
College of the Holy Cross, Spring Semester, 2005Math 132 Answers to Review Sheet for Midterm 31. The graph at right shows either a pdf or a 
df. Whi
h type of fun
tion is it, and why? Ifit is a pdf, sket
h the graph of the 
orresponding 
df; if it is a 
df, sket
h the graph of the
orresponding pdf.Solution The graph en
loses more than one unit of area (and is non-de
reasing and seemsto approa
h 1 as x ! 1), so it's a 
df. The 
orresponding density has one bump, 
enteredjust to the right of x = 0 .2. Let x be the size of an email message in kilobytes (KB). An ISP �nds that the fra
tion ofemails between x and x+�x KB in size is about 
xe�0:01x�x (that is, the density fun
tionfor x is p(x) = 
xe�0:01x).(a) 
 = (0:01)2 = 10�4(b) Fra
tion of email messages that are at most 100 KB in size: 1� 2e ' 0:264(
) Fra
tion that are at least 50 KB in size: 32pe ' 0:91.(d) Median size of an email message: About 167:8 KB.3. In a 
ertain population, the height x of an individual in in
hes is normally distributed, with amean of 68 and a standard deviation of 4. In other words, heights are modeled by the densityfun
tion p(x) = 14p2�e�(x�68)2=32.(a) Write down a de�nite integral whose value gives the fra
tion of the population whoseheight is between 68 and 72 in
hes, and perform the 
hange of variables z = (x � 68)=4 onyour integral.Solution 14p2� Z 7268 e�(x�68)2=32 dx = 1p2� Z 10 e�z2=2 dz.(b) Write out the Taylor series for eu giving both the �rst four non-zero terms and thesummation form.Solution eu = 1Xk=0 ukk! = 1 + u+ u22! + u33! + � � �(
) Use your answer from (b) to �nd the Taylor series forZ x0 e�z2=2 dz;giving both the �rst four non-zero terms and the summation form.



Solution Z x0 e�z2=2 dz = 1Xk=0 (�1)kx2k+1(2k + 1) � 2k � k! = x� x33 � 2 + x55 � 22 � 2! � x77 � 23 � 3! + � � �(d) Estimate the integral in part (a) using the four-term series from part (
).Solution 1p2� Z 10 e�z2=2 dz ' 1p2� 3Xk=0 (�1)k(2k + 1) � 2k � k! = 1p2��1� 16 + 140 � 1336� ' 0:34(The absolute error of this estimate is at most 1p2� � 19�24�4! ' 0:00014. (a) Use the Comparison Test to determine whether or not 1Xn=0 n+ 3n2n 
onverges.Solution Diverges by 
omparison with 1Xn=0 3n2n = 1Xn=0�32�n.(b) Use the Integral Test to determine whether or not 1Xk=0 kek 
onverges.Solution Converges (see also Question 2 above.)(
) Use the Ratio Test to determine whether or not 1Xk=0 3nn! 
onverges.Solution Converges, sin
e limn!1 ����an+1an ���� = limn!1 ���� 3n+ 1 ���� = 0 < 1.5. Determine (with justi�
ation!) whether or not the following series 
onverge:1Xk=1 1pk ; 1Xk=3(�1)k�1 1lnk ; 1Xn=10 n2 + n3n3 � 1000 ; 1Xn=1 1n1:01 :Solution The �rst and third diverge: Use the integral test for the �rst, 
omparison withthe harmoni
 series for the third. The se
ond and fourth 
onverge: The se
ond is alternating,and the terms de
rease to 0 in absolute value, while the fourth 
onverges by the integral test.



6. Let f(x) = p1 + x = (1 + x)1=2. Find the 4th degree Taylor polynomial of f 
entered ata = 0. Find a fa
torial expression for the general term of the Taylor series.Solution p4(x) = 1 + x2 � x28 + x316 � 1516 � 24x4. The �rst few derivatives are f 0(0) = 12,f (2)(0) = �12 � 12 f (3)(0) = 32 � 12 � 12 f (4)(0) = �52 � 32 � 12 � 12 f (5)(0) = 72 � 52 � 32 � 12 � 12 :For k � 2, the general expression isf (k)(0) = (�1)k�1 (2k � 3)2 � (2k � 5)2 � � � 52 � 32 � 12 � 12 = (�1)k�1 (2k � 2)!2k � 12k�1(k � 1)!We do not expe
t you to 
onstru
t su
h formulas, and 
ertainly not under test pressure.7. Consider the geometri
 series f(x) = 1Xk=0 xk = 11� x .(a) Di�erentiate and multiply by x; the Taylor series of xf 0(x) = x(1� x)2 is 1Xk=0 kxk.(b) Integrate; the Taylor series of � ln(1� x) is 1Xk=0 xk+1k + 1 = 1Xk=1 xkk .(
) Find the radius of 
onvergen
e of the series in part (b), and investigate 
onvergen
e atthe endpoints.Solution The radius is 1, the interval of 
onvergen
e is �1 � x < 1.(d) Set x = 1=2 to see that 1Xk=1 1k � 2k = ln2, 1Xk=1 k2k = 2.8. For ea
h of the given power series, �nd the interval of 
onvergen
e.f(x) = 1Xn=1 (2x)npn ; g(x) = 1Xn=1(�1)n�1 (x� 5)nn � 3n :(In parti
ular, give the radius of 
onvergen
e, and investigate 
onvergen
e at the endpoints.)Solution For f(x), �12 � x < 12 . For g(x), 2 < x � 8. (The �rst has radius 1=2, the se
ondhas radius 3.)



9. The se
ond degree Taylor polynomial of f(x) at a = 0 is p2(x) = C0 + C1x + C2x2. What
an you say about the signs of C0, C1, and C2 if you know the graph of f(x) is:
Solution C0 < 0, C1 and C2 > 0.10. Use the error bound for Taylor approximations to estimate the number of de
imal pla
es ofa

ura
y if the 6th degree Taylor polynomial at a = 0 is used to approximate 
os(0:8). Do thesame for the nth degree polynomial in general. What happens to the error bound as n!1?Solution With a polynomial of degree 2n, the \standard" error bound isjE2n(0:8)j � (0:8)2n+2(2n+ 2)! ;the absolute value of the �rst term of the Taylor series that is omitted from the approximatingpolynomial. (This observation rests on the fa
t that the series for 
os(0:8) alternates and theterms de
rease in absolute value.)In parti
ular, the degree-6 polynomial estimate is a

urate to �4:16 � 10�6, or 5 de
imalpla
es. The error bounds de
rease rapidly to 0 as n ! 1: The numerators de
rease expo-nentially and the denominators grow \super-exponentially" (asymptoti
ally faster than anyexponential fun
tion).


