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Affine toric varieties

The torus, characters
@ T = (C*)"is an abelian group under coordinatewise
multiplication, and an algebraic variety. Ex.
C* « V(xy —1) c C?
@ A character of T is morphism of varieties and group
homomorphism x : T — C*
@ Any character of T has the form

(b, ta) = [T 7
i

for some g; € Z.

@ Write M = {(a, ...
lattice of T.
@ Mnemonic: M for “monomial map”
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Affine toric varieties

One-parameter subgroups

@ A one-parameter subgroup of T is a morphism of varieties
and group homomorphism A : C* — T
@ Any such mapping has the form

t— (t%,... %) for some a; € Z.

@ So we have a second lattice N ~ Z", the lattice of
1-parameter subgroups, and Ty = N @z C* is the
associated torus

@ Givenme Mandne Nweget x\": T — C* and
A Ccr—= T

@ Gives apairing (, ): M x N — Z via

X"oA:C* — C*

t — t(m,n)
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Affine toric varieties

A theorem and a definition

Theorem (Sumihiro)

@ /fTy and T, are toriand ¢ : Ty — T» is a morphism of
varieties and group homomorphism, then im(y) is a closed
torus in T

@ IfH is an irreducible subvariety of a torus T that is a
subgroup of T, then H is a torus.

An affine toric variety is an irreducible variety containing T as
a Zariski open subset, and such that the action of T on itself

extends to a morphism T x V — V.
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Affine toric varieties

First Examples
@ T =(C*)"itself
@ C", P, via the “obvious” inclusions T c C" c P"

@ The cuspidal cubic V(y? — x3) c C2. The torus T in this
caseis T = {(2,13) | t € C*}
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Affine toric varieties

“Why do we care?”

The action of T lets us break things into simple bits —

@ The “three-fold path:"

o Lattice points (free abelian groups of finite rank)
e Toric ideals
o Affine semigroups

@ If Ty has character lattice M and A = {ay,...,an} C M, let

oq: T—C"
t= (), x(1))

Henry K. Schenck Affine and Projective Toric Varieties



Affine toric varieties

Lattice points and the variety Y4

@ Here is the formal definition of the variety defined by a
monomial parametrization:

Y4 = pa(T), where the bar is Zariski closure.

Y 4 is an affine toric variety with character lattice Z(.A). The
dimension of Y 4 is the rank of the lattice Z(.A).

@ Example: M =7, A = {2,3} gives Y4 = V(y? — x3)
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Affine toric varieties

The ideal of Y4

@ For A as above, consider Z" — M defined by e; — a;.

@ Let L be the kernel of this map,so0 — L — Z" — Mis
exact

© Writeeach ¢ € Las ¢ ={; — (_ (thatis, {4 =), o L€
and /_ = — Ze,<o lie;)

@ Then x’ — x- vanishes on the image of 4, hence is in
1Y ).

@ In fact we have,

I(Yq)=(x*—xP|a,BeN"a—pBcl).
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Affine toric varieties

Toric ideals

@ As we saw in the statistics talk, ideals of this form have a
name:

Definition

A toric ideal is a prime lattice ideal
(x*—xP|a,eN" a—-pecl)

for L c Z".

@ In fact, the binomial form of the generators is enough:

I C C[xq,...,Xyn] is toric < | is prime and generated by
binomials.
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Affine toric varieties

Two Examples

@ Consider Z? — Z defined by columns of A = (2 3). (Note:
we’ll sometimes be sloppy about what A represents — it
could be the set {2,3} or the 1 x 2 integer matrix with
those as the columns(!))

@ The kernelis L = ((3 —2))
@ Gives binomial x® — y2, which generates the toric ideal

@ Similarly if
210
A= (0 1 2>

then L= ((1 —21)) and we get / = (xz — y?),so V(l)is a
quadric cone.
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Affine toric varieties

Affine semigroups

@ A semigroup is a set with a binary operation satisfying all
of the group axioms except for the existence of inverses.

@ Affine semigroups are abelian, finitely generated,
contained in a lattice, operation written as +

@ If Sis a semigroup, we can define a semigroup algebra
C[S] = Span{x® : a € S} with x* - x& = x>*F

o It follows that

C[S] is an integral domain, finitely generated as a C-algebra,
hence corresponds to an affine variety Spec C[S]. This variety
is toric; if S = NA for A C M, then it is isomorphic to Y 4.
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Affine toric varieties

An example

Let S be the affine semigroup in Z? generated by
(2,0),(1,1),(0,2).

The semigroup algebra C[S] = C[s?, st, 1?]

The corresponding variety Spec C[S] is the affine toric variety
Y.A for A = {(27 0)7 (1 ) 1)7 (07 2)}

This is the quadric cone V(xz — y?) from before.
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Affine toric varieties

Three ways to describe affine toric varieties

From the last example, the next statement should be plausible
at least:

Theorem
The following are equivalent:
@ V is an affine toric variety
@ V=Y, forsomeAcCM
@ V = V(I) for a toric ideal
@ V = Spec C[S] for an affine semigroup S.
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Affine toric varieties

Cones

@ Let F c Ngr = N ®z R be a finite set. We define the cone
spanned by F to be:

cone(F) = {Z Aul | Ay > O}

ueF

@ The convex hull of S is

conv(F) = {Z)\uu | Ay > O,ZAU :1}

ueF ueF
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Affine toric varieties

Example

Figure: F = {(1,0),(1,2)} in 72

cone(F) is the region between the two rays; conv(F) is the
thicker vertical line segment.
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Affine toric varieties

The dual cone
Given a cone o in Ng, the dual cone is
o' ={neMg|{mn)>0Yneco}

For o = cone({(1,0),(1,2)}) as on the previous slide, the dual
cone is

o” = cone({(0,1),(2,-1)})
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Affine toric varieties

Some terminology

@ A cone o = cone(F) is rational if F C N; polyhedral if F is
finite (no “ice cream cones!”); strongly convex if the largest
linear subspace contained in o is {0}

@ RPC = rational polyhedral cone, SCRPC = strongly
convex, rational, polyhedral cone

@ A SCRPC is smooth if the minimal generators of the rays
of the cone are a subset of a Z-basis of N

@ A SCRPC is simplicial if the minimal generators are a
subset of a basis of Np = N ®7 Q
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Affine toric varieties

An important fact

Theorem (Gordan’s Lemma)

Ifo isa RPCin N, then S, = o N M is a finitely-generated
semigroup.

Proof: oV is also an RPC, so 0" = cone(T) for T a finite subset
of M. The parallelotope K = {_,,c71 Amm |0 < Apy < 1} is
bounded, so |[K N M| is finite and TU (K N M) C S,. The key
pointis T U (K N M) generates S, since if w € S,

w=> Anm=> [Anm+> (An— [Am))m

The firsttermisin T, the second is in K. //
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Affine toric varieties

A corollary, saturated semigroups

@ Let S, = oV N M; by the previous result:

Leto C Nr be an RPC. Then Spec C[S,] is an affine toric
variety, denoted U,,. It has dimension n = rank(N) if and only if
o isa SCRPC.

@ An affine semigroup S C M is said to be saturated if
kme S= me Sfork e N.

@ Example: S = ((4,0),(3,1),(1,3),(0,4)) is not saturated
(why not?)
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Affine toric varieties

Normality, smoothness, etc.

Theorem

Let V be an affine toric variety with torus Ty. The following are
equivalent:

@ V is normal (coordinate ring is integrally closed)
@ V = Spec C[S] for a saturated affine semigroup S
@ V = Spec C[S,] fora SCRPC o C Nr

U, is a smooth variety if and only if o is a smooth cone.
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Affine toric varieties

Points, morphisms

A point p € Spec C[S] « a semigroup homomorphism -y in
Homgg(S, C) via
me S+~ x"(p) € C.

Intrinsically, if p=m+— ~v(m),thenforallt e T,
t-p:m— xm(t)y(m).
A morphism Vi — Vs is toric if C[So] — C[S4] is induced by a
semigroup homomorphism S, — Sj.

¢ Vi — Vais toric if and only if o(Ty,) € Ty, and ¢ restricts to
a group homomorphism on Ty, . Toric morphisms are
T-equivariant: o(t - p) = p(t)e(p).

4
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Projective toric varieties

The basics
@ P" = (C™'\ {0})/ ~ where (xg,...,Xn) ~ X~ (X0, -, Xn)
forall A € C*
@ The torus in P" is the complement of V(xp - - - Xp)
@ Projective parametric toric varieties:

Definition

IfA={my,...,my 1} C M, we have
TN PA, (C*)H—H . CH—H _ . Pp"

The image is the projective toric variety X4 = o 4(Tn)-
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Projective toric varieties

Two subtle points

@ Since 1 — C* — (C*)"™' — Ty — 1 is exact, the character
lattice Mpn is {(ag, - .-,an) | >.;a = 0} = 2™1/7(1,...,1)

@ Two rather different parametrizations can give the same
projective toric variety:

@ Example A: M ={0,1,...,n}inZ gives
C* — (C*)™' — P" defined by t +— (1,t,...,t")

@ Example B: M = {(n,0),(n—1,1),...,(0,n)} C Z? gives
(s, 1) — (8", 8" 't,..., 1"

@ The projective varieties in A and B are the same, but the

affine varieties are not (parametrization of Y4 is not
homogeneous; for Y3, it is)
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Projective toric varieties

Connection with affine torics

Given A C M, letZ'(A) = {3, aim; | 3, a; = 0}

Theorem

The following are equivalent
@ Y, is the affine cone over the projective variety X4

@ /(Y4) is a homogeneous ideal

@ There exists au € N and k € N such that (m;, u) = k for all
i. (Note: this says the m; all lie on a hyperplane in M.
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Projective toric varieties

Consequences

The character lattice of X4 is Z'(A). This has rank
rank Z(.A) — 1 if the m; all lie on a hyperplane and rank Z(.A)
otherwise.

Example: If A consists of the columns of
4 310
01 3 4)°

then rankZ'(A) = 1 and X4 is a curve.
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Projective toric varieties

Affine charts

@ InP" let U; = {x; # 0} — a covering of P" by affines
isomorphic to C".

o If X C P"is a variety, let X; = X N U,.

@ In toric case, since x; = ™, passing to
U; = Spec C[xo/ X, - . ., Xn/Xj] is equivalent to considering
Ai={mj—m;|j#i}

@ Have

XaNnU = YA,- = Spec (C[S,'], where S; = NA,.

@ In fact, can do better:

X4 = U Xan Uy

m; a vertex of conv(.A)
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Projective toric varieties

An example, projective normality
@ For the rational quartic from
A= {(47 0)7 (37 1)7 (1 ) 3)7 (07 4)}, we have
XN Uy = Spec C[1,1/5,13/5% t*/s%] = C[t/s]

@ So X,nNlyisC.
@ Similarly for U3 = a smooth, projective, rational curve.
@ Applying a standard notion from algebraic geometry:

Definition

X4 is said to be projectively normal if the affine cone Y 4 is
normal (for toric, < saturated)

@ Exercise: the rational quartic above is not projectively
normal
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Projective toric varieties

Polytopes

@ A polytope P can be defined either as the convex hull of a
finite set of points, or as a compact intersection of finitely

many half-spaces

@ The lattice polytope
conv({(0,0), (2,0),(0,2)}

and
{x=0tn{y=0}n{x+y=<2}
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Projective toric varieties

Polytope terminology
Definition
Let P be a lattice polytope in M
@ A hyperplane H= {m | (m,ng) = —ar} is a supporting
hyperplane if P C {m | (m,ng) > —ar}

@ PN H for a supporting hyperplane is a face of P;
dimension of a face is dimension of the affine span

@ P is a simplex if P has dim(P) + 1 vertices
@ P is simplicial if each facet (codim 1 face) is a simplex
@ P is simple if each vertex lies in dim(P) facets.
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Projective toric varieties

Two examples

Figure: simplicial 6, 8,12 Figure: simple 8,12,6
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Projective toric varieties

Normal polytopes

@ The definition is:

Definition

A lattice polytope P C Mg is normal if
(kPOAM)+({(PNM)=(k+0)PNM

forall k,¢ > 1. (Note: The C here is “automatic.”)

@ Exercise: P = conv({0, ey, &2, &1 + €2 +2e3}) is not normal.
@ A nice fact:

If P is a lattice polytope with dim(P) = n > 2, then kP is normal
forallk > n—1.
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Projective toric varieties

The toric variety of a polytope

The key idea here is that charts < vertices of P. Given a lattice
polytope P ¢ M we get a cone and a semigroup from each
vertex m; of P as follows:
Definition

@ The vertex cone is

oj =cone(PNM—m;)" CN

(Note: The notation P M — m; means: translate P 1 M to
place m; at the origin!)

@ The semigroup is

SP’VZN(PQM—V)QM
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Projective toric varieties

An example will make all clear, we hope ...

Let P be the following polytope from before:

and take v = 2e, = (0,2). The cone o; is cone({ey, —e1 — €2}):

—
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Projective toric varieties

Example, continued

The lattice points in M making up the semigroup Sp , are
shown below: top vertex is translated to the origin:

Henry K. Schenck Affine and Projective Toric Varieties



Projective toric varieties

The affine charts

Xpam N U; = Spec C[U,y N M]

Definition
P is very ample if for all vertices v, Sp , is saturated.

Exercise: Let P = conv{0, ey, €2, €1 + €2 + 2e3} from before.
Show |P N M| = 4 so Xp~y — P3. Show that Xp~y is not
smooth. Show that P is not very ample.
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Projective toric varieties

How it all fits together, ...

Let’s draw in the vertex cones at each vertex of the lattice
polytope in the previous example:

If we “reassemble” these cones with vertices at the origin, we
see they fit together to cover Nr = R2. Will return to this in the
next talk(!)
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Projective toric varieties

The toric variety of a polytope P

Note that we have only defined Xp~y so far.

Definition

Let P be a lattice polytope in M. The toric variety of P
Xp = Xkpnm Where kP is very ample.

For an n-dimensional polytope, (n — 1)P always gives an
embedding of Xp inP(V).
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Projective toric varieties

Final comments

@ Warning: There are smooth, complete varieties that are
not projective (Shafarevich example for surfaces). Such
examples exist for toric varieties, too, but only in
dimensions > 3.

@ Motivated by the last example,

Definition

The normal fan of a polytope P is the collection of cones glued
like a simplicial complex, generated by the inward normals to
the faces.

@ The point is that P and kP have the same normal fan, so
they give, intrinsically the same (abstract) toric variety, to
be described in the next talk.
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