
Mathematis 242{Priniples of AnalysisSolutions for Pratie Questions for Exam 2Otober 31, 2005I.A) This is impossible by the Order Limit Theorem (2.3.4). If an < 0 for all n and (an)onverges to b then b � 0.B) Example: xn = (�1)n. Note x2n = 1 for all n.C) Example: xn = n, yn = 1n3 . Then Pn xnyn =Pn nn3 =Pn 1n2 whih onverges.D) Example: xn = n (or any other monotone inreasing sequene that is not boundedabove).E) This is impossible by the result of Theorem 2.7.6 in the text.F) Example: P1n=1(�1)n. The partial sums are �1; 0;�1; 0; � � �.G) This is impossible beause if you have any single onvergent subsequene, then anysubsequene of that subsequene is also onvergent, and to the same limit as the �rstsubsequene (Theorem 2.5.2 in the text).II.A) This is a geometri series with �rst term �8=27 and ratio �2=3. The sum is �8=271+2=3 =�845B) For all n � 2, 1n(n� 1) = �1n + 1n� 1So for m � 2 the mth partial sum issm = 12 � 1 + 13 � 2 + � � �+ 1m(m� 1)= 11 � 12 + 12 � 13 + � � �+ 1m� 1 � 1m= 1� 1m:(This is alled a \telesoping" series beause of these anellations.) Then1Xn=2 1n(n� 1) = limm!1�1� 1m� = 1:III.A) P1k=1 1k2=3 is divergent by omparison with the harmoni series: 1k2=3 > 1k for allk � 1. For all k 2 N, we have k2=3 < (k + 1)2=3, so 1k2=3 > 1(k+1)2=3 . Moreoverlimk!1 1k2=3 = 0. Hene by the Alternating Series Test, P1k=1 (�1)k+1k2=3 onverges.The series is onditionally onvergent. 1



B) For the Ratio Test, we look atlimn!1 ����an+1an ���� = limn!1 ���� (�1)n+19n+1(2n+ 2)! � (2n)!(�1)n9n ����= limn!1 9(2n+ 2)(2n+ 1)= 0Sine this is < 1, the Ratio Test implies the series is absolutely onvergent.C) This series is divergent beause limk!1 k2�1k2+2k+4 = 1 6= 0 (see Theorem 2.7.3 in text).D) For all k 2 N, k < 2k. Hene k5k < �25�k. Sine Pk �25�k is a geometri series withratio 0 < r = 2=5 < 1, it is onvergent. So the given series onverges too by theComparison Test.E) Diverges by omparison with Pk 12pk+1 .IV.A) If (xn) is onvergent with limit a, then for all " > 0, there exist N 2 N suh thatjxn � aj < "=2 whenever n � N . But then for that N ,jxn � xn+1j = j(xn � a)� (xn+1 � a)j � jxn � aj+ jxn+1 � aj < "=2 + "=2 = ":Hene (xn) is pC.B) The onverse of the statement in A is false. Here is a ounterexample. Considerthe sequene (sn) of partial sums of the divergent harmoni series Pk 1k . (sn) is adivergent sequene sine limn!1 sn = +1. But sn+1 � sn = 1n+1 . So given any" > 0, there exists N 2 N suh that jsn+1 � snj < " whenver n � N { just takeN � 1" , then n � N implies jsn+1 � snj = 1n+1 < 1n � 1N < ".V.A) Sine limn!1 nan = ` 6= 0, and an > 0, the Order Limit Theorem implies that ` > 0.For all " > 0, there exists N 2 N suh that jnan � `j < " for all n � N . Let "be small enough that ` � " > 0. Then nan > ` � " whenever n � N , so an > `�"nwhenever n � N . This implies thatP1n=N an diverges, by omparison with the seriesP1n=N (` � ") 1n , whih is a onstant times the \tail" of the harmoni series. As aonsequene, the whole series P1n=1 an diverges too.B) Sine limn!1 n2an = ` 6= 0, and an > 0, the Order Limit Theorem implies that` > 0. For all " > 0, there exists N 2 N suh that jn2an � `j < " for all n � N .Then n2an < ` + " whenever n � N , so an < `�"n2 whenever n � N . This impliesthat P1n=N an onverges, by omparison with the series P1n=N (` + ") 1n2 , whih is aonstant times the \tail" of the series Pn 1n2 . As a onsequene, the whole seriesP1n=1 an onverges too.
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VI.A) S is nonempty by the Bolzano-Weierstrass theorem. If �M � xn � M for all nand s 2 S, then s = limk xnk , for some subsequene xnk . The Order Limit Theoremimplies that beause �M � xnk �M , �M � s �M too. Hene S is bounded aboveand below.B) lim sup (�1)n + 1n = 1 (look at the even-numbered terms). The odd-numbered termsshow that �1 2 S for this sequene too.C) (by ontradition) Suppose that there exists some " > 0 suh that in�nitely manyterms of the sequene satsify xn > t+". From these in�nitely many terms, we selet asubsequene xnk with xnk > t+" for all k 2 N. The (xnk) is also a bounded sequene,so the Bolzano-Weierstrass Theorem implies that it has a onvergent subsequenexnk` . Say that onvergent subsequene has limit s. Then s 2 S sine xnk` is also asubsequene of the original xn. The Order Limit Theorem implies s � t+ " > t. Thisontradits the de�nition of t as t = supS.
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