
Mathemati
s 304, Se
tion 2 { Ordinary Di�erential EquationsSolutions Midterm Exam 1 { O
tober 1, 2004Dire
tions: Do all work in the blue exam booklet. You may use a 
al
ulator and the tableof integrals at any point. There are 100 total regular points and 10 Extra Credit points.I. Consider the �rst order ODE(1) y0 = 2t(y � 2)2=3A) (15) Find a solution of this equation that satis�es the initial 
ondition y(0) = 3.Solution: This is a separable equation, so we solve as usual:Z (y � 2)�2=3 dy = Z 2t dt3(y � 2)1=3 = t2 + 
y = � t23 + 
�3 + 2From the initial 
ondition, 3 = 
3 + 2) 
 = 1:So the solution is y = � t23 + 1�3 + 2B) (10) What does the Existen
e and Uniqueness Theorem say about solutions of theinitial value problem for (1) with y(0) = 2? Show that the 
onstant fun
tion y(t) = 2for all t is one solution. Is it the only one?Solution: The right-hand side fun
tion in this equation isf(t; y) = 2t(y � 2)2=3 ) �f�y = 4t3(y � 2)1=3The partial derivative fun
tion is not 
ontinuous on any re
tangle in the (t; y)-plane 
on-taining points with y = 2. Hen
e, the hypotheses of the Existen
e and Uniqueness Theoremare not satis�ed. However, the most we 
an say in this 
ase is that we are not guaranteedthat there exists a unique solution to the initial value problem with y(0) = 2. (There 
ouldbe more than one, but that's not guaranteed either.) In this 
ase there is more than onesolution. First, y = 2 for all t satis�es the di�erential equation sin
ey0 = 0 = 2t(2� 2)2=31



is true for all t. Hen
e this 
onstant fun
tion is a solution. But then, we 
an also get asolution of this ODE with y(0) = 2 by using the solutions found in part A. If y(0) = 2, weget 
 = 0 and a di�erent solutiony = � t23 �3 + 2 = t627 + 2:II. (25) A tank with 
apa
ity 200 gal. originally 
ontains 50 gal. water with 30 lb of saltin solution. Water 
ontaining .5 lb of salt per gallon is entering at 3 gal./minute and thetank is thoroughly mixed so the salt 
on
entration is uniform at all times. Contents of thetank are also 
owing out of an exit pipe at 2 gal/minute. Find the amount of salt in thetank at all times prior to the time the tank over
ows. What is the amount of salt at theinstant the tank starts to over
ow?Solution: From the statement of the problem, letting S = the total amount of salt in thetank (not salt per gallon, the total), we have 50 + t gallons of liquid after t minutes, andS0 = 1:5� 250 + tSThis is a �rst order linear equation with g(t) = �250+t and r(t) = 1:5. Solving as usual,eR g(t) dt = e�2R dt50+t = e�2 ln j50+tj = (50 + t)�2Theny(t) = 
(50 + t)�2 + 32(50 + t)�2 Z (50 + t)2 dt = 
(50 + t)�2 + 12(50 + t)�2(50 + t)3= 
(50 + t)�2 + 12(50 + t)The initial 
ondition is S(0) = 30 (total salt in tank at t = 0). Then
2500 + 25 = 30) 
 = 12500Finally, sin
e the 
apa
ity of the tank is 200 gallons, the tank starts to over
ow when50 + t = 200 or t = 150 minutes. At that time, the total amount of salt isS(150) = 125002002 + 12(200) = 100:31pounds of salt. 2



III. Let T;M be positive 
onstants with T < M , and 
onsider the autonomous 1st orderODE(2) P 0 = �P �1� PT ��1� PM �
A) (15) What are the equilibrium solutions of this equation? Whi
h of the equilibria aresinks and whi
h are sour
es?Solution: Setting �P �1� PT ��1� PM � = 0, we see P = 0, P = T , or P = M . Sin
e this is a 
ubi
 polynomial in P with a negativeleading 
oeÆ
ient and three horizontal axis inter
epts, P 0 > 0 if P < 0, or T < P < M .P 0 < 0 if 0 < P < T or P > M . Hen
e P = 0 and P = M are sinks, while P = T is asour
e.B) (10) Suppose the equation (2) models growth of a population of a spe
ies of organismsin a parti
ular environment. Based on your answer to part A, what happens tosolutions of initial value problems for (1) if P (0) < T? if T < P (0) < M? ifP (0) > M? What are the meanings of the P values P = T and P = M?Solution: If 0 < P (0) < T , then the solution de
reases and tends to P = 0 as t ! +1;if T < P (0) < M , then the solution in
reases and tends to P = M as t ! +1; ifP (0) > M , then the solution de
reases and tends to P = M as t ! +1. In biologi
alterms,M represents the maximum sustainable population, while T represents the minimumsustainable population (or population threshold). If P (0) < T , then the population wouldeventually die out.IV. (25) Sket
h the bifur
ation diagram for the family of ODEy0 = y3 � 3ay
ontaining the parameter a. Des
ribe all bifur
ations that o

ur.Partial Solution: This is a \pit
hfork bifur
ation". There are equilibria at y = 0 for all a,and at y = �p3a for a > 0. For a � 0, y = 0 is a sour
e. For a � 0, the \new" equilibriay = �p3a are sour
es, while y = 0 
hanges to a sink.
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