
Mathematis 242 { Priniples of AnalysisSolutions { Disussion 3November 29, 2005A) For the regular partition Pn of [0; 2℄ with n smaller intervals we have �x = 2n andxi = 2in . The funtion f(x) = 1 � 6x2 is dereasing on [0; 2℄ (sine f 0(x) = �12x � 0 onthe interval). Hene U(f; Pn) = nXi=1  1� 6�2(i� 1)n �2! 2n= 2n nXi=1 1� 48n3 n�1Xi=1 i2= 2� 48n3 n�1Xi=1 i2Similarly L(f; Pn) = nXi=1  1� 6�2in �2! 2n= 2� 48n3 nXi=1 i2Hene, U(f; Pn)� L(f; Pn) = 48n3n2 = 48nIf we are given " > 0, then 48n < " whenever n > 48" . So we have that f is integrable. Thevalue of the integral is found by takinglimn!1L(f; Pn) = limn!1 2� 48n3 nXi=1 i2!= limn!1�2� 48n3 � n(n+ 1)(2n+ 1)6 �= 2� 16 = �14B) The answer is NO: f(x) is not integrable on [0; 1℄ (or on any other interval [a; b℄ withb > a). The reason is that sine every suh interval ontains both rational and irrationalnumbers. So for every partition P , we have Mi = 1 all i, and mi = 0 all i. HeneU(f; P ) = nXi=1Mi�xi = nXi=1�xi = 1;1



while L(f; P ) = nXi=1mi�xi = 0:Given " < 1, there is no partition P suh that U(f; P ) � L(f; P ) < ". Hene f is notintegrable.C) Consider the regular partition Pn of [a; b℄ into n equal subintervals: Pn = fxi : 0 � i �ng with xi� xi�1 = (b� a)=n for all i. Then sine f is inreasing Mi = f(xi) for all i andU(f; Pn) = (b� a)n nXi=1 f(xi)Similarly, mi = f(xi�1) for eah i andL(f; Pn) = (b� a)n nXi=1 f(xi�1) = (b� a)n n�1Xi=0 f(xi):In the di�erene U(f; Pn)� L(f; Pn), all the terms exept the last one in U and the �rstone in L anel (i.e. the sum \telesopes"), leavingU(f; Pn)� L(f; Pn) = (b� a)(f(b)� f(a)) � 1n(note xn = b and x0 = a). Sine (b�a)(f(b)�f(a)) is onstant, we have limn!1 U(f; Pn)�L(f; Pn) = 0. Therefore by Theorem 7.2.8, f is integrable on [a; b℄.D) Let " > 0. Sine f is integrable on [a; ℄, there is a partition P1 of [a; ℄ suh thatU(f; P1)�L(f; P1) < "=2. Similarly, sine f is integrable on [; b℄ there is a partition P2 of[; b℄ suh that U(f; P2)�L(f; P2) < "=2. Let P" = P1[P2. This gives a partition of [a; b℄.From the de�nitions, U(f; P") = U(f; P1) + U(f; P2) and L(f; P") = L(f; P1) + L(f; P2).This shows thatU(f; P")� L(f; P") = (U(f; P1)� L(f; P1)) + (U(f; P2)� L(f; P2)) < "=2 + "=2 = "Therefore, f is integrable on [a; b℄. To see the relation R ba f = R a f + R b f , note for all" > 0, there is a partition P" = P1 [ P2 as above, suh that�����Z ba f � Z a f + Z b f!����� = �����Z ba f � L(f; P")� �Z a f � L(f; P1)�� Z b f � L(f; P2)!������ �����Z ba f � L(f; P")�����+ ����Z a f � L(f; P1)����+ �����Z b f � L(f; P2)�����< "+ "=2 + "=2:(The last inequalities follow sine L(f; P ) < R ba f < U(f; P ).) Sine " > 0 is arbitrary, thisshows R ba f � �R a f + R b f� = 0 2


