
Mathematis 242 - Priniples of AnalysisSolutions - Exam 2November 4, 2005I.A) The Monotone Convergene Theorem says: Every monotone bounded sequene in Ris onvergent. Proof (in monotone inreasing ase): Say (xn) is a monotone inreasingsequene that is bounded above. By the Axiom of Completeness, a = supfxn : n 2 Ngexists in R. By a result we know about least upper bounds, for all " > 0, there existssomeN suh that a�" < xN � a. But then sine the sequene is monotone inreasing,a� " < xN � xn � a for all n � N . It follows that jxn � aj < " for all n � N , so byde�nition the sequene onverges to a.B) Sine xn < 0, we have xn+1 � xn for all n. This means that the sequene is monotoneinreasing and bounded above by 0. Hene part A shows that limn!1 xn = a forsome real number a. Furthermore a � 0 by the Order Limit Theorem sine xn < 0for all n.II.A) The Bolzano-Weierstrass theorem says that every bounded sequene has a onvergentsubsequene.B) We have jxnj = j sin(n)j � 1 for all n. Hene xn is a bounded sequene and theBolzano-Weierstrass theorem applies. There is a subsequene xnk that onverges.III.A) limk!1 kak = 4 means that for � = 1, for instane, there exists a natural number Nsuh that kak > 4 � 1 = 3 for all k > N . Then ak > 3k for these k, and the seriesPk ak diverges by omparison with the series Pk 3k . So there are no suh examples.B) Any onvergent series of negative terms is an example, for instane P1k=0 �12k .IV.A) P1k=1 15k+3 diverges by the omparison test: For all k > 3: 5k+3 < 6k, so 15k+3 > 16k .The series P1k=1 16k diverges beause it is a onstant times the harmoni series. How-ever P1k=1 (�1)k+15k+3 onverges by the Alternating Series Test sine 15k+3 is stritlydereasing as k!1 and limk!1 15k+3 = 0. The given series is onditionally onver-gent.B) This is a geometri series with ratio �17 . Sine j�17 j < 1 it is absolutely onvergent.V. Using the Ratio Test,limk!1 ���� (x� 3)k+1(k + 1)6k+1 � k6k(x� 3)k ���� = limk!1 jx� 3j�k + 16k � = jx� 3j6This is < 1 when jx � 3j < 6, or �3 < x < 9. The series onverges absolutely for thesex and diverges for x > 9 and x < �3. When x = 9 we get the harmoni series whih1



diverges. When x = �3, then we get the alternating harmoni series whih onverges bythe Alternating Series Test. Hene the whole interval of onvergene is �3 � x < 9.Extra Credit. Let " > 0. Sine xn onverges to a there exists a natural number N1 suhthat jxn�aj < "=2 whenever n � N1. So when n � N1, we have by the triangle inequalityjyn � aj = ����x1 + x2 + � � �+ xn � nan ����� 1n (jx1 � aj+ � � �+ jxN1�1 � aj+ jxN1 � aj+ � � �+ jxn � aj)� 1n (jx1 � aj+ � � �+ jxN1�1 � aj) + n�N1 + 1n "=2< 1n (jx1 � aj+ � � �+ jxN1�1 � aj) + "=2Now, using the Hint, notie that for all k, there exists a real numberM suh that jxk�aj �M (a onvergent sequene is bounded). Therefore, the last term above is bounded aboveby N1�1n M . Given ", N1 is �xed as above. But if we take n suÆiently large, say n > N2for some N2, then we an make N1�1n M < "=2 also. Therefore jyn � aj < " for alln > max(N1; N2).
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