty(N = ZTer (To(N), n)z*

For the forms in (1.8), calculations suggest that these series
are rational functions. In particular, for levels 3,5, and 7,



calculations suggest the following formulas:

R™(T4(8),3;7) = —4x + 202° — 402* + 82" 4 202" + - -

B —4x

273 4+ 1522 + 5+ 17
R™(T'4(8),5;x) = —2x — T4a” 4 3482° — - - -

B —502° — 8422 — 2z

 31252° + 6252* + 7023 + 1422 4 5z + 1
R™(T'4(8),7; x) = 24x — 242* — 16802° + - - -

B 16822 + 24z

240124 + 39223 + 7822 + 87 + 1

These formulas prove to be correct, and indeed more is true.
For generating functions of traces in general, we prove the
following result.

Theorem 1.5. If N is a positive integer, and if n > 2 is
prime to N, then R™Y(T'o(N),n;x) and R(To(N),n;x) are
both rational functions in Q(x). Moreover, their poles are all
simple and are algebraic numbers of degree < 2 over Q.

In Section 3, we obtain Theorem 3.3, a result describ-
ing a basis of rational functions which are summands for
R(Ty(N),n;x). By the Atkin-Lehner theory of newforms,
Theorem 1.5 follows as an immediate corollary. The most
complicated rational functions appearing in Theorem 3.3 are
of the form

nr+1

n?z? 4+ (2n — s?)x + 1

Using the well known generating functions for the Gegenbauer
(a.k.a. ultraspherical) polynomials C,({\)(r)

(1=2rz+2%) =Y CHY(r)z"

9]
n=0

(for example, see (6.4.10) of [2]), and the fact that

e =Dy (T (7008

1
r?
(for example, see (6.4.12) of [2]), it is not difficult to deduce

that

(1.11) nat 1 1+
: =1+nz
n?z? 4+ (2n — )z + 1

+ Z(SQ — 2n)m2F1 <7m/2, (I:TZL)/Q ‘ (2,141122)2).7}"1
m=1

0 352 = 2m) "y (i (o

m=1

4n? m+1
(2n752)2>x :



Consequently, it follows in general that Hecke traces are es-
sentially simple sums of values of Gegenbauer polynomials as
in Theorem 1.2.

Theorem 3.3, which is not difficult to prove, follows from an
analysis of the intrinsic combinatorial structure of the Eichler-
Selberg trace formula for Hecke operators. In Section 2, we
recall a formulation of this result, and we make some key
observations. In the last section, we derive Theorems 1.1
through 1.4.

Acknowledgements. The authors are grateful to the ref-
eree of [5], whose comments inspired them to look for the
connections obtained in the present paper. The authors also
thank Jeremy Rouse for producing Figures 1 and 2.

2. THE EICHLER-SELBERG TRACE FORMULA

Our methods involve reformulating the Eichler-Selberg trace
formula for Trox(To(N),n) (see [3], [4], [13]). We utilize the
version of this trace formula due to Hijikata (see [7], [8]). Fix
throughout positive integers k, N, and n. Let

(2.1) E={s€Z]|s*—dn <0},
(2.2) H={s€Z|3Ht e’ s*—dn=1+1},
(2.3) P={s€Z|s*—4n=0}.

Decompose E into the disjoint union £ = E’' U E", where
s € E' (resp. s € E") if the discriminant of Q(v/s% — 4n) is 1
modulo 4 (resp. 0 modulo 4). For each s € EU H U P, define
the non-negative integer ¢t = t(s) by

mt? if s € E', and m is a fund. disc.

4mt? if s € B", and 4m is a fund. disc.
t? ifse H,
0 if s € P.

(24) s> —4n =

Then define sets of integers

(25) F(s):= {{f € 2" | f divides i(s)} if s € EUH,

{1} if s e P.

Furthermore, for s € FU H U P, define y and y to be the
roots of X2 — sX +n = 0, and accordingly let

(1 2k—1 _ +2k—1
5 ——— ifscE
y—vy
L ; SV 2k—1
(2.6) a(s, k,n) = | mm{|y, y||} fseH.
y—y
(L ly|n*! if s e P.




Finally, let

Lopr T e
@7 olhn) = o =T iR =1L
0 otherwise;
and if n is a perfect square,
1
(2.8) o(k,N,n) = 12(2 k- ]NH 1/0),
(N

otherwise o(k, N,n) := 0.

Theorem 2.1 (Hijikata [7, Thm. 0.1]). If N and n are posi-
tive coprime integers, and k > 1, then

Trop(To(N),n) = d(k,n) + o(k, N,n)

B Z a’(svkan) Z ( f??) ( an)

s€e EUHUP FEF(s)

where b(s, f,n), c(s, f, N,n) are rational numbers depending
only on s, f, N, and n, and are given explicitly (see [7, §0],
8. §2]).

Remark. The numbers b(s, f,n) in the statement of the theo-
rem are given in terms of class numbers of orders of imaginary
quadratic fields if s € E and in terms of Euler’s ¢-function if
s € H. The numbers ¢(s, f, N,n) are calculated by counting
solutions to certain congruences. In both cases the numbers
can be calculated explicitly, but for brevity we do not repeat
their definitions here. The main observation is that their val-
ues are independent of the weight 2k.

3. PROOF OF THEOREM 1.5

Throughout this section we fix coprime positive integers n
and N, and we recall the definition of the generating function

R(Fg Z Tr2k FO )

from (1.10). In this section we explore the combinatorics of
the variation of Trox (T'g(N), n) in k. By the Atkin-Lehner the-
ory of newforms, R"¥(I'y(N),n;x) is an integral linear com-
bination of R(I'¢(M),n;z), where M | N. Hence it suffices
to examine R(I'g(N),n;z). In particular, in Theorem 3.3, a
more precise version of Theorem 1.5, we determine an explicit
formula for R(I'y(N),n; z).

Continuing with the notation of Section 2, we first make
the following observation about the coefficients a(s, k,n) for
se b,

Proposition 3.1. If s € E, then

k=1
1 9
a(=9ak,n):§§ (—1) (Qk j2 ]> J g2k—=2j—2
J=0



Proof. From (2.6), when s € F,

2%k—1 —2k 1 Qk 2

1y
3.1 a(s,k,n _——-——_E Uy2k2y
( ) ( ) 2 y—vy

This sum can be expressed in terms of powers of yy and y+ 7,
using the relation

ma |
(32) y"+y" = > (1)J7'.( y ]> (yy) (y+y)™ .

=0 m=Jj\ J

Then a straightforward induction, in conjunction with the

relations y +y = s and yy = n, yields the desired expression.
OJ

We now determine the generating function for the power
series with coefficients a(s, k,n), for s € E.

Lemma 3.2. If s € Z and s> — 4n < 0, then

o0

S als, kn)at = no ]

P 2 n2?+ (2n—s)r+1

Proof. The proof follows from Proposition 3.1 and from

(3.3) Z(*l)j <2k7+ j) vl = (1 +31:)2k+1’

j=1
which is simply the binomial theorem. More specifically, we
have

oo oo k—1
a(s, k,n) k=1 _ %Z (71)_7' (Qkfj%j) ni g2k—2i-2 mk—]’
k=1 k=1 j=0
LSSy (i
k=0 j=0

1 — st
-2 kz: (nx + 1)2k+1°
where the first equality follows from Proposition 3.1, the sec-
ond after reindexing the sums, and the third from (3.3). O
Now let
x [Tgn (1 +1/6) if na perfect square,

(3.4) S(N,n):= {0

otherwise;
and
(3.5)
F(N.n) = 4(;(2\/5, I,N,n) ifna Perfect square,
0 otherwise,

where ¢ (2y/n,1, N,n) is defined as in [7, §0].



Theorem 3.3. If N and n are coprime positive integers, then

nx + 1 N (N, n)
(nx—1)2  nz—1

+Z 22 Zb( +df77)(+di77)

R(To(N),n;z) =6(1,n) + S(N,n)

n — d? d?x — 1
dln fI(G—d)
d<+/n
1 nr+1
-z b(s N, .
2 Z Z 5 f, V) n?z? + (2n — s?)x + 1
) €§Z< fIt(s)

Proof. We proceed by using the trace formula from Theo-
rem 2.1. The first and second terms in the proposed for-
mula for R(Tg(N),n;z) follow easily from (2.7) and (2.8).
The third term arises from the terms in the trace formula
corresponding to s € P. (We make use of the fact that
b(s,1,n) =1 as in [7, §0].) The sum on divisors d of n with
d < \/n corresponds to the terms in the trace formula com-
ing from s € H. Finally, using Lemma 3.2, the last sum
corresponds to the sum on s € E in the trace formula. [

Remark. By taking n = 1, Theorem 3.3 provides generat-
ing functions for dimensions of spaces of modular forms. For
example,

i dim Sgp (Tg(25))z* 1 =

k=1

23 4+ 422 + 5x
(x+1)(x—1)?

=52+ 922 + 1523 + - - -

4. COMBINATORIAL THEOREMS

Here we prove Theorems 1.1 through 1.4. These results
follow from an analysis of the generating functions described
in Theorem 3.3. Using this result, it is straightforward to
verify the following proposition.

Proposition 4.1. With the notation as in (1.10), we have
2z 2z

1 241

= —62°% + 62° — 182" + -+ |
2 2r +1

-1 422+3z+1

= —z—22 -9+,

R(Ty(3),2;z) =

R(Ty(7),2;z) =3+

3 1
R(Ty(4),3:2) =4 —
(To(4),352) =4+ =3 =373
= 1222 + 242% — - - |
2 6x + 2

R(Ty(17),3;2) =4+

-1 912+2z+1
= —4x +202? — 282% — .- .



Proof of Theorem 1.1. By Proposition 4.1, we have that

2 20 +1
r—1 4724+3x+1

> 21 + 1
=1-2 n_ -
;x 472 + 3z + 1

To prove the theorem, it suffices to show that

o) =3 (") -2

Jj=0

R(To(7),2:2) = 3 +

where the integers a(n) are defined by

2r+1

N 74
17 430+ 1 T —a+ T

3M8
Q

This is a straightforward calculation involving recurrence re-
lations. m

Proof of Theorem 1.2. By Proposition 4.1, we have

2 6x + 2
-1 9224 2x+1

> 6x + 2
—9 9\ T2
;T 922 + 27 + 1

The theorem follows from (1.11). O

R(Ty(17),3;z) =4+
T

Proof of Theorem 1.3. By Proposition 4.1, we have

2 2 612

R(FO(S)’Q;x):x—1+2x+1 02— -1

By replacing © by —z, we obtain the known recurrence for
67 (n) (see Theorem 1 of [6]). O

Proof of Theorem 1.4. By Proposition 4.1, we have

3 1 1222

R(I'y(4),3;2) =4 - - '
(To(4), 3; ) +.’17*1 3r+1 322—-22—1

By replacing © by —z, we obtain the known recurrence for
12M,(n) (see Propositions 1 and 2 of [14]). O

In view of the results presented here, it is natural to revisit
the properties of the Hecke operators from a purely combi-
natorial perspective. For example, it is natural to ask the
following question.

Question. Are there direct combinatorial proofs of Theorems
1.1 through 1.4 using the theory of modular symbols?
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