
Mathemati
s 134 { Intensive Cal
ulus for S
ien
e 2Solutions for Final Examination { May 10, 2006I.A) (10) Give a pre
ise statement of the Fundamental Theorem of Cal
ulus (both parts).Solution: Part 1: Let f be 
ontinuous for a � x � b, and let F be an antiderivative off . Then R ba f(x) dx = F (b)� F (a).Part 2: Let f be 
ontinuous for a � x � b, and let F (x) = R xa f(t) dt. Then F (x) isan antiderivative of f(x) (in other words F 0(x) = f(x).B) (15) The following graph shows y = f(x). Let F be the antiderivative of f withF (0) = 0 and F 
ontinuous. Sket
h the graph y = F (x).Solution: By the given information and the FTC, we have 16 = R 20 f(x) dx = F (2)�F (0), so F (2) = 16 + F (0) = 16. Similarly, �7 = R 32 f(x) dx = F (3) � F (2), soF (3) = �7+F (2) = �7+16 = 9. The graph of F should be 
on
ave up where f = F 0is in
reasing (0 < x < 1=2), then 
on
ave down the rest of the way to x = 3 (sin
ef = F 0 is de
reasing). F has a lo
al maximum at x = 2 (a rather \
at" one).II. Compute ea
h of the following integrals. You may use the table of integrals anywhereon these. If you do, say whi
h table entry you are using.A) (10) R 3x6 � 4px+ sin(x) dxSolution: By basi
 rules, the integral is37x7 � 83x3=2 � 
os(x) + CB) (10) R x3x4+1 dxSolution: Let u = x4 + 1. Then du = 4x3 dx, so the form is14 Z 1u du = 14 ln juj+ C = 14 ln jx4 + 1j+ CC) (15) R x2e�9x dxSolution: Integrating by parts twi
e (or using # 14 in the table with p(x) = x2 anda = �9), we haveZ x2e�9x dx = �x29 e�9x + 19 Z 2xe�9x dx= �x29 e�9x + 19 ��2x9 e�9x + 19 Z 2e�9x dx�= �x29 e�9x � 2x81 e�9x � 2729e�9x + C1



D) (10) R 1p4x2+32 dxSolution: This equals R 1p(2x)2+32 dx Using # 29 in the table, after a preliminarysubsitution u = 2x (du = 2dx), and a = 3:= 12 Z 1pu2 + 32 du= 12 ln ���u+pu2 + 32���+ C= 12 ln ���2x+p4x2 + 9���+ CE) (15) R x+1x2+5x+6 dxSolution: By partial fra
tions: x+1(x+2)(x+3) = Ax+2+ Bx+3 . Clearing denominators, x+1 =A(x+ 3) + B(x+ 2). Setting x = �2, A = �1. Setting x = �3, B = 2. SoZ x+ 1x2 + 5x+ 6 dx = Z �1x+ 2 + 2x+ 3 dx = � ln jx+ 2j+ 2 ln jx+ 3j+ C(This 
an be 
he
ked by # 27 in the table with a = �2; b = �3; 
 = d = 1.)III. Let R be the region bounded by y = x, the x-axis, and x = 1, x = 4.A) (15) Find the volume of the solid obtained by rotating R about the line y = �2.Solution: Cross-se
tions by planes perpendi
ular to the x-axis are washers with innerradius 2, outer radius x+ 2, soV = Z 41 �(x+ 2)2 � �(2)2 dx = � Z 41 x2 + 4x dx = � �x3=3 + 2x2��41 = 51�:B) (10) A thin plate has the shape of the region R (x; y in 
m) and density Æ(x) = x�1=2grams/
m2. Find its total mass.Solution: M = Z 41 x�1=2 � x dx = Z 41 x1=2 dx = 23x3=2j41 = 143IV. At a parti
ular lo
ation in Nati
k on the Mass Pike, a sensor was set up to measurethe passage of traÆ
. The measurements made were used to derive a probability densityfun
tion for the quantity x = time gap between su

essive 
ars (in minutes). The results2



gave the following formula as a good �t for the pdf: p(x) = 11(1� x)10 if 0 < x < 1, andzero otherwise.A) (10) Show that p satis�es the usual property for a probability density fun
tion:R 10 p(x) dx = 1.Solution: In the integral R 10 11(1�x)10 dx, let u = 1�x and du = �dx. Changing thelimits of integration into their u-equivalents, then reversing the limits of integrationand introdu
ing another � sign, we getZ u=0u=1 �11u10 du = Z 10 11u10 du = u11j10 = 1:B) (15) What is the probability that the time gap between su

essive 
ars is betweenx = :1 minute and x = :2 minute?Solution: Using the same substitution as in part A, this probability isZ :2:1 11(1� x)10 dx = Z u=:8u=:9 �11u10 du = Z u=:9u=:8 11u10 du = u11j:9:8 := :228V.A) (10) Using the de�nition of Taylor polynomials, 
ompute the Taylor polynomial ofdegree n = 3 for f(x) = p1 + 2x at a = 0.Solution: We have f(0) = 1f 0(x) = 12(1 + 2x)�1=2 � 2 = (1 + 2x)�1=2 ) f 0(0) = 1f 00(x) = �12 (1 + 2x)�3=2 � 2 = �(1 + 2x)�3=2 ) f 00(0) = �1f 000(x) = 32(1 + 2x)�5=2 � 2 = 3(1 + 2x)�1=2 ) f 000(0) = 3So the Taylor polynomial of degree 3 is1 + x� 12x2 + 36x3 = 1 + x� 12x2 + 12x3B) (10) Use our short
ut methods to 
he
k your work in part A.Solution: Substituting u = 2x in the binomial series with p = 1=2:1 + 12(2x) + � 12� ��12 �2 (2x)2 + � 12� ��12 � ��32 �6 (2x)3 = 1 + x� 12x2 + 12x33



C) (5) Use your polynomial from part A to 
ompute an approximation to p1:2. What isthe error in your approximation?Solution: We take x = :1 sop1:2 =p1 + 2(:1) := 1 + (:1)� (:1)2=2 + (:1)3=3 = 1:09550Using a 
al
ulator, the exa
t value is about 1:09544, so the error is about :00006.VI. (15) Solve for y by separation of variables: dydx = 
os(x)(1 + y2) with y(0) = 1.Solution: After separation, dy1+y2 = 
os(x) dx. Integrating both sides, we getar
tan(y) = sin(x) + C ) y = tan(sin(x) + C):Then from the initial 
ondition, 1 = tan(sin(0) + C), so C = �=4. The solution isy = tan(sin(x) + �=4)VII. An avian 
u epidemi
 has broken out in Birdsburgh, a large 
ity with total population10 million. Write N for the number of people who have been infe
ted, as a fun
tion oftime. The Birdsburgh Publi
 Health department determines that:(1) dNdt = kN(10�N);or in words: the rate of 
hange of N is proportional to the produ
t of N and the number ofpeople not yet infe
ted, where N is in millions of people, t in weeks, k a positive 
onstant.A) (10) Whi
h of the following slope �eld plots mat
hes (1)? Explain how you 
an tell.Solution: The one that mat
hes is slope �eld B. Note that A has an equilibrium atN = 1 whi
h doesn't mat
h the equation. (Or, note that sin
e it is given k > 0, theslope values should be positive for 0 < N < 10. Only B satis�es that.)B) (10) For what value of k is N(t) = 10=(1 + 1000e�t) a solution of (1)?Solution: For this N(t), by the 
hain ruledNdt = 10000e�t(1 + 1000e�t)2The right side iskN(10�N) = k � 101 + 1000e�t � �10� 101 + 1000e�t�= k � 101 + 1000e�t � 10000e�t1 + 1000e�t= 100000ke�t(1 + 1000e�t)24



Comparing the two, we see 100000k = 10000, so k = :1.C) (5) If the epidemi
 pro
eeds a

ording to the fun
tion N(t) in part B, how many weekswill pass before the number of infe
ted people rea
hes 1 million?Solution: We solve1 = 10=(1 + 1000e�t)) 1 + 1000e�t = 10) e�t = 9=1000So t = � ln(9=1000) = 4:71053 weeks.Extra Credit (20) The hull of a boat is 20 feet long. At a distan
e s feet from the bow (thefront), the 
ross se
tion of the part of the hull below y = 0 (the waterline) has the shapeof the region in the xy-plane below y = 0 and above the parabola y = ax2 � b, where a; bare given in the following table: s 5 10 15 20a 2 3 4 5b 2 3 4 4Estimate the volume en
losed by the hull below the water line.Solution: Think of the usual approa
h for 
omputing volumes by sli
ing: V = R A(s) ds.Sin
e we only have the information at 5-foot intervals, we will 
ompute A(s) fors = 5; 10; 15 and use a left-hand sum approximation for the integral of A(s). A(5) isthe area between y = 2x2 � 2 and the x-axis:A(5) = Z 1�1 2x2 � 2 dx = �8=3Then A(10) is the area between y = 3x2 � 3 and the x-axis:A(10) = Z 1�1 3x2 � 3 dx = �4And A(15) is the area between y = 4x2 � 4 and the x-axis:A(15) = Z 1�1 4x2 � 4 dx = �16=3The left-hand sum approximation for the volume of the hull below the waterline isV := (8=3) � 5 + (4) � 5 + (16=3) � 5 = 60(
ubi
 feet). (Note: we got rid of the signs in the answers for A(5), et
. be
ause thenegatives just tell us the area is below the x-axis.)5


