
College of the Holy Cross, Spring Semester, 2005Math 132, Midterm 3 SolutionsApril 27, 20051. [5 points eah℄ Suppose f(0) = 0:5, f 0(0) = �1 and f 00(0) = �2.(a) Write down the Taylor polynomial of degree 2 for f near a = 0.Solution: The polynomial isp2(x) = f(0) + f 0(0)x+ f 00(0)2! x2 = 0:5� x� x2(b) Use your answer to part (a) to estimate f(0:3).Solution: Substitute x = 0:3 in p2(x):p2(0:3) = 0:5� 0:3� (0:3)2 = :11() Whih (if any) of the following ould be the graph of f? (Reall that f(0) = 0:5,f 0(0) = �1 and f 00(0) = �2. More than one answer may be orret.) (ii)
(i)�1 1�1
1

(ii)�1 1�1
1

(iii)�1 1�1
1

(iv)�1 1�1
1

Solution: At a = 0, the funtion should be positive (f(0) > 0), dereasing (f 0(0) < 0),and onave down (f 00(0) < 0). Only (ii) is all three.2. [10 points℄ Evaluate (�nd the sum of) the series 5� 103 + 209 � 4027 + 8081 � � � �Solution: This is a geometri series with a = 5 and r = �23 . Sine �1 < r < 1, theseries is onvergent and the sum is a1� r = 51 + 23 = 3:
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3. [10 points℄ Use the power series for ex about a = 0 to �nd the power series for ze�z2about a = 0. Express your answer both in summation form, and by writing out the�rst four nonzero terms.Solution: The Taylor series for ex about a = 0 is1Xk=0 xkk!To get the series for ze�z2 , we substitute x = �z2, and multiply the result by z toobtain: z 1Xk=0 (�z2)kk! = z 1Xk=0(�1)k z2kk! = 1Xk=0(�1)k z2k+1k!The �rst four nonzero terms are z � z3 + z52! � z73! :4. The distribution of length in a ertain population of inhworms is desribed by the pdfp(x) = (3x2 � x3) for 0 � x � 3.(a) [8 points℄ Find the value of the onstant .Solution: The total area under the graph of a density must be 1, so1 =  Z 30 3x2 � x3 dx= �x3 � x44 ����30= 274)  = 427(b) [7 points℄ Find the proportion of inhworms with length at most 2 m.Solution: This proportion is omputed by the integral R 20 p(x) dx,whih is 427 R 20 3x2 � x3 dx = 1627 := :593(about 59:3% of the inhworms). 2



5. [5 points eah℄ Use the indiated test to determine whether the given series onvergesor diverges. Justify your answers.(a) 1Xn=1 n2n3 + 10; integral testSolution: We apply the substitution u = x3 + 10 to the integralZ x2 dxx3 + 10 = Z 13 duu = 13 ln(u) = 13 ln(x3 + 10) + C:Then R b1 x2 dxx3+10 = ln(b3 + 10) � ln(11). Taking limb!1 ln(b3 + 10) � ln(11), we do notget a �nite value so the integral diverges, and so does the series. Diverges(b) 1Xn=1 n4n3 + 3n2 + 5; omparison testSolution: For all n � 1: n4n3 + 3n2 + 5 < n4n3 = 14n2 < 1n2The series P1n=1 1n2 is the p-series with p = 2 > 1. Hene it is onvergent. By theomparison test, the given series onverges too. Converges6. [15 points℄ Let f(x) = px. Use the de�nition to alulate its Taylor polynomial ofdegree 3 at a = 1.Solution: We have f(1) = 1. f 0(x) = 12x�1=2, so f 0(1) = 12 . f 00(x) = �14 x�3=2, sof 00(1) = �14 . Finally, f 000(x) = 38x�5=2, so f 000(1) = 38 . The Taylor polynomial isf(1)+f 0(1)(x�1)+ f 00(1)2 (x�1)2+ f 000(1)6 (x�1)3 = 1+12(x�1)� 18(x�1)2+ 116(x�1)3:7. Both parts refer to the power series 1Xn=1 (x� 1)nn � 5n .(a) [10 points℄ Use the ratio test to �nd the radius of onvergene.3



Solution:limn!1 ���� (x� 1)n+1(n+ 1) � 5n+1 � n � 5n(x� 1)n ���� = limn!1 nn + 1 � 15 � jx� 1j = 15 jx� 1j:So the radius of onvergene is R = 115 = 5.(b) [5 points℄ Investigate the endpoint behavior, and determine the interval of on-vergene.Solution: At x = 1 + R = 6, 1Xn=1 (6� 1)nn � 5n = 1Xn=1 1n . This is the harmoni series (pseries with p = 1). So it diverges. At x = 1 � R = �4, we get P1n=1(�1)n 1n , whihonverges by the alternating series test. The interval of onvergene is �4 � x < 6.8. [5 points eah℄ Suppose p(x) = 4� � 11 + x2is the probability density funtion for the quantity x, for 0 � x � 1.(a) Find the mean of x.Solution: The mean is given byZ 1�1 xp(x) dx = 4� Z 10 x1 + x2 dx = 4� � 12 ln(1 + x2)j10 = 2 ln(2)� := :4413(b) Find the median of x.Solution: The median is the t suh that12 = 4� Z t0 dx1 + x2 = artan(t)This says artan(t) = �8or t = tan ��8 � = := :4142.
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