
Mathemati
s 242 { Prin
iples of AnalysisExam 3 Solutions { De
ember 2, 2005I. f(x) = x2 � 6x+ 3.A) Let " > 0 and Æ < minf1; "=5g. If jx � 1j < Æ < 1, then 0 < x < 2, so jx � 5j < 5.Then sin
e we also have jx� 1j < "=5:jf(x)� (�2)j = jx2 � 6x+ 5j = jx� 1jjx� 5j < ("=5) � 5 = ":This shows limx!1 f(x) = �2.B) Note that f 0(x) = 2x� 6 � 0 on the interval [3; 4℄. Therefore f is monotone in
reas-ing. By the result from question C on Dis
ussion 3, f is integrable on that interval.(Alternate way: f is 
ontinuous on R, so by the theorem we proved in 
lass on 11/30,f is integrable on every �nite interval.)II.A) IVT: Let f be 
ontinuous on [a; b℄. If L is any real number (stri
tly) between f(a)and f(b), then there exists 
 2 (a; b) su
h that f(
) = L.B) f(x) is 
ontinuous be
ause f 0(x) = �a2 sin(x) exists for all real x. Moreover f(0) =a1+a2 > 0 while f(�) = a1�a2 < 0. Taking L = 0 in the IVT, there exists 
 2 (0; �)su
h that f(
) = 0.III. Sin
e s = sup f([a; b℄), if " > 0, then s� " is not an upper bound for f([a; b℄). So thereexists x 2 [a; b℄ su
h that s � " < f(x) � s. Apply this with " = 1n for ea
h n 2 N. Thisgives a sequen
e (xn) in [a; b℄ su
h that s � 1n < f(xn) < s for all n 2 N. Sin
e [a; b℄ isa bounded interval, the Bolzano-Weierstrass theorem implies that there is a subsequen
exnk of this sequen
e 
onverging to some 
. By the above limk!1 f(xnk) = s. Sin
e theinterval is 
losed, the limit 
 is also in the interval [a; b℄. But then by the sequential versionof 
ontinuity s = limk!1 f(xnk) = f(
):IV.A) This is FALSE. Let xn be any sequen
e of rational numbers 
onverging to 3. Thenlimn!1 f(x) = 9. On the other hand, if yn is a sequen
e of irrational numbers
onverging to 3, then limn!1 f(yn) = 0. Sin
e these two sequential limits are di�erentthe limit of the fun
tion does not exist.B) This is TRUE. We havef(x)� f(0)x� 0 = � x2x = x if x is rational0 if x is irrational1



Either way, if jxj < Æ = ", then ����f(x)� f(0)x� 0 � 0���� < "whenever jxj < ". So the limit of the di�eren
e quotient exists andf 0(0) = limx!0 f(x)� f(0)x� 0 = 0:C) This is FALSE. If we pi
k any partition P = fxi : i = 0; : : : ; ng of the interval, thenea
h subinterval 
ontains rational numbers arbitrarily 
lose to the right-hand endpointof the subinterval. Hen
e Mi = x2i . On the other hand mi = 0 sin
e every subintervalalso 
ontains irrational numbers. Sin
e all the x2i > 1, The di�eren
eU(f; P )� L(f; P ) = nXi=1(Mi �mi)�xi = nXi=1 x2i�xi > nXi=1�xi = 1:This shows f is not integrable on [1; 2℄.D) This is FALSE. s = sup f([�p2;p2℄) = 2 but there is no x in the interval wheref(x) = 2. (Note �p2 are irrational, so f(�p2) = 0).
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