College of the Holy Cross, Spring 2009
Math 244, Midterm 3
Tuesday, April 21

1. Consider the linear transformation T : P3(R) — P,(R) defined by T(p) = ¢’ + p".

(a) [5 points] For o = {1,, 2% 2} basis for P3(R) and 8 = {1, z, 2%} basis for P,(R),
find the matrix of 7" with respect to a and 3, i.e., find [T]8.
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(b) [5 points] What is the dimension of- Ker(T)? Find a basis for Ker(T‘).
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(c) [5 points] What is the dimension of Im(T')? Find a basis for Im(T)
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(d) [b points| Is T' injective? Explain your answer.
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(e) [5 points] Is T' surjective? Explain your answer.
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2. [10 points] Let S : R? — R? be given by rotation through a 90 degree angle, and let
T : R? — R? have the matrix
A -1 0
- 1 3

with respect to the standard basis of R?. Find the matrix for ST with respect to the
standard basis of R2.
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3. Consider the linear transformation T : R® — R? whose matrix with respect with the

2 0 3
standard basisis A= |2 1 6 |.
1 2 8

(a) [10 points] Is T invertible? If so, what is the matrix of 7! with respect to the
standard basis?
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(b) [10 points] Suppose that « is any basis for R®. Prove that the determinant of [T]2
is 1. [Hint: [7]¢ == Q"1AQ for some matrix @ (in fact, @ = [I]8, where {3 is the
standard basis).]
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4. [10 points] Let V be a finite-dimensional vector space, and suppose that T : V — V

is a surjective linear transformation. Prove that if {vl, ..,Un} is a basis for V, then
{T(51),...,T(va)} is also a basis for V.
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5. (a) [8 points] Does there exist a linear transformation 7" : R® — R7 such that dim(Im(7))
2dim(Ker(T))7 If your answer is yes, give one such transformation. If your answer is

not, explain why not.

by Ao dime Yo di W) & dow (han (7)) = dim D) =3
Te dom (Tl = 2dim (Ker (1)), Fhen v hawe

L dim (D) = 3, s clim () =
A’Y\ U“mFl% mj} WG»\ = ‘L’"N"S“M’Ma‘l'rm 05

T(/y“) Xz, )(3) = CX"‘ XT“ ©, O/ % O/ O)

\ 5 L oo

whost  matdeix [,Tj )= SO
j ° oo

o 0 o

M o o &

huses 9 0

(b) [7 points] What are the possible dimensions for Im(7) if T : R® — R7 is & linear
transformation? What are the possible dimensions for Ker{T")
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6. [10 points|For what values of g is the matrix [ —-a —a a :l invertible?
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7. [10 points|] Suppose V and W are finite dimensional vector spaces and dim(V) <
dim(W). Show that there exists an injective linear transformation from V to W.
[Hint: say specifically what the transformation would be in terms of its action on a

basis for V]
M i.—.\;j,-.-) T/:hg \DQ < \)cﬂzﬂ\j ;\'4' \/
M %.G/ - \':‘-7113 ]7{ 4 bOU’TS Yor W
Nole n< t snee ol im (V) < o wm (w)
Lot TU?J) = Gj

)= G,

T(_Ur\): C}?\
P IF TIEI=3,  wwvk

Then T s m\je,ci\-i\/‘e,.
v a Vi -4 GnVy - Then TCE) = a TP -t o T(7)

. —
Py a‘wl+ -7 “-anvn‘
—
So 6=C‘1\_jl+' <4 Apln ¥ OWpy Yot Dy
"ﬂ/ﬂf\f Gz = apnz O SN iu’,,,..,\’,?ﬁ s lTV\M(l}/ l“al-tf).

v, 5. we've o WKer (D= f‘&‘i/

3 wd pe W 3, Hen

“This mabex 35 m zch. \\;W
and hos o Tree varn s,
Wit h A4 (Ve anotier P*F.

Wet T is i»\Jec-}—W\e.




