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s 242 { Prin
iples of AnalysisSele
ted Solutions { Problem Set 2September 20, 2004Se
tion 6/8. Let R be the relation on R2, de�ned by(a; b)R(
; d), a+ d = b+ 
First, we show that R is an equivalen
e relation. First, it is re
exive sin
e a + b = b + aimplies (a; b)R(a; b) for all (a; b). Next, it is symmetri
, sin
e if (a; b)R(
; d) then a+ d =b + 
. Hen
e 
 + b = d + a so (
; d)R(a; b). Finally, it is transitive sin
e if (a; b)R(
; d)and (
; d)R(e; f) then a + d = b + 
 and 
 + f = d + e. These equations imply thata + d + f = b + 
 + f = b + d + e, so a + f = b + e, whi
h shows (a; b)R(e; f). Theequivalen
e 
lass of (7; 3) is the set of all (x; y) su
h that (x; y)R(3; 7), or x + 3 = y + 7.This is the line de�ned by the equation y = x� 7 in the plane.Se
tion 7/8. Note that the problem asks for fun
tions f : N ! N. This means that thedomains and ranges must be subsets of the set of natural numbers N = f1; 2; 3; : : :g.a) The fun
tion f(n) = � 1 if n = 1n� 1 if n � 2is not inje
tive sin
e f(1) = f(2) = 1. But it is surje
tive, sin
e every natural numberis in its range.b) An inje
tive, but not surje
tive fun
tion is f(n) = 2n. The range is the set of evennatural numbers, so f is not surje
tive. But f is inje
tive sin
e f(n1) = f(n2) implies2n1 = 2n2, so n1 = n2.
) A fun
tion that is neither inje
tive nor surje
tive isf(n) = nn if n is even2n if n is oddThe range is the set of even natural numbers, so f is not surje
tive. Moreover, f isnot inje
tive, sin
e f(2) = f(1) = 2.d) f(n) = n is bije
tive.Se
tion 7/10.a) We want an example where f : A ! B and f�1(f(C)) 6= C for some C � A. Letf(x) = x2, and let C = f1g. We have f�1(f(C)) = fx : x2 = 1g = f�1; 1g.b) We want an example where f(f�1(D)) 6= D for some subset D � B. Let f(x) = x2again, and take D = f�1g. Then f�1(D) = fx : x2 = �1g = ; (as long as wetake the domain of f to be the set of real numbers, or a subset of the reals). Hen
ef(f�1(D)) = ; 6= D.
) We want an example where f(C1 \ C2) 6= f(C1) \ f(C2) for subsets C1; C2 � A.Take f(x) = x2 again, and let C1 = f1g, C2 = f�1g. Then f(C1 \ C2) = ;, butf(C1) = f(C2) = f1g, so f(C1) \ f(C2) = f1g.1



Se
tion 7/12. Let f : A! B.a) We want to show that f inje
tive implies f�1(f(C)) for all subsets C � A. Weknow C � f�1(f(C)) for all mappings. Hen
e, we must show that f inje
tive impliesf�1(f(C)) � C. Let x 2 f�1(f(C)). By de�nition, this means f(x) 2 f(C), sof(x) = f(x0) for some x0 2 C. Sin
e f is inje
tive, this implies x = x0, so x 2 C. Wehave shown f�1(f(C)) � C.b) Similarly, we want to show that f surje
tive implies that f(f�1(D)) = D for allD � B. We know that f(f�1(D)) � D for all mappings f and all D. So, weneed to show that f surje
tive implies that D � f(f�1(D)). So let y 2 D. Sin
eD � B and f is surje
tive, this means that y = f(x) for some x 2 A. But then byde�nition, this implies that x 2 f�1(D), and y = f(x) 2 f(f�1(D)). This shows thatD � f(f�1(D)).Se
tion 7/13. We assume that f; g are inje
tive. Let g(f(x)) = g(f(x0)). Sin
e g isinje
tive, f(x) = f(x0). But then, sin
e f is inje
tive, x = x0. This shows that the
omposition g Æ f is inje
tive also.Se
tion 7/20.a) If f : A ! B has a left inverse fun
tion g and f(x) = f(x0), then x = g(f(x)) =g(f(x0)) = x0. This implies that f is inje
tive. Conversely, suppose f is inje
tive. Forea
h y 2 B, y is either equal to f(x) for some x 2 A or else y 6= f(x) for all x 2 A. Inthe �rst 
ase, sin
e f is inje
tive, there is only one su
h x, so we 
an de�ne g(y) = x,where x is the unique element of A for whi
h f(x) = y. If y 6= f(x) for all x 2 A,then pi
k some a 2 A arbitrarily and de�ne g(y) = a. Doing this we get a fun
tiong : B ! A, and g(f(x)) = x for all x 2 A. Hen
e g is a left inverse of f .b) If f : A! B has a right inverse fun
tion g, then f(g(y)) = y for all y 2 B. This saysthat every y 2 B is in the range of f , so f is surje
tive. Conversely, if f is surje
tive,then we must 
onstru
t a right inverse fun
tion g. To do this, sin
e f is surje
tive,for every y 2 B, there exists (at least one) x 2 A su
h that f(x) = y. For ea
h y, pi
kany one su
h x and de�ne g(y) = x. This gives a fun
tion g : B ! A with f(g(y)) = yfor all y 2 B. Hen
e g is a right inverse for f .
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