
MATH 132-01, Final Exam Solutions 1Holy Cross College, Spring Semester, 2005MATH 132, Setion 01, Final Exam SolutionsMay 111. The following graph shows the funtion y = f(x).
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a. [10 points℄ Let F (x) be the antiderivative of f(x) with F (0) = 0. Compute the entries inthe following table of values:Solution: x 0 1 2 3 4F (x) 0 �1 0 :5 �:5For example, the area between the graph and the x-axis from x = 0 to x = 1 (ounted witha negative sign) is �1. So by the Fundamental Theorem of Calulus:�1 = Z 10 f(x) dx = F (1)� F (0) = F (1)� 0) F (1) = �1The others are obtained similarly.b. [10 points℄ Sketh the graph y = F (x) on the interval 0 � x � 4:
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x2. Integrate eah of the following. You must show all work and ite any table entries youuse for full redit.



MATH 132-01, Final Exam Solutions 2a. [5 points℄ Z x2 + 3x + 5x3=2 dxSolution: Divide x3=2 into eah term on the top, then integrate:Z x2 + 3x + 5x3=2 dx = Z x1=2 + 3x�1=2 + 5x�3=2= 23x3=2 + 6x1=2 � 10x�1=2 + C
b. [10 points℄ Z et + 1(et + t)2 dtSolution: Let u = et + t, so du = (et + 1) dt. Then the form isZ duu2 = �1u + C = �1et + t + C:. [10 points℄ Z dx(9� x2)3=2Solution: We use the trigonometri substitution x = 3 sin �, so dx = 3 os � andZ dx(9� x2)3=2 = Z 3 os � d�27 os3 �= 19 Z d�os2 �= 19 tan � + C= 19 sin �os � + C= 19 xp9� x2 + C
d. [10 points℄ Z 10 x2e2x dxSolution: Use integration by parts twie, or # 14 in the table of integrals:Z x2e2x dx = �x22 � x2 + 14� e2x + C



MATH 132-01, Final Exam Solutions 3Then for the de�nite integralZ x2e2x dx = �x22 � x2 + 14� e2xj10 = 14(e2 � 1) := 1:597e. [10 points℄ Z (x� 1) dxx3 + 25xSolution: Use partial frations based on the fatorization x3 + 25x = x(x2 + 25). We havex� 1x(x2 + 25) = Ax + Bx+ Cx2 + 25 :Clearing denominators,x� 1 = A(x2 + 25) + (Bx + C)x = (A+ B)x2 + Cx+ 25AEquating oeÆients of like powers of x: (A + B) = 0, C = 1, and 25A = �1. So A = �125and B = �125 . Then using # 25 in the tableZ �125x + 125x+ 1x2 + 25 = �125 ln jxj+ 150 ln jx2 + 25j+ 15 artan�x5�+ C3. All parts of this problem refer to the region in the plane bounded by y = 2 + os(x),y = 0, x = 0, and x = �, shown below:
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xa. [10 points℄ Find the volume of the solid with base R whose ross-setions by planesperpendiular to the x-axis are squares.



MATH 132-01, Final Exam Solutions 4Solution: We have, using # 18 in the tableV = Z �0 (2 + os x)2 dx= Z �0 4 + 4 os x+ os2 x dx= (4x+ 4 sinx+ 12x + 12 sinx os xj�0= 9�2
b. [10 points℄ True or False: The solid obtained by rotating R about the x-axis has volume� times the volume from part a. (For full redit, give the integral that would ompute thevolume of this solid of revolution, and answer the question.)Solution: This is TRUE, sine the volume of the solid of revolution isZ �0 �(2 + os x)2 dx = � Z �0 (2 + os x)2 dx:. [15 points℄ A thin metal plate has the shape of the region R (units in meters) and onstantmass density 1kg=m2. Find the x-oordinate of its enter of mass.Solution: We have, integrating by parts on the topx = R �0 x(2 + os x) dxR �0 (2 + os x) dx= x2 + x sin x+ os xj�02x + sinxj�0= �2 � 2�d. [10 points℄ Set up, but do not evaluate the integral giving the arlength of the top edgeof R.Solution: The arlength integral is L = R ba q1 + � dydx�2 dx. Here, sine y = 2 + os x,dydx = � sin x and L = Z �0 p1 + sin2 x dx:



MATH 132-01, Final Exam Solutions 54. [5 points eah℄ The following graph shows a probability density funtion (pdf) for aquantity x:
0.05

0.1

0.15

0.2

–10 –8 –6 –4 –2 2 4 6 8 10
xa. Whih of the following two plots shows the orresponding umulative distribution for x:
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Plot B
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–10 –6 –4 –2 0 2 4 6 8 10xSolution: Graph B is the orret df for the given density funtion. We an see this beausethe given density should be the derivative of the df. Plot B has two maxima for the slope,orresponding to the two \peaks".b. Using the appropriate graph, estimate the median of x.Solution: The median is the T -value where R T�1 p(x) dx = 12 . Drawing in a horizontal linein plot B, it appears that the line y = 1=2 intersets the graph at about x = 1. That is themedian value.5. [5 points eah℄ Does eah of the following series onverge? For full redit, you must justifyyour answer ompletely by showing how the indiated test leads to your stated onlusion.a. 1Xn=1 (�1)nn1=3 { alternating series test.



MATH 132-01, Final Exam Solutions 6Solution: limn!1 1n1=3 = 0 and for all n � 1, 1n1=3 > 1(n+1)1=3 . Hene the alternating seriestest (see p. 420 in the textbook) implies that this series onverges.b. 1Xn=1 1n9=10 { integral testSolution: The improper integralZ 11 dxx9=10 = limb!1 10x1=10j1bdoes not onverge, beause as b ! 1, so does b1=10. Hene by the integral test, this seriesdiverges.. 1Xn=1 1nen { any appliable methodSolution: Method 1: Sine n � 1, 1nen < 1en . The series 1Xn=1 1en is a geometri series withratio 1e < 1. Hene it onverges. By the omparison test, 1Xn=1 1nen onverges too.Method 2: Apply the ratio test:limn!1 ���� 1(n+ 1)en+1 � nen1 ���� = limn!1 nn + 1 � 1e = 1eSine 1e < 1, the ratio test implies the series onverges.6. [10 points℄ Using the ratio test, determine the radius of onvergene of the following powerseries 1Xn=1 (x+ 2)nn24nSolution: limn!1 ���� (x+ 2)n+1(n + 1)24n+1 � n24n(x+ 2)n ���� = limn!1 n2(n+ 1)2 14 jx+ 2j = 14 jx+ 2jThe radius of onvergene is 1=(1=4) = 4.7. All parts of this problem refer to f(x) = os �x2�.



MATH 132-01, Final Exam Solutions 7a. [15 points℄ Using the de�nition of Taylor polynomials, ompute the Taylor polynomial ofdegree n = 6 for f(x) at a = 0.Solution: The problem said to use the de�nition of Taylor polynomials, so we omputef 0(x) = �12 sin �x2�, et. The 6th degree polynomial isp6(x) = 6Xi=0 f (i)(0)i! xi = 1� 18x2 + 1384x4 � 146080x6b. [5 points℄ Use your answer from part a to approximate os(1:2).Solution: Sine f(x) = os �x2�, to approximate os(1:2), we substitute x = 2:4 into p6(x)from part a. (Note: p6(x) is supposed to approximate os �x2�, so to get 1:2 \inside" theosine, we want x = 2:4. We getp6(2:4) = 1� 18(2:4)2 + 1384(2:4)4 � 146080(2:4)6 := 1� :72:0864� :0041472 := :3622528. [10 points℄ Using the error bound for Taylor approximations, estimate how big n must beto guarantee 4 deimal plae auray in approximations to f(x) for all x between 0 and 2.Solution: The (n+ 1)st derivative of f(x) is 12n+1 times either � sin x or � os x. Hene wean use M = 12n+1 in the error bound, and we get for x between 0 and 2:jf(x)� pn(x)j � 12n+1(n + 1)!2n+1 = 1(n+ 1)! :We have 18! := :000025 so n = 7 (or n = 6, sine p6 = p7 for os) is large enough.8. When a ourse ends, it's an unfortunate fat of life that students start to forget thematerial they have learned. One mathematial model for this proess states that the rateat whih a student forgets material is proportional to the di�erene between the materialurrently remembered and some positive onstant a < 1. Let y be the fration of the originalmaterial remembered t weeks after the ourse has ended. Then y(0) = 1, and the modelassumes y(t) > a for all t.a. [5 points℄ Whih of the following di�erential equations is the translation of the modeldesribed above: I : dydt = �k(y � a) II : dydt = �ky � aSolution: I is the orret equation.



MATH 132-01, Final Exam Solutions 8b. [10 points℄ Solve the equation you seleted in part a by separation of variables.Solution: Dividing by y � a separates soZ dyy � a = Z �k dtln jy � aj = �kt + y = a + de�ktwhere d = �e. Note that it is given in the problem that y(0) = 1. This says 1 = y(0) =a+ d � 1, so d = 1� a.. [10 points℄ Suppose a = :2, and after 3 weeks the student only remembers 80% of thematerial from the ourse (that is, y(3) = :8). How long will it be before the student onlyremembers one half of the material?Solution: Using this last omment, y(t) = :2+:8e�kt. From the given information y(3) = :8,so :8 = :2 + :8e�3k ) k = ln(:6=:8)�3 := :0959Then we want to solve for t::5 = :2 + :8e(�:0959)t ) t = ln(:3=:8)�:0959 := 10:23That is, the student will only remember half of the material 10.23 weeks after the end of thelass.


