
Mathematis 132 { Calulus for Physial and Life Sienes, 2Summary of Trigonometri SubstitutionsFebruary 14, 2005The trigonometri substitution method handles many integrals ontaining expressionslike pa2 � x2;px2 + a2;px2 � a2(possibly inluding expressions without the square roots!) The basis for this approah isthe trigonometri identities 1 = sin2 � + os2 �) se2 � = tan2 � + 1:from whih we derive other related identities:pa2 � (a sin �)2 = a os �p(a tan �)2 + a2 = a se �p(a se �)2 � a2 = a tan �Hene,1. If our integral ontains pa2 � x2, the substitution x = a sin � will onvert this radialto the simpler form a os �.2. If our integral ontains px2 + a2, the substitution x = a tan � will onvert this radialto the simpler form a se �.3. If our integral ontains px2 � a2, the substitution x = a se � will onvert this radialto the simpler form a tan �.Then we substitute for the rest of the integral, onvert to sin �; os � using tan � = sin �os �and se � = 1os � , apply the entries in setion IV of the table of integrals, and onvert bakto the original variable.Two ExamplesA) Compute R u2pa2�u2 du. Solution: The pa2 � u2 tells us that we want the sine substi-tution: u = a sin �. Then du = a os � d�, and the integral beomes:Z a3 sin2 � os � d�a os � = a2 Z sin2 � d�We apply the redution formula # 17 (with n = 2) in the table to this:= �a22 sin � os � + a22 Z d� = �a22 sin � os � + a2�2 + C:1



Then, we onvert bak to funtions of u using the substitution equation u = a sin �. Fromthis, � = arsin(u=a); os � =pa2 � u2=a; sin � = u=aso the integral isZ u2pa2 � u2 du = �12 upa2 � u2 + a22 arsin(u=a) + C:B) Compute R dxxpx2+16 . Solution: The px2 + 16 indiates that we want the tangentsubstitution x = 4 tan �. Then dx = 4 se2 � d� and the integral beomes:Z 4 se2 � d�4 tan � � 4 se � = 14 Z se �tan � d� = 14 Z 1sin � d�From # 20 in the table of integrals,14 Z 1sin � d� = 18 ln ����os(�)� 1os(�) + 1 ����+ CThen, from x = 4 tan �, we get os � = 4px2+16 and the integral equals:18 ln ����� 4px2+16 � 14px2+16 + 1 �����+ CMultiplying top and bottom by px2 + 16 inside the logarithm, we get:Z dxxpx2 + 16 = 18 ln �����4�px2 + 164 +px2 + 16 �����+ C
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