
Mathemati
s 242 { Prin
iples of AnalysisFinal Exam Solutions { De
ember 14, 2005I.A) The sequen
e (xn) 
onverges to L if for every " > 0, there exists an N 2 N su
h thatjxn � Lj < " whenever n � N .B) limn!1 5n2 + 3n+ 1n2 + 4n = limn!1 5 + 3n + 1n21 + 4n = 5by the Algebrai
 Limit Theorem.C) Given " > 0, let N > 17" . Then for all n � N , 17n < 17N < ", so����5n2 + 3n+ 1n2 + 4n � 5���� = j � 17n+ 1jn2 + 4n= 17n� 1n2 + 4n< 17nn2= 17n < "This shows the limit of the sequen
e is 5 as 
laimed.II. First we show xn is bounded above by 2 by indu
tion. The base 
ase is n = 1, wherex1 = 1 � 2 is 
lear. Then assume xk � 2. We have xk+1 = pxk + 1 � p2 + 1 = p3 � 2.So xn is bounded above by 2 for all n.Next we show that xn is monotone in
reasing. We have x2 = p2 > 1 = x1 for thebase 
ase. Next assume xk > xk�1. Thenxk+1 = pxk + 1 >pxk�1 + 1 = xkSo the sequen
e is monotone (stri
tly) in
reasing.Finally, we know the sequen
e 
onverges to some L � 2 by the monotone 
onvergen
etheorem. To �nd L we take limn!1 in the equation xn = pxn + 1, so L = pL+ 1, orL2�L�1 = 0. This gives L = 1�p52 by the quadrati
 formula. The limit must be positive,so L = 1+p52 .III. The Bolzano-Weierstrass theorem is the statement that every bounded sequen
e has a
onvergent subsequen
e. See the 
lass notes and text for the proof.IV.A) The in�nite series P1n=1 an 
onverges if and only if the sequen
e of partial sums:SN =PNn=1 an 
onverges to some L 2 R.1



B) This is a geometri
 series with �rst term a = 15=7 and ratio r = 3=7, whi
h is lessthan 1 in absolute value. Hen
e the series 
onverges toa1� r = 15=71� 3=7 = 154 :C) f(n) = 1n+ln(n) is de
reasing with n and limn!1 1n+ln(n) = 0. Hen
e the series
onverges by the Alternating Series Test. The series of absolute values isP1n=1 1n+ln(n) .Sin
e ln(n) < n for all n � 1, we have n + ln(n) < 2n and 1n+ln(n) > 12n . The seriesP1n=1 12n diverges (it's a 
onstant times the harmoni
 series). Hen
e by the 
omparisontest,P1n=1 1n+ln(n) diverges too. With the alternating signs, the series is 
onditionally
onvergent.D) limn!1 ����an+1an ���� = limn!1 ���� (�1)n+1(n+ 1)2 � 2n(�1)nn22n+1 ����= limn!1 12 �1 + 1n�2= 12 < 1Hen
e, the series 
onverges absolutely.V.A) No, f(x) is not 
ontinuous at x = 0. Let xn = 1n (all rational. Then limn!1 f(xn) =� 1n�2�1 = �1. But if yn = p2n (all irrational), then limn!1 f(yn) = limn!1 2(p2n )�2 = �2: Sin
e the two sequential limits are di�erent, f(x) is not 
ontinuous at x = 0,sin
e limx!1 f(x) does not exist.B) Yes, f(x) is 
ontinuous at x = 1. Note thatjf(x)� f(1)j = � jx2 � 1j = jx+ 1jjx� 1j if x is rational2jx� 1j if x is irrationalGiven " > 0, let Æ = minf1; "=3g. Then if jx�1j < Æ, we have 0 < 1�Æ < x < 1+Æ < 2,so 1 < x+1 < 3. Hen
e in either 
ase (x rational or irrational), jf(x)�f(1)j < 3�"=3 <" or jf(x)� f(1)j < 2"=3 < ". This shows that limx!1 f(x) = f(1) so f is 
ontinuousat x = 1.VI.A) This is TRUE. By 
ontraposition, if f 
hanges sign on the interval, then the Interme-diate Value Theorem shows f(x) = 0 for some x 2 [a; b℄. Hen
e if f(x) is never zero,then it is either always positive or always negative.B) This is TRUE. By the Extreme Value Theorem, f attains its minimum at some 
 2[a; b℄: f(x) � f(
) for all x 2 [a; b℄. But we are given that f(
) > 0, so we 
an takem = f(
). 2



C) This is FALSE. Counterexample: f : (�1; 1)! R is 
ontinuous on the open interval,but the range f(�1; 1) = [0; 1) whi
h is not open.VII. By the de�nition, f 0(0) = limx!0 f(x)� f(0)x� 0= limx!0 x3 sin(1=x) + 3xx= limx!0x2 sin(1=x) + 3= 3(Note sin(1=x) is bounded so limx!0 x2 sin(1=x) = 0.)VIII. For the regular partition Pn of [1; 3℄ we have �x = 2=n xi = 1+2i=n for i = 0; : : : ; n.The fun
tion f(x) = x2 + 5 is in
reasing on the interval [1; 3℄, soU(f; Pn) = nXi=1 �(1 + 2i=n)2 + 5� 2nand L(f; Pn) = n�1Xi=0 �(1 + 2i=n)2 + 5� 2nHen
e U(f; Pn) � L(f; Pn) = (14 � 6) 2n = 16n . This 
an be made < " by taking n>18" .Hen
e f is integrable on [1; 3℄. The value of the integral isZ 31 x2 + 5 dx = limn!1U(f; Pn)= limn!1 nXi=1 �(1 + 2i=n)2 + 5� 2n= limn!1 nXi=1 �6 + 4i=n+ 4i2=n2� 2n= limn!1 12 + 8n2 1Xi=1 i+ 8n3 1Xi=1 i2= limn!1 12 + 4n(n+ 1)n2 + 4n(n+ 1)(2n+ 1)3n3= 12 + 4 + 8=3 = 56=3IX. 3



A) This limit 
omputes ddx ln(x) at x = 1. By 
al
ulus we know ddx ln(x) = 1x , solimh!0 = ln(1 + h)h = 1:B) Writing h = 1=n, this shows1 = limn!1 n � ln�1 + 1n� = limn!1 ln�1 + 1n�nWrite xn = ln �1 + 1n�n. Then the sequential 
riterion for 
ontinuity showslimn!1�1 + 1n�n = limn!1 exn = elimn!1 xn = e:Extra Credit. Sin
e f is 
ontinous, it is integrable on [1; B℄ for all B > 1. Sin
e f isde
reasing, the lower sum for the partition P = f1; 2; : : : ; Ng on [1; N ℄ is the sumNXn=2 f(n) = L(f; P ) < Z N1 f(x) dx < limB!1 Z B1 f(x) dx = LHen
e the partial sums of the series are bounded above by a �xed number L. By theMonotone Convergen
e Theorem, the partial sums 
onverge to a �nite limit, soP1n=1 f(n)
onverges.To see that Pn=1 1n� 
onverges for all � > 1, note thatlimB!1 Z B1 1x� dx = limB!1 x��+1��+ 1 ����B1 = limB!1 B1�� � 11� �Sin
e � > 1, 1� � < 0 so this limit exists, and equals 1��1 . Hen
e the sum 
onverges bythe �rst part of the question.
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