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DECOMPOSITION OF EXTERIOR AND SYMMETRIC POWERS OF

INDECOMPOSABLE Z/pZ-MODULES IN CHARACTERISTIC

P AND RELATIONS TO INVARIANTS

Gert Almkvist (Lund) and

Robert Fossum (Copenhagen/Urbana).

This survey represents the extent of our workon the decomposition

of exterior and symmetric powers of indecomposable 7/pm7-modules in

characteristic p. the relations of these decompositions to invariant

theory. relations to combinatorial theory and suggestions for future

investigation. It is a neighborhood of a lecture given by the second

author at Seminaire d'Algebre Paul Dubreil at

l'Institut Henri Poincare in January. 1977. Therefore it contains

many more results and complete details of proofs.

The research was started when the second author. together with

Griffith tried to prove that the action of on the power series

ring k[Xo, •••• xnJ. with char k=p gave a factorial ring of invari-

ants. Because the decomposition of the graded components could be

easily calculated (see chapter 111,3). the class group could be

calculated and then it was shown to be zero. Thusit was assumed

that similar techniques could the used in general. But first the

decompositions, that is the structure of the homogeneous components

should be calculated. The table in 111.4 was calculated by hand (over

many cups of coffee in Treno's in Urbana) and did not help to

discover the general a letter to Almkvist in late 1975.

Fossum pose4 the problem of decomposition. Immediately Almkvist

solved the problem, using the fact that the representation ring is a



2

'it-ring (which it isn' t). But enough of the techniques of 11 -ring
theory can be used to push through the decompositions for In

the summer of 1976 Stanley wrote to Fossum that the decompositions

seemed to involve coefficients of Gaussian polynomials. This sugges-

ted further comparisons, which resulted in the general Valby Bodega

theorem which allows the change of basis in the representation ring

and thus permits the calculation of the number of components of a

given dimension that appear in a decomposition from the coefficients

of the Gaussian polynomials. Further months of calculations by the

first author has led to the many interesting relations centered on

the Hilbert series of the ring of invariants.

In what follows we give an outline of the contents of these notes,

chapter by chapter.

Chapter I. In this chapter the basic concepts are introduced. The

indecomposable are determined (here, as always, k

is a field of characteristic p > 0) and the representation ring

R is defined and studied. In our mind the most usefuld result

in this chapter is the Valby Bodega theorem (Proposition 1.1.7.) that

relates decompositions to Adam's operations (see also Problem VI.3.9)

in the representation ring R Also the several isomorphic

representations are given in the second section.

Chapter II. This is the chapter that contains what we need from

the classical theory of representations of the symmetric group. There

is a meta-theorem (Proposition 11.2.3) that relates elements in the

representation ring to exact sequences, and this is a key in going

from characteristic zero to characteristic p"7 O. We discuss 'A-rings

and the various families of symmetric functions. In the last section

we define and give what properties are needed of the homogeneous

Gaussian polynomials.

Chapter III. This is the main chapter, in which we demonstrate

the decompositions of the exterior and symmetric powers of the

indecomposable Z/pZ-modules. In chapter I we defined generalized

binomial coefficients of indecomposable In this

chapter we show :
v

!,./(V ) = ( n)
n V

r

2
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for 0,< r+n+1 p

where Vn is an indecomposable k of dimension n. We

include a table that illustrates the decompositions.

Chapter IV. In this chapter we repeat, for the reader's benefit,

the calculations that show that the rings of invariants are generally

not Cohen-Macaulay. This involves calculation of a principal

homogeneous bundle.

Chapter V. This chapter, the longest and most difficult, is

devoted to the study of the dimension of the homogeneous components of

the rings of invariants. We first define the Hilbert series, provide

some examples and begin the calculations • Then the series "for

large p" are discussed. The Hilbert series for small dimensional

representations are calculated, as well as those for large dimensio-

nal representations. In one section Fourier series and integrals

are used to express these Hilbert series. Results concerning counting

of partitions are obtained. And counter-examples to a conjecture of

Stanley concerning the Hilbert series of factorial rings are menti-

oned.

Chapter VI. Examples and problems conclude this survey.

A list of notation used precedes the list of references. However

we list here those notations that are not introduced. Always p denotes

a prime integer. As almost all t:heorems are true for all primes, we do

not distinguish between the even and odd prime integers. We just note

here that if a theorem is not true for p-2, it is quite obvious

The field k will be understood to have characteristic p.

Throughout the paper we denote the cyclic group '!lIpm'lZ. by V m
p

with a generator , and written multiplicatively. The other

notation, if not standard, is found in the list of notation.

References to a result within a chapter are of the form m.n

m, ncIN while a reference in chapter III to result ms n in

chapter I is written I.m.n. The bibliography or list of references is

arranged alphabetically by author and then by year of publication.

References are of the form (Gauss (1777D to indicate the author and

the year of publication. If there are two papers in the same year

they are indicated by letters 1777 a, 1777 b, etc.

We would like to thank all of those who have contributed in one

3
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way or another to this work. A. Melin, T. Claesson, P. Griffith,

H-B. Foxby. R. Stanley, H. Diamond, C. Curtis and I. Reiner have

given hints and suggestions along the way. Many people have listened

to various versions of some of this work and have offered sugges-

tions that have been helpful. Also Universitets matema-

tisk institut was kind enough to invite Fossum to Copenhagen for

one year at a time when the work in this are a was most active, and

therefore he was able to communicate very efficiently with Almkvist

We both thank our respective university for encouragement (Lund and

Illinois). Fossum has been supported during the summers by the

United States National Science Foundation. And a portion of his

visit to Denmark was supported by the Danish Statens Naturvidenska-

belige He appreciates this support.

Finally we wish to thank Professor M.P. Malliavin who suggested

this survey and kept asking for a manuscript. Thus we had to stop

finding new Hilbert series and decompositions and had to start

writing what we know.

This material is connected to many diverse areas of mathematics ....

many with which we are not familiar. For example it has been sugges-

ted, and there are many indications that it might be true, that

there is a close connection between these decompositions and

representations of the symmetric groups in characteristic p 70. We

apologize to those whose results we have inadvertently rediscovered

But we are also interested in learning of other work that is closely

connected with these results.

Table of contents
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p
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I. INDECOMPOSABLE Z/pmZ-MODULES AND THE REPRESENTATION RING

1. Indecomposable representations and the representation ring.

k)7 m-modules. It
p

k)) m-r s u bm o d u Le ,
p

is irreducible if there is no proper

A representation of mover k is a finite dimensional
p

vector space V over k together with a group homomorphism

Ppm ---')GLk(V). This is the same as to say that V is a finitely

generated module over the group ring kv m . The representation is
p

indecomposable if it is not the direct sum of two

m
Proposition 1.1. a) the ring kl1 m';;ik(T]/(T-l)P k[T].

p
b) If V is indecomposable representation, then

V:fk[T]/(T-I)n k[T] n = dim
k

V, , and

V
n
: = k [T]/ (T_I)n k [T) is indecomposable.

c) The indecomposable V m is both free and
p

5
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injective as a

isomorphism) is

klJ m-module.
p

d) only irreducible

VI k ,

m-module (up to
p

a) The group ring kvm is generated as a k-algebra by
p

Define k [T] m by extending T ---) Since char k .. P
m p m

and .. I, the element (T-I)P is in the kernel. Hence there is

a surjection k[T]!(T-l)pm k[TJ --)klo' m • Comparing dimensions over
p

k yields that it is an isomorphism.

c) The ring k[T]!(T-l)pm k[T) is a local quasi-frobenius a r>

tin k-algebra with maximal ideal generated by the image of T-I

Hence V m : .. kV m is free (Obvious) and injective.
p p
d) It is clear that k-;::k[T]!(T-l) k[Tl is irreducible as

isV
n

and is one dimensional.

Hence

Soc (V)

ask." m-mo du 1 e s •
p

V is a finite dimensional kV m-module.
p

= Hom
kV

m (k,V), is
p

is irreducible, then V .. Soc(V). Buta kY m-submodule. If V
P

Soc(V) .. (dimk Soc(V».v.

dim
k

Soc(V) .. dim
k

V = 1.

b) We prove slightly more than b). In fact we prove that a

ky m-module V decomposes into as many indecomposables as
p

dim
k

Soc(V). First, since kVpm is a local ring and artinian,

any cyclic module (i.e. one of the form kY is indecomposable.
p

Each ideal is of the form (T_.)n and hence each
p

indecomposable. Now Soc (V)" (T-. )n-l V
n n

As Soc (V)---->V is essential whenever V is of finite type, the

a kV m-module. Suppose
p

Then the socle of V, by definition

injective enveloppe of V is determined by the injective enveloppe

of its soc Le , As VI Soc (k» m) c---., kY m is essential and
p p

kYpm is injective and indecomposable, it is seen that

Suppose there is an injection VIG.-> V. Let V(V I) denote the

maximal essential extension of V. in V. Then the claim is that

V(V.) is a direct summand of V. Suppose W is maximal in V

with respect to the property that wnv(VI)" o. (This is the same

as to say that wnv
l

.. 0). Then the composition V(VI)e.-?v-->V!W

is an injection. Furthermore it is essential, since Soc(V!W)£::'V I•
By the maximality of V(V.) it is a surjection. Hence V(V.) is a

direct summand.

As a corollary, the module V is indecomposable if and only

if But then there is an embedding V -->k»m" E(V I).r p
Hence V = (T_I)r kV m, But (T-I) kl.? m V m

p p p -r
QED.

6
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In the last paragraph above we have used the fact that the

k-linear dual of a Y m-representation is isomorphic to the original
p

representation. For as Y m-modules there is an isomorphism
p

k Vpm Homk (kVpm • k)

and hence

Homk )1 m (V. Homk(V.k)
p

for each ky m-module V. Then it follows that
p

Homk (Vn' k) Vn

as kv m-modules.
p

The representation ring of ky m is defined to be the free
p

abelian group on the isomorphism classes [V) of klJ m-modules of
p

finite type. modulo the relations [V] = Lv') + [v"] provided

V V· It V". Denote this abel ian group by m ,
p

Corollary 1.2.

VI'" •• V pm

Rk)1 m
p

is free on the elements

QED

The ring structure in RkVpm is induced by 'k' So

V.W ; = V 'k W. (We omit any kind of symbols to denote the classes

of a representation V in m. And we interchange freely the
p

notation V.W and V e
k

W for the product. This should cause no

confusion. Likwise V+W means V $ W as modules or

"[V] + [W]" in RkV m) ,
p

Proposition 1.3. : the ring

VpO+ 1 • Vpl+ I' Vp2+1.· ... Vpm-I+ I

RkV m
p

is generated

A proof of this proposition depends upon obtaining the

decomposition of the tensor products Ve e V
m'

This is not done in

this paper. However the multiplication table below. which is found

in [Rally (1969)] permits us to demonstrate the proposition.

(The history of the decomposition of e V
m

is not clear

to us. It seems that Littlewood knew the decomposition constants.

Also Green. Srinivasan. and Rally have discussed them. That the

Vii generate the representation algebra is explicity mentionedp +
in [Srinivasan (1964)J • See also the papers by Re n a u d , )

7
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MULTIPLICATION TABLE

k k k
If S:7p, then write s = s p + sl with

algorithm. The following decompositions hold for each

by Euclid's

I a) If

b) If

k
s s p , then

k
s ?' P , then

V k I 'V = (sl-I) V k
p- s P+s-sl

II a) If k
s 6 P , then

V k I III VP + S
V k i (s-I) V k
p + S P

b) If pk <. s < (p-I) pk, then

c) If k k+ 1
(p-I)p s p ,then

It is seen that the mUltiplication is independent of the field,

so in the future we write RV m for this representation ring.
p

In order to facilitate computations it is convenient to introduce

in RIo'm the elements :to for o i m-I defined byp 1.
X. : = V

2 = VpO+1 and for i "7 0, x.. = Vpi+ 1 - V i0 1. P -1

For each i adjoin to the ring R.v m the elements }Ii which
p

satisfy the equations

Then

1.

-I
x.i = }Ii + Pi • It follows from the multiplication table that

V . - V • + 2. In general we get2p1.+1 2p l. - 1

(1,4.) for o<s<p.

8
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Since

i
( s ) (s-2)) -s+2).1
j.I Pi + Pi

we get

The inversion of this formula gives

(I .5.) v i =s p -I

(where we set

Now define w : ==
J

2)

( _ I)V ( P - I - Y p - I - 2 )"
y ) Xj

(which. by (1.5.) is V{p_l)pi+ 1 - V(p_l)pi_ 1 when Xj = Xj)

u. L (-If _
J J

and

In the polynomial ring 'll[X ••••• x •...1
o m

define

F.(X ••••• x.) = (X. - 2U.) w.
J 0 J J J

(with

It is not difficult to establish that

and

F (X ) = (X -2) W •
o 0 0 0

We can then state a result that implies Proposition 1.3.

Proposition 1.6. : The map 'll[Xo •••.• Xm_1J --')

XiI' '>"X i induces isomorphism

Rj.I m
p induced !?.x.

RV m
p

: It is easy to check that both rings have the same rank as

modules. Hence it enough to show that the map is surjective. But

this follows (say by induction on lots of things. for example m)

from the formulas in the mutiplication table.

QED

For future reference we need a few other relations. The first of

9
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s -s
these gives the basis relation beteween the V

o
+ Po for arbitrary

s and the Vi' 0 i .(. p • (The name is after the place where the

result was proved).

(Valby. Bodega's Theorem). Let

where the coefficients

b +
o

b . = b. for all j. T_hen
-J J

polynomial

N
b + L b.(u

j + u-
o
j )

o j=1 J 10 I

consider the

j - j P
b. (Po + Po ) = dy V))
J IJ = 1

are determined as follows

-I
7J. [t,t ]

N
2:
j =1

d).l

InRV •
P

Proposition 1.7.

be an element in
-- N -

f(t) - L:. b. t
j

j=-N J

Set

function

greatest integer in
N+I

2P expand the

in the ring 'l1. ([t]) It -I] Then---
1) The integer dy cD for 1 p-I and

-I N --p-I

j c j}2) d = P { -, + 2 2: b. - 2:.p
j = 1 J j =1

Proof For we have

s -s
Po + Po

while

Hence

p -p p-l -(p-l) -I p-2 -(p-2)
Po + Po = (f o + f o ) (Po + Po ) - (fo + po ) •

r; + r:P = (V
p

- V
p_2)

V2 - (V p_ 1 - Vp_3)

= 2 (V - VI)'p p-

By induction one gets the formula

0·8. ) 2kp+t -(2kp+t> t -t
f o + Po = Po + Po

for all i with os/!.t2p.

For suppose we have this formula for some k, e . Then multiply by
-I

f o + f o to get

2kp+f+1 -(2kp+f+l) 2kp+e-1 -(2kp+e-l)
Po + 1'0 + Po + fo

t+l
= Po

-(t+l) I!-l
+ f o + Po

10



If O(e

II

, then the two terms on the right of each side of the

equality sign are equal, by assumption. If e= 0, then

since in general,

Zkp-I = Z (k-I) P + (Zp-I). So the left hand side is

Zkp+1 + -(Zkp+l) + uZp - 1 + -(Zp-I) while the right hand side is
f o f o 10 f o

-I Zp-I + - (Zp-I) -I
+ Po ). But Po Po = Po + Po

+ -(p+s) p r s + -(p-s) for 0' s p ,
f o Po Po

Now write N = ZKp + L with OJ: L 'Zp. Then

.1i- j -j -I Zp-I - (Zp-I)
b + l- b.(p + Po ) = b + b l (Po + Po )+ ••. +b Zp_ 1 (Po + Po )
o j=1 J 0 0

+

o s k S K

(where it is assumed that

rearranging terms to get

b. = 0
J

for j'7 N). We continue by

Zp-I K -l
+ I: (L b ) (foe + u )

£=1 k=o Zkp+t 10

Using the relations

e. -t
fo + f o

+ P:P Z(V - V )
P p-l

and

V - V for Ile"p-Z
p- f+ I p- f-l

and finally

Zp-l -(Zp-I)
Po + Fo Vz

we can write this as

t p-I K
(b + Z b Zk p)

+ L (L b Zk p+ e. ) (Ve+ I -Ve_l)0
k=1 e = I k=o

K K
+ 2 L b 2k p+ p

(V - V I) + (L b2kp+p+e) (Vp-e+ I - V )
k-o p p- t.=1 k=o

p- f-l

11



where

IZ

j)= 1

dY+ 1 = ta [Cb Zk P+Y - bZkp+)J+Z) + CbZCk+l)p-lJ - b z ck+ I)P-clI+z)l

for p-Z and

d p tCbCZk+I)P-I + ZbCZk+l)p + b(Zk+l)P+I)'

What remains is to show that these are exactly the coefficients of

the series as claimed. Now

f(t)
N
L
j =-N

b.
J

and hence

-I N
j -I

N-I
t
j

t f(t) L b. t = L b j+ 1
and

j =-N J j=-CN+l)

N+I
t
j

t f(t) L:. b . 1 Thus
j=-N+l J-

t fCt) - t- I f Ct )

Since b_
N_ 1

t
N N+l

+ b
N- 1

+ b
N

t •

b
N
+
Z

= 0 , we can write this as

N+l
(t-t

1
) fCt} = L. (b'_l - b

J.+ 1 ) t
j•

j=-CN+l) J

. d f [N+ I J .Now conS1 er, or g = -zp ,the expans10n

co N+l
'" '"'" Zk P+

e)L- C '- Cbe_1 - be+l) t •
k=-g t=-CN+I)

To show I} we must consider the coefficients of t
j

for I j$ p-I

in this series. Since in general

12



«J

L:
k=-g

{L
1.

13

<1J

L (L.
j ?7-ll:) k=o

c ) t
j

j+2gp-2kp

we want the numbers

want to evaluate

Cj+2gp-2kp where

where b = band b = 0 for In 17 N.-n n n
But writing this out and using the definition of g, we get

)
g

b -b = b -b )L (j+2(g-k)P-l j+2(g-k)+\ I( 2kp+t-1 2kp+t+l
k7,0 k-o

which is what we want for the coefficient.

To show 2) we consider the augmentation

v dim
k

V. It is a

RJ.' [p ] --') ;Z wit h
p 0 -t

+ Po ) = 2.

ring homomorphism. It

(since

RlJ dim);Z induced by
p

extends to a map
2

Po - + I = 0). Hence

N r: j ) ) N

Now dim (b a + 2:. b. + b + 2 L b. , while
j = I J a j = I J

P P
dim (L. dV VV) L )ld V

V=l lJ=!

P i:Therefore L Vd» b + 2 b. from which the formula for
1>=1 a j =! J

d follows.
p

Two other relations are needed.

QED

Lemma! .8.
n -n
Po - Po

: a) For each

(Po - 1'0 )'Vn

n with !$n'p, the element

in RV
p
fpo) .

b) l!. r,s are integers such that rs ,< p , then there

is unique element such that in RlJ •
P

For a) consider the factorization
n -n -I n-r l n-3 -(n-!)

Po - Po {ro - Po )(Po + Po +"'+Po ).

13
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just V
n.

For b) consider the factorization

rs
Po

V
rs

-rs r -r r(s-I) r(s-3) -r(s-I)
Po = (Po - Po )(1'0 + Po +"'+Po ). Then we get

V (r(s-I) -r(s-I) r(s-3) + -r(s-3)+ )
r Po + Po + Po Po ....

Hence

(V - V ) + (V
ds-I)+I r(s-I)-I ds-3)+1

QED.

Remark 1.9. On Rp define elements
-I nP-n

(Po - Po ) Wn = Po - Po . Then for

W for all nn
0"- n p we have

by

W
n

V •
n

If

The statement b) above can then be genera-W
n
= - V_

n
lized. So for example

If

W
p+ I

s/p+2, for example, then

2V
p

W
s

- V
p_ 1 ' Wp+ 2 = 2Vp

divides (uniquely)

- V
p-2

Wp+2

, etc.

This allows us to define, for integers m,n, the generelized

binomial coefficients

in R)).
P

We now digress slighty to consider the maps on the representation

algebras induced by the homomorphisms vm _:>vn.
p p

We

1.Swhose kernel

injection

is the usual surjection.andmz- nSuppose jJm __,>vn
p p

get a homomorphism (surjection) kv m ---) ky n
n p p

generated by the image of (T-I)p. This yields an

R)1 n ---> RV m which is just
P p

:zz. ("o,)LI , .•• 1J. [j(.0,)l.1'···' )l.n-I ,)en"" ')C.m-IJ RV m
p

That is, an (indecomposable) V m-module is considered as a
p

,; m-module.
p

More interesting is the case m< n and we consider the injection

;,In
p

is given

:

generate

y m n
p p

Let

the Frobenius map F

j) n-m
p

F
n,mmap

so that

j.J m, Then the
p

whose cokernel isY m <::....--) V n
p p

and generate
n-m

by = Let k =

given by F(X) = )l.p is the

IF
P
identity. The map on k-algebras

(n-m) pn-m th
klJ m --> klJ n induced is just F ()L) = X ,the (n-m)

p p
iteration of Frobenius in the sense that kV m = k[T]/(T-I)pm and

p

14



15

It is not difficult to show

that the induced mapon n-m)

n-m
F(T) = sPand

n
k(S]/(S-I)PkLJ n

p
(for example by induction

RF(n-m)

is given by

RF(n-m)()C. .)

Rv n Rv m
p p

RF(n-m) (X.) = 2 if 0 n-m-l

=)C. for
i-n+m

and

the augmenta-

• We getJ.) n-m
p

whose composition is

V m --) V n is
p p

RF(n-m)
,., RV

p
m

ofThe cokernel

RiJ n-rm -_> R\f n
p p

tion map dim: RV n-m -> 7l. c--> Rv m • We notice, using the
p p

polynomials in Proposition 1.6, that (in case m=n-I).

2. Bases representations.

we can take as basis the elements u.

cr·ui = u i + I'
the subscript to be read

U
0 0 0

0 0 0

0 0 0 0

For future use we record here several different methods for

writing the action of (j on V
n+ 1

(in case n+l"* p ) ,

a) The regular representation We know that V m kV m , so
. p p

oSi':'pm-J Then

modulo pm. The matrix is

n+J
b) The Jordan form : As Vn+ 1 = k vpm/ «(J" -I) ,we can take as

bases e. = «(J" _J)n- j . Then

(CJ" _I)e.
J=

(q-_I)n-j+1 = (V"-J)n-(j-I) . HenceJ = e j _ 1

<r •e. = e. + e
j_ 1

for j 7; J while
J J

(i
0 0

:)1. 0

..
0 0 1

The matrix is

c) The SL(2) representation. For n+ J p, we know (See III.

n
e
o

2.8) that V ':! Sn(V
2).

A
n+1

n-I
eo'···' e 1 eo

basis for Sn(V
2)

is

. Lable these elements

15
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j
L
11 =0

V+n-j
e o

j
(j)

j
(j)f. Y So we get <ref .) = L f. Y . The matrix is

Y=o
jl r J 11=0

)} J-

(n) 0 0 0 0
0

(n) (n::-I) 0 0 0I 0

(n) (n-I) n-2
( ) ... 0 02 I o .

o
I

d) contragredient representation : if V in a representation,

then Homk(V,k) = V' is also a representation, with

-I
(o-f)(v) = f(er v ) ,

We denote this partition by

So in each case above we get the inverse transpose matrix.

II. REPRESENTATIONS OF THE SYMMETRIC GROUP IN CHARACTERISTIC O.

In this section we review the theory of representations of the

symmetric group over a field of characteristic zero to the extent

that we will use the £esu1ts in characteristic o.

I. Partitions, representations symmetric functions.

Let r be a non-negative integer. The group of permutations on

r letters will be denoted by Sr' Let Q be a field of characte-

ristic O. We discuss representations of 5
r

over Q, a represen-

tation being assumed to be finite dimensional.

!!:. partition of r is a sequence 1
1
"7/1 2

7 / ••• 7 / I n
7.1 0 of

integers such that II + 1 2 + •.. + In = t. We write this sequence

b = (II"'" In) • Also I I I = r If sl parts of I are I, and

s2 parts are 2, etc ••• , then we have l.sl+2.s 2+ .•• +r'Sr = r .

sl s2 sr
I 2 ... r • 56

(x , ••• ,r"

r

(r-l), ... ,(r-I) •••. ,I.I, ••• ,I).

r-I

16
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If is a partition of r we write r ,

Proposition 1.1. a) is correspondence between

partitions of rand the conjugacy classes £.!. Sr'

b) correspondence between

conjugacy classes of Sr and the irreducible complex (rational)

characters of S.
r
c) There is correspondence between

complex (rational) characters ofirreducible

isomorphism classes of

of S.
r

irreducible

S and the
r ----

complex (rational) representations

Outline of proof . a ) If 1 = (1\ ••••• I
r)

is a partition then the

associated conjugacy class is the class of the element

(I ••1 1) (I I+ I •• I I+1 2) (I 1+1 2+ I •• In+1 2+ I 3) •• (I 1+' • + I r-I + \ •• I 1+ •• + I r) Sr

Conversely the disjoint cycle decomposition of an element gives a

partition of r.

b) This is standard in the representation theory

of finite groups.

c) If V is an irreducible representation. then

the function (j 1---,> Tr tsr \ V) is a class function which is an

irreducible character. by definition.
QED

defines a(J"E:S
r

Let ;S I" • " i;r be r variables. Each

function (j: by

i) = This is a ring automorphism. In the ring

22 .... , r J [tl consider the polynomial

r r
TT (1+i5.t) = 2: a.(t;I ..... T; ) t

j

i=1 1. j =0 J r

Each coefficient a.(!; I' .... ) is invariant under S (i.e. is
J r r

a "symmetric function"). The next result is classical.

Proposition 1.2.

a. [51 ..... Sr t r
!h! ring invariants

22 [al, ... ,a r]. QED

If s?"r consider the homomorphism

7L [SI'"'' Sa J --., 1.···;'5 rJ given by S. --'> 0 if J> r
J

17
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as aS s Sr s
letters. leaving the remainder

Sr-equivariant.1here is induced

'S. for 1.$ j r . If we consider
J J

subgroup acting on the first r

fixed. then this homomorphism is

and

a surjection
S S

zz.[sl •...• S sJ s_--?, ..... Sr] r

with a
i
1'--')0 for

limits Soo = lin; Sr
(71 [SI"'" Sr'" .J"

In the

we get

andweight a i = 1

If I"'" Sr) is homogeneous of degree p and invariant

under Sr' there is a unique isobaric polynomial p(a l,· ••• a r) of

weight p such that

f(SI'· ... Sr) = p(al(SI .... .... ar(SI' .... where

. sl sr 2(a l ... a r ) = I sl+ s2+" .+1: sr'

So the homogeneous symmetric polynomials of degree p form a free

7l-module spanned by the monomials {a S I a Sr J s ] sl 1 ... r I ... r rl-- p

Denote by A
r

the subspace (free 7l-module) of these polynomials.

Then TT Ar = (a l,a2,···]r7,o

Remark 1.3. Let P(v) denote the number of partitions of r. Then

00

L: P(r)t
r•

r=o

Suppose we consider not all partitions, but rather the number of

parti tions I = (1
0
•••• , I

r)
such that

III: = IO+ ... +I r = nand 11111:

Call this number As(r,n). (See section 4). Then

r 00
TT (1- x.it)-I = L.
i-o n=o

(.L

consider

in section 4.will enter

A
r

obtained either formally, or by

7l [5 I • '5 2 ' ... , r J )[[tJ]

• This is invertible. but so is

(l im
_r

a.(s )t
j

J -j =0

power series
co

(l+5.t)=L

direct defini t i o n , In

the
00

IT
i=1

2: A s
ss1,o

There are two other bases for

The polynomials

18



00

2:
j=o J

co Q)

(2: h.(!E,)tj)(L.
j =0 J j =0

equations : bO ('5 )

) 9

Define the elements by
J

a. ) (-t)j) = ) • Then we get the following
J

'b (S ) - 1 and

r
(-1 ) jL a. hr-j

= 0
j =0 J

for r 7, I.

It is seen that each h is an integer
r

I I I = r .span

for

A
r

II I .. r

for

linear combination of the
r

and conversely. Hence the h : = IT hI. also
I i-I

The hI are called the complete symmetric functions (or polyno-

mials). For example

h ..... 15 ) + 2:-
r r j J i"j

l:"r.-2 r "C +..... .

Then in (lim Z [s) •.... S r] 8 lim 12[SI·· .. ·sm1) [t] consider

the formal power series

00

IT S -) z.(1 - . II) . t )
L • j J r=o

Pr • "1 )
in each.

Since

degree r

The k').

monomial

is symmmetric in and separately and is of

we can write Pr(S,'I) = L:.. hI(S) , k I ( ?) .
I-r

are thus homogeneous symmetric functions. called the

symmetric functions. If 111= r. say I = (II ••••• I r).
take the monomial

and symmetrize it to get

(Note that

in general).

A fourth set of symmetric functions is defined by

19
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ClO

L
i=o

and then
r
IT
i=1

for with III r,

The SI form only a for A
r,

In particular

a 1 0 0

2a 2 a 1 0

s det 3a
3

a
2

a
l

0r

a r-2 a r-3

ra a r-I a r-2 a lr

while

SJ
0 0

Sz s 0
1

r a det
5.3 Sz 0r

Sc Sc -I Sc-2

A / ( 2:
r

(Thus 22 sI) ';;: El7 'll/ j 22. )
r I II <r j -I

Let RS r denote the representation ring of the group Sr' As in the

first chapter this is obtained by considering the free group on the

isomorphism classes of complex representations of Sr' It is shown,

for example in [Weyl that the primitive idempotents in

q;S be in the subring zz. IS, (Here zz. 1:= a [(rl)-I.] ,) Hence the
r r r r r.

indecomposable «Sr-modules are extensions, by base ehange, of

indecomposable free Zl.r! Sr-module, An indication of this will be

given later,

There is an isomorphism RS
r

A
r

obtained as follows. If W

is a representation of Sr and V is a vector space, let Sr act

on the right of v 8 r by (" 1 e" ,i Vr)<J = )I., 8 1I.x.,.. r- 0"'(1)'" (]'(r)

for IT 'Sr' Then consider the vector space v
8 r

II«Sr W,

20
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Lemma 1.3. There is an isomorphism

V
8 r ...... cs

r

QED

W

Note that

by

Let e :u --') U

and

u = Vill r
I} Wa;

c::r- I (w i .

2
e = e

a;s W by the universal property
r

)(, 8 ••• S X r 8a:S UJ

S r ..
U r ) Vo r

r
if S

U r

8 ••• S 8

e:r (u ) , Then

ie = i. So

acts on the left of

i ()(, a ... ft X r illk Ul ) =illa: ' so

is an isomorphism.

of

i«(j(u» = i(u). Hence

Proof. The group S
----1- r
(j (X-I a ... 871 r 1lU) =

be given by e(u) = (rl)-I

S
U r = e (U ). Def ine i: U --? Vfll.r B

So each W induces a functor

mod- a: mod- e .

Let W(V) V"r
illa:S W. (N.B. This functor is not additive).

r
We note that (W $ WI) (V) = W(V) ill WI (V) •

Also note that there is a function

Homa(V,V') ---'>Homa;(W(V), W(V'»

that takes isomorphisms to isomorphisms.

Example l.4 a) If W = a with trivial action, then W(V) = Sr (V),

the r
t h

symmetric pouer of V.

"r(V),b) If w=a: with alternating action, then W(V)

the r
t h

exterior power of V.

c) If W=a:S r, the group ring itself, then W(V) = V
8 r•

is a

T:V----')Vand thathas a basisV

operator with eigenvalues Then the eigenvalues

are the monomials [s .... . Hence the eigen-
1
1

1
r

of W(T) are among these monomials. So Tr(W(T»values

fo

Suppose that

is a diagonal

T'r 6t Id
W

sum of monomia ls in I , ••• , m of degree r , Clearly it is a

symmetric function. Call it ... ,l;m)' If n"¥m, then

under the homomorphism :zz.[lI,., •.• , li n1- - ) 7.Z [lSI' ... ' -e mJ we get

W 1' ... ,5 n) --;> W I' ••• ' i m)' Hence there is a uniquely

defined WeAr corresponding to W RS •
r

21
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Denote this map bS sym
r:

RS
r

A
r•

It is seen that

sym(W
I

• W
2)

sym WI + sym W
2

so indeed it is a group homomorphism.

Suppose

embedding

12"., ,I r )

)( S1 ----" S r
r

is a partition of r, There is an

which induces a map

RS
I

)( , •• lC RS
I
--') RS

r
I r

(induction from the subgroup).

There are also maps for each I induced by mUltiplication

All x , •• )( A
l r

- - - ,> Ar•

A calculation shows that the diagram

ind

_____) A
r

is commutative.

If W is the alternating representation, then W(V) = as

we observed in example 1.4. Then sym(W) = a
r,

An easy calculation

shows that, if WI. is the alternating representation on SI. ' then
1 1

sym (ind W
1X

.. ,)(W
I

) = 3
1
... a

1
= mult (symIX ••• Xsym I (WI X ••• )(W

1
».

r 1 .r 1 r 1 r 1 r

Hence sym
r

is a surjection. By Proposition 1.1. we conclude that

symr is a bijection.

Theorem 1.5. : The map sym
r:

RS
r
__') A

r
is an isomorphism of

abelian groups which preserves the products that

commutes. QED

is also a ring, so sym
r

can be used to induce a ring

Furthermore there are inner product structures

The set RS r
structure on A

r
on RS and A

r r
that sym

r
preserves.

22



is alternating

forall crE:S
r

s g n Sr Z

23

There are several other ways to set the map sym
r•

These will be

discussed in the next section.

2. Schur functions, irreducible representations.

Let I = (II, ••• ,I
r)

be a partition of r. The Vandermonde deter

minant
. I

I'''''!;r) : = det for i,j.$r

that is =

(In paet one can define the alternating character

by

sgn cr

Define the polynomial

I . +jI
det (i;.rJ+I ) for

It is clear that r) is alternating and that

V('l;I'''''!;r) divides ... ,J;r) in the polynomial ring

(In fact [Mitchell (1881)] has proved that coeffi

cients of vIeS 1, ... I"'" Sr) are non negative. A

simple proof of result appears in [Evans and Isaacs (1976B

Since V and VI are alternating, the polynomial Vr/V is

symmetric and homogeneous of degree r.

Definition 2.1. The Schur function

in A
r

given by

is the (unique) function

eI(i) = Vr(i r)

in

Since the symmetric polynomials l a II span Ar ,each "r
I J II =r

can be written in terms of the a I• Let I' denote the partition

of r c o n j ugate to L, For each n < 0 set an = 0 and set a o I.

The next result relates the Schur functions to the other functions.

The identities are known as the JacobiTrudi identities.

23



Proposition 2.2. If I I I = r

24

then

and

1 r ,

Yet anotner way to get these functions is via the map sym
r•

define

If 'X. Sr ------"J lJ! i s a

matrix with entries from a

character and ( a .. )
J.J

an r )( r square

det-x.(aij) '!is '}:.«(j) a1,cr(l) ••• ar,Q'(r)'
r

The ordinary determinant is just det
a l t

where alt is the

alternating character, while the so-called permanent is det .
trJ.V

where triv is the trivial character.

Now suppose X is a character arising from a representation W

of Sr Then [Knutson, for example}

s 0

s 2 s 0

(W) =
I

det)Lsym
r rT s s

r-2
r-lr-)

s s
r-l s Ir

If WI is an irreducible

partition 111= r , then

representation corresponding to a

We can put a partial order on RS
r

by saying that the class of

a O:Sr-module is greater than zero, that is ):"0 if and only if

there is a ItS -module W such that X = W. Since RS is a free
r r

abelian group based on the indecomposables, an element 1"/0

if and only if, when X. = 2:. "r WI where "r <2 and { WIt
[1/ =r

are the indecomposables, then the integers n I'"
0 in

There is an inner product on RS
r

given, on the CSr-modules, by

<V, W> : = dima: Homg;S (V, W).
r

Then <WI' WJ) = 6 I J • Hence ;t"o

for all J. For arbitrary elements

if and only if

x,y E:RS
r

we

24

can then say
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"x y if and only if there is a module W

such that x = y + W".

This inner pno duc t is transfered over to A by the map symr•

{ell/ll=r

r
As the Schur functions span A '1-nd are images of the

r
WI under sym

r, we get the inner p;coduct

that is : the set {ell forms an orthonormal basis for

respect to this inner product.

A
r

with

We use this relation for generating exact sequences of

and then relations between symmetric and exterior powers. The idea is

this : suppose there is a relation between positive symmetric

functions. Then there is an associated isomorphism between (Sr-

modules. The decomposition of various of the standard

modules (for example in the indecomposables or the tensor products

of symmetric or exterior powers) is defined by idempotents in
-I

II [( r ! ) J Sr'

dimen-

The simplest example of this is the relation
h h

det (n n+ I) h h h • Hence
en,l I hi = n I - n+1

hn hi = en, I + hn+ 1 But hn+ 1 and hn hi lie in the positive

cone of A
n+ l•

We get h
n

hi from the trivial representation of

SnXSI induced up to Sn+I' while h n+ 1 is obtained from the

trivial representation and en,l is obtaind from the indecomposable

corresponding to (n,I). These representations are given by the

Q:modules itS n+1 lD II: S e and It. We need a map O:Sn+1 81tS 0: --,
n n

whose kernel is W
n,l

Now ltS n+1 'lES 0: is a vector space of
n

sion n+1 spanned by the transpositions (j,n+l)

e n+1
O:S It = $ It (j ,n+l)

n+1 ltS n j = I

Define

--, c:

by (J,n+l) 1-1--""".>;>1. The inverse is given by

Then we get the split exact sequence.

I n+ I
Zr--, (n+l) LZ(j,n+l)

j =I

0--) W(n,I)-- Q:Sn+1 lD(CS It --) It --? O.
n

25
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Apply this to a vector space V, to get an exact sequence

o ->W(n,I)(V) -7 (ltSn+ 1 i«:S It)(V) ---!HC(V) -,>0.
n

n+1 .
But a(v) = S (V) (by Example 1.4.a»

n
(<<:Sn+1 8 a s It)(V) = S (V) 8a V. Hence we get

n

n
o W(n,I)(V) -, S (V) @«:

which is split exact. The map Sn(V)

one :

V __? Sn+1 (V) _> 0,

n+ I ). h b i8 a V __) S (V i. s teo r o u s

Proposition 2.3. ! relation among elements

A
r

corresponds with split sequence

2Z[(rl)-I] and conversely.

As another example, consider the relation

lli positive
-I

Z2«r!) ]Sr-modules

r

L
j =0

o (for r .,. I) ,

S.x S .
in Ar. Since a. h . sym (Ind J r-J alt l!l triv), where alt

J r-J r Sr

is the alternating and triv is the trivial representation respec-

tIvely. Then we get the split exact sequence

Sr_Ix SI 5 r _2
x 52

o -_>alt -_,>InGl S (alt@triv)-->IndS(alt(»triv)--')
r r

SIX Sr_1
----; IndS (alt GD triv) --> triv ---" 0 •

r

Apply this to a free

sequence

-I
2Z [(r!) ] -module V to get a split exact

of ZL[(rl)-I] -modules. In this case it is possible to write the maps

and the splitting maps.

Define d. : /l,j(V) l!l Sr- j(V)-7 II.j - 1 l!l sr-j+I(V)
J

by

d. «vI'" ..1\ V • )8w)
J J

26



27

and define

e .: A j (V) 8 sr-j (V) __' ,.J+I (V) (0 Sr-j-I (V)
r- J "'

by

e . (u III vl"'v .)r-J r-J

r- j
L (u" "» ) lJ vI" .. 'V r _ jv =1

Then 8 long, but straight forward calculat ion, shows that

o d. = rId.
J

(Of course d
r+ 1 = 0 .. do and e

o

Hence the sequence splits whenever r is invertible.

Further applications of this principle will be given in the next

section.

3. -operations -rings

Suppose R in a commutative ring. A family A = {'Ail
i f lN

of
0-

-operations on R is a family of functions

R __)R

satisfying the following

?io(x) = all

'AI (x ) = x all

x R

xeR
i

I'l(x+y) = z:. 'Aj(x) 'Ai-j(y)
j=o

all x, yEO: R.

In the formal power series ring one can consider the formal

power series

Let tl
o
(R) = I + t IR 1ft] . This is a subgroup of the group of units

of R [u:J] The three operations above are equivalent to :

: R U,o(R)

is a group homomorphism.

j ::> O. If we could wri te all elements of R

-rank I and if the product of an element

Sayan element x £R

) = 0 for all

as sums of elements of

has ?! -rank n if while

27
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of ';\ -rank 1

'>. p ( x y) and

were again of -rank 1, then we could

We can formalize this.

e efupu t e

In the ring ... t;m] 19 tz ['1 ... ·• 'Y\n1) [t] consi-

der the element
oD

IT (I +S'Il'),t) =
i.j=1 i. J

[One takes finite products

nm v
L. py (S, 1 )t
}) =0

TT (I + E;, "], t )
J

1 n

and notes that under the projections

Z [SI ... ·' l;m" 11 ... ·, -') Z 11 , .... 1)

Soo and sois invariant under

that --')

The product

Thus there is a well defined element in the limit]

IT (1 + S.
I , j J

the elements Pv (s."]) are invariant and hence pv(';'1)6A lI A

Thus there is a unique polynomial

pI/ . Z [SI .... 'S)). TJ ..... TyJ

,;
such that Pv (5'1) p Ca ICs), ••• ,aV(s),a I(1).···,ajJ(1»·

course we could express the in terms of the other bases for

symmetric functions. We will not do this. as we do not need these

expressions for our purposes.]

Definition 3.1. Suppose f(t) = ]
2

get) = I + bIt + b
2t

+ ... are in

with g is defined by

z
+ a]t + azt + ••• and

The ii-product of f

f(t) II get)

I!/}

L-
v =0

This product is commutative.associative.with I+t as unit.

Furthermore

(f(t) 19 (g(t).h(t» = (f(t) 8 h(t».(g(t) I h(t».

Thus is a commutative ring with unit.

V=o
The product TT (I + 5, 5, t ) =

(' ( (' <001 ...

is also expandable in 71. Lsi, .... Sm] yielding symmetric

f ( e ) e It (R). define
o

Then the I\d : 11 (R) (1, (R)
o 0

28
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are ?I-operations.

Definition 3.2. : The ring R with

'A -ring if the map

? -operations I\i is a

'A t : R ---'») U,o(R)

defined above is a homomorphism of rings with ? -operations

There are some formal operations, mentioned in the first section,

concerning the various families of symmetric functions. For the

readers' and our benefit we list them here.

i=1
(3.3. )

ClO

IT (I + li.t)
1

ClO

L
V=o

Elementary symmetric func-

tions all

a =
I

where I (II, ••• ,I r)
and I I I = IV

is a multi index

(3.4. )
co _] ClO

IT (I - S. t ) = hI-' tV
i=1 1 v=o

h = Ilh
I 1)1

Complete symmetric functions h II •

j =0
(3.5. )

v
IT (-I)j ha j II-j o for all

(3.6. )

ClO co
IT

i=l,j=1

-I
(I -.".'I\.t)

1 '/ J

00

L..
v =0

(!:
\1 \=v

Monomial symmetric functions k I

co
(3.8.) IT

i, j = I

(3.7. )

(! -

Jacobi-Trudi identifies Schur

functions e I , III = r ,

co

L
V =0

Orthonormality of the e I

Let hv(S'''l) be the coefficient of t>-'

comparing (3.6.) and (3.8.) we get

in (3.6.). Then

(3.9 )

29
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The identity hp (S ,.." )

30

L. e r ( $' )
Irl

Cauchy Formula. Another form is given by

is one form of the

These formulas can be given another interpretation. Consider the

ring B

Define 'Ai: B----+ B by 'At(!;i) = I +Sit (so rk 5i = I for

all S .). Then B is a ? -ring. Consider the subring of B genera-
l.

ted over 7J. by a
l

and all the :A -operations. Then this is again

a -ring. Clearly 'An(a
l)

= an so this ring contains

A = lim :;z [a l, ••• ,a 1 , and in fact is equal to A. Suppose we
.--m m

consider the 8-product

Then we get, on the one hand

co
n
i, j =1

(1 + 5. lJ'I.t).
1./J

and on the other, from (3.10), the expression
co
L (L e

I,
(5)

V =0 111=»
Hence

(3.11. )

This is another form of Cauchy's Formula.

Using the principle in Proposition 2.3., these formulas can be

transformed to exact sequences.

Proposition 3.12. : !:..!l E,F be free 7Z [(rl)-I]-modu1es. Then

there free 7Z[<rl)-I]-modu1es Wr(E), Wr(F) for each 111= r

and functorial isomorphisms

(3.9') Ar(E It F) Wr,(E) It Wr(F)
III r

(3.10') Sr(E at F) $ WI(E) I} Wr(F).
III = r

30
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In particular, in the representation ring of free

dules we have------

Recall that WI is the indecomposable Sill -module corresponding

to the partition I.

The first few coefficients of are recorded in

[Almkvist]. They are repeated here with the associated statements

for symmetric and exterior powers of vector spaces
<Xl V

If 3 ?lteb\) = t: dllt then
P=o

d ,,0 cu to V)
tV

k
0

k

d] a\ b] A' cu II V) U t V
k k

dZ
Z

b
Z

+ b
2 - Za z b

Za \ a z \

,."zeu V) .. z ("Zeu) t:l "zev» 110 "zev)} e [IIZeu) 8 viZl

3 3
d3 = a]b3 + a 3b\ + aJaZb]b Z - 3a\aZb 3 - 3a3b]bZ + 3a3b 3

etc ••• The corresponding formulas using the indecomposables are

I\,zeu I V) {sZeu) 18 "Zev)} s {"Zeu) 6 sZev)}

SZeu e V) {sZeu) 8 sZev)J e !I\Zeu) /I "Zev)}

e V) ';r{ tA3eu) 6 S3 ev )J e IEz,J(U) til Ez,Jev)l (i) {s3 eu) e ,,3 ev)}

s3 m V) :If[s3 eu) S3 ev )J Gl tEZ,JeU) EZ,JeV)J e tA3eu) til t\3 ev )J.
Tht isomorphisms above for "Zeu 3 V) can be replaced by exact

sequeLces efrom Z.4.)

d 8 I d I
Z ") 8 AZeV) _J__> sZeu) I) "ZeV) --'> 0

31
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then

The ma p cI is g i v en by rio ( (u I v I ) /\ (u 2 Ql v 2» = u I u 2 to v I A v 2

while (!(u I"u2 0) VI v 2) = t !(u
l

Ii) v
1)A(u2"v 2)

+ (u
l

0 v 2)I\(u2
Ot v

l
)l

Thus the two decompositions are related.

It is intersting to note the following

will be shown that for the indecomposable

decomposition S2(V
2)

V
2

• VI V
2•

V
2

In characteristic 2, it

Y2-module V2 we have the

V
2
.. V

2,
Hence

AO
( v

2
)1 • iAI (V

2
) 4O AI (V

2»)

.. {A o
( v

2
) " ,,2(V 2)J

VI Ii) VI e V2 Ql V
2
e VI • VI 2V

I
.. 2V

2

{s2(V 2) • VI! • tVI • S2(V 21'
Hence

However computing the other formula we get

This gives

Thus the Cauchy Formula holds while the formula expressing the

coefficients in terms of the elementary symmetric functions does
2not,The Cauchy Formula for S (V

2
8 V

2)
also works in this case.

A direct computation involving the maps 0(, above does not
1yield a proof in characteristic 2 because of the 2 in the definition

of

However when one goes to larger indecomposables, even the

Cauchy Formula does not hold, It is not difficult to calculate the

following module decompositions (in characteristic 2) over kjJ4

,,2(V
2

Ql V
3)

,,2(V
2
e V

4)
,,2(V

4)
(V

2
Ii) V

4)
t VI

32
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S2(V
2)

6) 1\2(V
3)

'" (V 2 41 VI) 6) V
3

':l V2 4l V4 " V3=

1\2 (V 2) e S2(V
3)

IV S2(V
3)

N

til V
2= = V4 .

But there is no isomorphism

VI Et V
2

(9 4V
4

::: 2V
2

(9 V
3
e 2V4·

Hence RV4
is 'A-ring with ? -operat ions V inot a ---'l> 1\ (V).

In the remarks just above, it has been seen that the rings
P

are not -rings for the operations induced by exterior powers.

There is reason to consider what there is for using

the limited we are able to find the desired decompo-

sitions.

As a concluding remark we note the renewed interest in the relation

between the purely combinatorial aspects of partitions and the

related algebra and geometry. See for example [Doubilet, et al

(1976), Lascoux (1977), Roberts (1977), De Concini and Procesi

(1976), Towber (l976a and b)J.

4. GAUSSIAN POLYNOMIALS AND SYMMETRIC FUNCTIONS.

In the next chapter we need some formal properties of the Gaussian

polynomials. We list them here together with their relations to other

areas.

Definition 4.1. homogeneous Gaussian polynomial

defined, for a pair of non-negative integers n,r

G (X, Y)
n,r

n 7" r, by

is

G (X,Y)n,r

Easy calculations show

(Xn_yn)(Xn-l_yn-I) ••• (Xn-r+l_yn-r+l)

(Xr_yr)(X r l_yr-l) ... (X _ Y)

(4.2) G (X,Y) is homogeneousn,r degree r(n-r)

(4.3) G (X,Y) = Xn- r G 1 I(X,y) + yr G 1 (X,Y)n,r n- ,r- n- ,r

and therefore

coefficients.

G (X,Y)n,r is polynomial in X,Y with integer

33



(4.4. )

34

G (x.Y) = G (Y.X) = G (X.Y).
n,r n,r n,n-r

(4.5. ) In ?ZtX • YJ [t] we have---

(This is demonstrated by induction on r using above).

nr
Proposition 4.6. Suppose Gn+ r r(X,Y) .. 1:

• ll=o

is the number £f partitions I = (Io ••••• I r)
\11- 1

0
+ II+.·.+I r - n and II + ZI Z + ••• +

such that

rl r .. III II - r

Then A
II

Pro of : Gons ider t he pro duc t

r . . 1 r 00
IT (I - X

r
- J yJt)- - IT

j=o j=o m=o n"o

n
G + (X.Y)t.
n r.r

But in the expansion of the product of the infinite sum. the

coefficient of t n is given by

2:. (Xr)IO (Xr- I yl)II ... (Xyr-I)Ir-1
III -n

= L Xrlo+(r-J)IJ+ ... +lr-J yII+ZIZ+ .. ·+rl r
III =n

Io+IJ+ ••• +l r = n

IJ+ZIz+···+rl r =

There is a relation between the symmetric functions and Gaussian

polynomials.

QED

Proposition 4.7. Let

h
r

be the---
a
eli

r

thbe the r elementary symmetric function

complete symmetric function. Then

n-) n-Z n-2
ar(x • X y ..... XY

r
yn-J) = (Xy)(Z) G (X.Y).

n.r

and r-I r
X y ••••• y ) .. G (X. Y) •

n+r.r

34



Proof : Note that

Hence. with =
1.

35

a r (51•••• = ar(f;I···· .5n - 1 )+Snar_1 (51'"

xn-iyi-I we get

n-I n-2 n-I n-I n-2 n-2 n-I n-I
ar(X .x y ••••• y )=ar(X .X y •••••Xy )+y ar_I(X ••• XY).

Therefore

By (4.3)

G (X. Y)
n.r

and (4.4) • this term in the brackets J is just

as desired. The statement for h results from 4.5.
n

QED

Corollary 4.8. : !.£.!:. each r 7, I and n .'!!!:.

r
2: (-I)j)
lJ =0

Proof : Since

substitution.

r

2:
).'=0

O. the result follows by direct

QED

Remark 4.9. In Proposition 4.6 the number of partitions

I = (Io ••••• I r)
Note that

with III=n and lIItl=r is denoted by A (r.n).

(X-Y) G (X.Y)n+r,r
= A Xn r + 1 +

o

nr
(A - A I) Xnr+l-v yp. - A ynr+l.

11 p- nr

Furthermore A
o

= I (with I = (n. o ••••• o})

(with I = (0, ... , o , n». So

and A = I
nr

(X-Y) G (X Y) = Xn r+ 1 +
n+r,r •

nr
L
p=1

(A - A ) Xnr+l-r y¥ _ ynr+1 •
p p-I

The number A - A is the difference between the number of par-r p.-I
titions I with RIII=\! and IIII\=r-l. It is a classical problem in

combinatorics to show purely combinatorically that A - A
nr . p. P

for I 2 . In a later chapter we g i v e a proof of t h i s result

that depends upon the decomposition of exterior (or symmetric)

powers of indecomposable V -modules in characteristic p. We list
p

below an example.
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Example 4.10. Let n=4, r=2 Then I (1
0

' II' 1
2), The partitions

are listed below

11111= j1 = 0 2 3 4 5 6 7 8

400 310 220 211 040 112 022 013 004

301 130 202 031 103

121

Then A = I AI =1 A
2=2

A
3
=2 A

4=3
AS=2 A

6=2
A
7=1

A
8=10

and

G
6

2(X,y)=x8+x7Y+2X6y2+2XSy3+3X4y4+2X3yS+2X2y6+Xy7+y8 ,,
and

The polynomials appear in (Schur (1968)] where it is also

shown that A
r
- A

p
_1 710 for I P (See Satz 2.2 I. [Schur]

(1968».

III. DECOMPOSITIONS.

v • In
p

in

indecomposables over

assume everything isweorder to save on notation, then,

In this chapter we give the decompositions of the exterior and

symmetric powers of indecomposables. Since our proofs work only

for indecomposables of dimension up to the characteristic (i.e.
iwe cannot decompose 1\ (V I)' for example) we will restrictp+

immediately to the consideration of

characteristic p and that P v = In the final section of
p

this chapter we wi.ll discuss what is known in general.

1. The decomposition of exterior powers.

to determining the decomposition of the

of the indecomposables Vn• Under theexterior powers

This section is devoted

""r(V )
n

assumptions in the introduction above we calculate these for

Proposi don I. I. In R l,I [tJ

At (V2 1Il V
n)

'A t (V2 ) QI "t(V
n),

Proof To demonstrate this result is in enough to show that the
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the coefficients of t r in both polynomials are the same for

since both polynomials are reflexive i.e. the coefficient

of t
i

is the same as the coefficient of t Zn- i

But the equality of these two coefficients is equivalent to

finding the expression for Ar(V
Z

8 Vn) in terms of the

"s(V Z) III I\t(V
n)

for s,t$r. As r<p we can use Corollary II.

3.14 with E = (1l((r!)-j)2 and F = (2IKr!)-I] )n, each with the

matrix (1',,1 ?) operating. Then the decomposition, being functorial,
o '"I

changes base for any homomorphism

In particular, since r <p, there is such a homomorphism to k

for char k = p.

Remark 1.2. The examples at the end of II show why this

argument fails for VpDC for DC?I.

In chapter I we discussed the ring Rv where
-I Z -I

(I + pt)(I+p t ) = I + V2t+t ,i.e. p+p = V2 • Thus

'At(Vz) (l+pt)(I+fl-It) in RIJ [flJ [t] • Using the result of

Proposition 1.1. and the multiplication V2 8 Vn = Vn+ 1 e Vn_ 1
(Formula II.b. in Multiplication table) we can express in

the ring RII [p) (t].

Proposi tion 1.3. : Suppose h< n [. p , Then

1\ -I
Proof: We know = (1+¥t)(I+f1 t)

by induction, that

n
? (V ) = IT (I+pn-ZJ/t)

t n+ I \J =0

11
1 I-ZvI (1+\1 t ) , Suppose,

V=o

'A (V )
t m

m-I
-II ( I +um- I - 2V t ) f I <I <I or m. n ,
V =0

Since Vn_l) = 'At(V n+ 1) ?'t(Vn- l) • we get

= At(Vn_I)-1 At(V n+ 1 i Vn-I)'

By Proposition 1.1

n-2
So ?I t (Vn+ I ) = IT

v=o

, we have

I V2 ) = t

n-I
(l+pu-2-ZV t)-1 «-1-/

v =0

37



n-2

rr
)I =0

38

n-2-21l _I n-I
(I+p t) -\-\

)0>=0

QED

n-I n+1
Since r-r (l+rn-I-2Vt) L:

II =0 r=o

calculate the exterior powers

functions.

-n+ I -n+2 n+2 r
a r (r 'II , ... 'Il ) t , we can

in terms of elementary symmetric

Corollary 1.4. we have---

-n n -n+r-I n-r+1
G (- I ) = (}l -J:l)'" (j1 -!1 )
n , r r ,p (-r r) (-I )P -p ••• r -r

By definition and by 11.4.7.

Corollary 1.5. : In Rv we have

"r (Vn) = (:n)
r

QED

Proof By corollary 1.4 1.1.8. and 1.1.9. QED

Corollary 1.6. : In Rv

p

e
m=1

d Vm m

where the d are determined as followsm

g -_ [r(n-
2pr)+I]

.Let Consider the expansion

(t-t- I ) t- 2gp G
n,r

-I
(t ,t)

d ::. C
m m

for 1.$ m,$"p-I and
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Proof. From J. 4. and 1. I. 7. QED

Corollary 1.7.

Then 710 for

Suppose (X-Y) G (X,Y)
n,r

1 c ,( r(n-r)
... s e 2

r(n-r)+1L. d t Xr(n-r)+I-s y S

ss=o

: Suppose

coefficients d t

s

r(n-r) +1. Then Ln C I 5p "7 2 or. .

are just a rearrangement of the

above

d •
s

g=o. The

QED

Remark 1.8. The coefficients d t are the successive differences of
s

the number of partitions as given in 11.4.9. As a corollary of 1.7.

we see that the number of partitions limited as in 111.4.6 is

increasing to a certain point, thendecreases again. As an example

(see also remark 11.4.9.) consider the pair (7,3) (n,r), Then

r(n-r) = 12. So we consider partitions of 3 into 5 parts

I = (1
0

, ••• ,14) with the weight of the partition

0.1
0+1.1 1+

••• +41
4

IZ

10 + 11+",+ 14 3.

We list these according to weights (there are 35 of them)

12 11 10 9 8 7 6 5

00003 00012 00102 01002 10002 10011 10101 10110

00021 00 111 01011 01101 10020 02010

00030 00201 OIOZO 01110 01200

00120 00210 00300 11001

OZOOI

This is symmetric about 6 ... if (10 II 1
2

1
3

1
4
) appears here, then

(14 1
3

1
2

II 1
0)

appears somewhere (symmetrically about 6) on the

right. The coefficients A can be read from this diagram •••
II

So

G7,3
yI2+Xyll+2XZylO+3X3y9+4X4y8+4X5y5

and (X-y)G7,3
_yI3_XZy11_X3yI0_X4y9_X6y7
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Furthermore. for "large" p we have the decomposition

while in characteristic 7

and

is free of rank

in characteristic 11.

"r (V )
n

V
n

p" the decomposition of"largeforSo in particular.

can be read from the array of partitions. the indecomposable

appearing if there is a row of length n ••• and it appears as

many times as there are rows.

2. The decomposition of the symmetric powers.

We can now use the decomposition of the exterior powers to find

the decomposition of the symmetric powers. However a reduction

to small powers is first required.

elements

withk

Another basis is given by the

over

s=o

j , 0 and
p-I

N = IT

We consider the k V -module V
n
+ ] generated by elements

V-action given by cr(e.)=e.+e. 1
J J J-

(f(e ) = e • There is an element N sP (V I) given
o 0 n+

by

In case n+l=p. then these elements are

[
p-I 1e p_ I ' (f (e p_ I ) . · · · . cr- (e p_ l)

and cr acts as a cyclic permutation. Label t h e.s e elements

XI' x 2 ••••• x p respectively. Then 0" (x.)
1

i taken modulo p.

Proposition 2.1. If p{r. then
-1 p+r-I

of ranK p (r )

in a free kJJ -module

Proof. Consider a monomial in Sr(V). Then
p

The orbit of this monomial

under the action of <r has Le a g t h p or I. If the length is I.
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e
p

then

pel =
length

e
l

e
e j = e 2 = ... =e p_ I' so deg(x

j
... x

p
p) = pel' But

r, a contradiction. Hence the orbit of the monomial has

p. Clearly the elements in the orbit are linearly indepen-

dant over k, so they span a free and hence injective kY -moduJe

If e = e
l
= e 2=••• :::e p

This is the only monomia1

the next proposition.

QED

h e e ( ) e Ne L" Spe (V ), t en xI' .. x p = xI" .xp C p

whose orbit has length less than p. Hence

Proposition 2.2. : For ... each e z- c the decomposition

Spe (V ) k Ne e F, F in a free k)J -module of rank
p

1 {(pe+p-I)_I J QED
P pe

For each n there is a surjection of kP -modules V
n+ 1 ----> Vn

(with kernel generated by the socle of V
nT I).

Since N in

Sp(V
n+ l

) reduces to N in Sp(V
n)

under the induced homomorphism,

and since N is invariant, we get a commutative diagram

Sr(V
n+ l)

N?
}

1 N?
Sr(V ) )

n

sr+p (V )1 n+1

sr+p(V )
n

I
The element e o S (V

n+ l ) is

Ke r ( Sr (V + I ) __> Sr (V )) ,. e
n n 0

larger diagram of k -modules

also invariant. It is clear that
r-I

S (Vn+ I). Hence we can write a

with exact columns and injections

on the left

0 0

1 .j,

sr-I (V ) N? sr-I +p (V
n+1 n+ j1 e?

0

(2.3. ) Sr(V
n+ l)

N? Sr+p(V )
, n+1

t t
N? sr+p(V )sr (V ) )n n

t L
0 0

As a consequence of 2.1. and 2.2. we get that Cok(N?)

41
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-module for n+l=p. Using this plus induction (decreasing) we get

Proposition 2.4. The Cok(Sr(V I) N?
-- n+
-I f r+p+n r+n }kJ.' -module of rank p l( n ) - ( n )

sr+p(V » is a free'> n+1
for all nand r.

Proof. In diagram 2.3. we get an exact sequence of cokernels

o FI __» F
2
__,>F

3
__:> o.

Since F] and F
2

are free (by induction starting at n+lap)

then F3 is also free (again use that free is equivalent to

injective). Q.E.D.

Corollary 2.5. Let r-kp+ro with 0, 0 < p. Then

Nk? ro SrO(V
n+ l

) S (Vn+I) __')F __,>0

is exact with F a free kv -module of rank

Consequently the decomposition of Sr(V ) depends only
n+1

on the decomposition of Sr (V I) for 0 r < p . For thus we cann+
use (11.2.4) base changed to k.

Proposition 2.6. For 0 r < p , in R I) [p] we have

r -I
S (Vn+ l ) • Gn+r,r(P ,p)

Proof. We go by induction on r. By 11(2.4) there is a split

exact sequence

Ar r-I 1 1 r-I r
(Vn+I)IllS (Vn+I)...,s (Vn+IHO

(X,Y) Gn+V,v(X,Y) • O.

corollary 11.4.8. there is an equality
r r-V)C (-d (XY) (2 G
v-o

Hence in RtJ we have

By

Therefore
r-] v . _I -I

(_l)r Sr(Vn+]) + (-l) Gn+l,r-V(r 'f.) Gn+ V , I/ ( p ,p) = 0

by the induction hypothesis. But from the first formula we get

l r-I v -I -I
(_I)r Gn+r,r(P- ,p) + L (I) Gn+l,r-P(P 'f) 'f)-O

JJ-0
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Hence Sr(V ) .. G (u- I u) as desired.

n+1 n+r.r I "

We note some unusual corollaries before going on.

Q.E.D.

Corollary 2.7. The following isomorphisms of kV -modules hold

(a) Sr(V
n+ l)

...
I\r (V

n+ r) for n+r p..
(b) Sr(V

n+ l)
,... n for I n+ I p. S (Vr+ I )

I s r+ I P

(1:1 I ) Vn+ 1
'lil Sn(V

2)

Proof : We have the following equalities

r -I r -I n
S (Vn+ l) • Gn+r.r(p ,p) .. A (Vn+ r) .. Gn+r,n(P ,p) .. S (Vr+ I).

Then (b ') is a result of (b) applied with ral. Q.E.D.

Remark 2.8. : This last isomorphism is well known and very

useful in characteristic zero. To see how it is obtained, consider

the group GL(2,k) operating on k tu,vJ • A binary
n (n n-I n n-Z 2 nn-form can be written aou + I) alu v + (2) a 2u v + •.• +anv •

So the space Sn(Vz) of all binary n-forms is a vector space of

dimension n+l. The action of GL(Z,k) on V2 induces an action

of GL(Z.k) on Sn(V2). Suppose M· and

Mu • I)( U + 't v and Mv· r-. u+ 8 v • Then

.. ao(Olu+Yv)n + •••

n n n-r l n n n n-I r n-I nn-"2/" n-rl
.(aoOl +(I)alQ{ (!+ .. +(I)(aoQ( o+a l «;( 0+(1)0< ol3+')u v

n-i l n v n r l e vn-I n
+ ••• + (ao + ( I) a I 0 0 + ••. +an 0 ) v

n n n-e l n-I,.- (" 1
So M(ao, .... an) .. «aoOl.+(I)a l(;( (?>+ •• ).(ao(;( o+all"S+"')"'"

a
1
lfn- I S + ••• +an ¥ n-I).

In particular take Then we have

n (n) n-I (n) n-2 ncr (a
o

u + a l u v + a
2

u v+ .•• +anv )
I 2

ao(ufv)n (n) (u+v)n-I (n) (u+v)n-2 2 n+ a l v + a 2 v + ••• +an v
I 2

n n n-I n 2 a2)u
n-2 2. a ou + (I)(ao+al)u v + (2 )(ao

+ \ I ) a 1
+ v
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n 3 3 n-3 3 n n
+ (3)(ao + (I)a l + (2) a2+a3)u v + ••• +(ao + (I)a l+· •• +an) v

"
n

, the general term being

(aj) .. a o + a l + a 2+ ••• +a .. Suppose
n J

basis of the dual space Homk(S (V
2).k)

with

contragredient representation then gives

XO' Xl .... ,Xn is the

x.(aj' • S I" The
1 n- .J

I.e. we have

easy to check thatIt is
k k-j kL:. (-I) (.) a .•
j.o J J

-I k k-lJ k k-n+j k
Hence (<rX.)(ak)" X.(O" a k ) - X.(:L (-I) (j)a»)-(-I) (n-')

J J J V -0 J

n
So (J"X." L. (_I)k+j-n ( k.) X

n
-
kJ k-o n- J

etc •••

It we set en" an' en-I • - en' e n- 2 .. - en_I' etc ••

then fen' en-I ••••• e ol forms a basis for Sn(V2) for which the

matrix of (J'" is

0 ••• 0 0

0... 0

I

o

0... 0

0... 0

0 ••• 0

If char k=p? n, then all these calculations hold over k and we

obtain the isomorphism of

V
n+ 1

';;1 Sn(V
2)

given in the proposition above. See also 1.2.

Using the Valhy Bodega theorem we get the following decomposition

C 11 2 9 S s .. [ nr2+p I] and thatoro ary • • : uppose
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where

-I [ (n;r) .__
p-I

d j}d. -c. for 1 oS j " p-I and d = p 2: j Q.E.D.
J J P 1

We can use part of the diagram (2.3. ) in order to show that the

Sr(V
n+ l) are free for large r ,

Proposition 2.10. : Suppose i s and Then

(a)

(b)

is a free

-::: Free e V
s

kJJ -mol'lule if

if r+n - p r l ;

r+n." p ,

Proof : There are three proofs of these. One involves the analysis
-I

of the expansion of G + (t ,t), as in the corollary above.
r n,r

Another uses (2.3.). The sequence

e?
(2.3') 0 -)Sr(V I) _0__> Sr+I(V ) ---'7Sr+I(V

n+ n+1 n

is exact, If n+l-p, then Sr(V) and Sr+I(V) are free and
p p

injective, for certain values of r (that is p-2). Then

Sr+I(V) is free. We can use (2.3') so long as Sr(V
n+ l

) and

sr+I(V
P

) are free. A short analysis gives (a).
n+1

As for (b), since e?' V L--.-.l. S2(V ) and S2(V I) is
0' p_I--7 p-I p-

free, and hence inJ'ective, the image of V I in S2(V 1) is
p- p-Z

contained in one injective indecomposable component of S (V -I)'
2 N 2 3 P

Hence S (V 2) - Free' VI' Now S (V 2)C- S (V 2) andp- p- p-
S3(V 2) is free. So VI is contained in one of the indecomposa-

p-: 3 'IJ

ble injectives, hence S (V p_ 3) - Free' Vp_ l . Continue. Q,E.D.

3. The decomposition of symmetric powers of Vpm'

In this section we consider the indecomposable » m-modules
p

Vpm and Vpm_I'
As in the beginning of the previous section we take

as basis for Vpm xo,xl"",xpm_1 with action given by

(x.) = x. I (i taken modulo pm), where is a generator of
1 1+

m • Note that the induced action on Sr(V m) takes monomials inp p
the xi to monomials. That is, if - (eo, ••• ,epm_ l ) is a

Xe o .•• xepm-I .. x e.... thenmulti-index and
o pm_ 1 "'"
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where s is the permutation

and r - J :; I

ei+pm-I - e i
is now clear.

Q.E.D.

. m-!
Consider the elementy : '" x x I"'x( I) m ! '" o-JP (x)o 0 pm- p-: p - 0

m-Iand its conjugates y. - x. x. m-I •••. A monomial in the p
1. 1. 1.+p f

elements Yo""Y m-I will be denoted by y,..
pI"

The following results are to be found in (Fossum-Griffith.)

Lemma 3. I. Suppose e is monomial of degree - Ial- If thex ... a r
:&

orbit of e under Vpm has fewer than m elements, thenji" P

pI r
e - IJ:and .. f - (eo' e] , •• • ,e m-I

)
=- p -I

Proof. As elements in the orbit are monomials, the length of the

orbit is the dimension of the vector space spanned by the orbit.

Consider the subgroup of V m that stabilizes If the orbit
p ==

has fewer that pm-elements, then this is a proper subgroup and
m-r l m-I e e

hence contains crP • Thus CTP - , so

for each i (modulo pm). The remainder of the proof

Proposition 3.2. If plr, then

injective) kJ.l m-module of rank
p

Sr (V m) is a free (and hence
-mPr+pm_ J

p ( r ).

Proof. Consider a monomial Since the orbit of

has length pm and spans a kp m-module of dimension pm.
r p

module splits off from S (V m) as a kJ.l m-module. As the
p p

are linearly independent, this gives a decomposition into

(or free) kJ.l m-modules.
p

=
Thus this

monomials

injective

Q.E.D.

In Sp(V m) there is the invariant subspace spanned by the
. p fl' h h i b h d' • m-IconJugates 0 Yo' t 1.S seen t at t 1.S su space as 1.menS1.on p

so we get kV m Y V m-I • By lemma 3.1 , the orbits of other mono-
pop

mials are of length pm and so these each span a free kV m-module.
p

Thus Sp(V m) F • V m-! where F is free of rank
p p

-m
p

m-!
p )

and Vpm-I is spanned by

monomials in the Yi'

. Thus we can consider
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Proposition 3.3. The inclusion Sr(V m-I) C---?Spr(V m)' with
p p

Sr(Vpm) spanned by the monomials in the Yi of degree r, has a

cokernel that is a free m-module. Henee
p

Spr(V m) Sr(V m-I)9 F
p P

is a free m-module of rank
p

m
-m f p +pr-I

p (pr )-

By Lemma 3.1. a monomial is in the image of Sr(V m-I)
=r m p

if and only if its orbit has length less than p. Suppose that its

orbit has length pm. Then k m is an injective submodule of
p =

Spr(Vm) with Q.E.D.
p p = p

As V m-I is k 1./ m-I and the action is through the surjection
p p

k m ---4 m-I , we can assume, by induction, that we know the
p p

decomposition of Sr(V m-I) into indecomposable k4) m-I-modulesp p
(and hence indecomposable kV m-modules). In particular we can

p
consider the subalgebra S'(V m-I) C---> S'(V m) , each componentp p
S'(V m-I) being in degree pr in S'(V m)' So we get a chain

p p

where,...i x )
v 0'

S'(V 1) S'(Vp) C--..') S'(VpZ) c-> •.• C"-')S'(Vpm-l) c-')s'(Vpm)

pm-l
VI <Nx0> k (.I Iwith

: ..
m-I

p -I
IT
icc

cri p , etc .••

These decompositions are now used to study the decompositions of

Sr (Vpm_l) . Let eo L <Ti ( xo)' Then eo is the unique (up to
i-o

constant multiple) invariant of SI(V m) .. V m So we get thep p
exact sequence

0 __> Sr-I (V m)
p

o -_) VI --) Vpm --,:>Vpm_1 --'> O.

As before we consider the surjections Sr(Vpm) > Sr(Vpm_ l)
induced by eo Then we get the exact sequences

?e o
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Proposition 3.4.

of rank

as a k» m-module.p

r-l
In this case r 10.1 (mod p). the modules S (V m) andp
are both free and hence injective. by 3.2. Hence the exact

Proof

Sr(V m)
p

sequence above splits. Q.E.D.

Proposition 3.5. If r 0 (mod p). then

where F is a free m-module of rank
p

-m
p

Proof : In case

while Sr(V m) :
p

Proposition 3.4.

submodule of G.

Proposition

Sr(V 1II I) :::
p -

denotes the

m m-rl 1
[
( p -2+r) _ (p -l+r/ p)

r rip

r =0 (mod p), the module Sr-I(V m) is injective
rip p

S (V m-l) • G. Hence again the sequence preceeding

SPlitsPand the image of Sr-l(V m), being a
p

splits to give the result. Q.E.D.

of a rank that can be determined.

Proof. : As

envelope of

the statement

Remark 3.7.

show that

Sr(V m) is injective, it contains the injective

sr-Y(V ). Since Sr-l(V ) _ s(r-l)/p(V m-l) • G.
pm pm p

of the proposition follows. Q.E.D.

It is possible. using these types of arguments. to

Sr(V m t)
p -

is a free kl.' m-module for rand t in the ranges 0 t < p and

r t+l. t+2':",P-l (mod p), and that Sr(V m t) Sr/p(V m-l) •
p - p

Free,for r 0 (mod p). Examples indicate that the non free parts

in the triangle repeat for r mOdulo p , so we

get a seheme
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r+o r+lp r+2p

r N r-pso that S (V m ) = S (V m ) e Free. However rather than verify
p -t P -t

this it would be more interesting and satisfactory to find the expli-

cit decompositions of Sr(V
n+ l)

for all n.

(This material, except for (3.4., 3.5. and 3.6.), which follows

immediately from the previous results, is found in [Fossum and

Griffith (1975)J. It is included for use in later chapters).

4. Table of decompositions for small p ,

In this section the decompositions of Sr(Vn+ l)
p = 2, 3, 5, 7, II.

are given for

a I 1
S2(V ) i S3(V )

4 I S5(V ) S6(V )
7

S8(V ) S9(V )
10 11

S (V) S (V S (V ) S (Vn) S (V
n
) S (V)

n n n n n n n n n n

1 2 2,1
p=2

1 1 1

1 3 2.3 3.3,1

p=3 1 2 3 3,1

1 1 1 1

1 5 3.5 7.5 14.5 25. 5,1

1 4 2.5 4.5 7.5 11.5,1

p=5 1 3 5,1 2.5 3.5 4.5,1
1 2 3 4 5 5,1

1 1 1 1 1 1

1 7 4.7
1 6 3.7
1 5 2.7,1 5.7

p=7 1 4 7,3 2.7,6 5.7
1 3 5,1 7,3 2.7,1 3.7 4.7
1 2 3 4 5 6 7 7,1
1 1 1 1 1 1 1 1

1 11
1 10
1 9 4.11,1

1 8 3.11,3 10.11,10

1 7 '2.11,5, . 7.11,7 19.11,1

p=l 1 6 11,7,3 4.11,8,4 11.11.5 22.11,10

1 5 9,5,1 2.11,7,5,1 5.11,9,5,1 11.11,5 19.11,1

1 4 7,3 10,6,4 2.11,7,5,1 4.11,8,4 7.11,7 10.11,10

1 3 5,1 7,3 9,5,1 11,7,3 2.11,5,1 3.11,3 4.11,1

1 2 3 4 5 6 7 8 9 10 11 11,1

1 1 1 1 1 1 1 1 1 1 1 1
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Explanation: In the table above the notation a.n
l
• b.n2• c.n

3
•...

in the column under Sr(V) means that
n

e .. .

The free modules are left out of the table. The table works for the

decomposition of Ar(V) as Ar(V) Sr(V +1 ) according to
n n n -r

Proposition II.

Note the following interesting patterns of triangles obtained by

consider the number of non free components

p a 5

I I

p-7 I I
I I I I

I I 2 I I
I I I I I
I I I I

2
2 2
333

2 3 3 2
2 2 3 2 2

We would be interested in knowing the combinatorial significance of

these triangles.
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IV. THE GEOMETRY OF THE GROUP ACTION

In this section we use a technique due to Serre [Serre (1956»)

and used in (Hochster and Roberts (1974)1 and [Fossum and Griffith

(1975)] to show that the rings of invariants S'(Vn+l)vp
m

are not

Cohen-Macaulay in general. We also mention here the proof that the

)1m ))m
complete local rings S'(V m) p : .. Sr(V m) p are factorial,

p r7,o p
the original proof as found in [Fossum and Griffith (1975)J This

chapter contains no new material and therfore the proofs will be

less detailed. A short survey of other, related results concludes

the chapter.

lJ m
I. The rings S'(V

n+ l)
p are usually not Cohen-Macaulay.

Recall that a local noetherian ring B with maximal ideal

is Cohen-Macaulay if there is a regular A-sequence of length dim B.

As usual there is a relation between this local property and a

similar property for (positively) graded k-algebras. Suppose

A" LL A is a graded k-algebra with A "k. Let 111.. .. A .. 1.1. Ar7,o r 0 + r'7 0 r
be the irrelevant maximal ideal. Then we can speak of regular

A-sequencesof homogeneous elements in For want of a better

notation and terminology, let gr-depthA denote the length of a

longest regular A-sequence of homogeneous elements in , while

depthB denotes the length of a longest regular B-sequence in 1/1,- •

The next result is well kenown.

Proposition.I.I. : If is graded with Ao" k, then

gr-depth A .. depth

There is a further relation between A and Am • Let

P .. Proj(A) be the projective scheme associated to the graded

algebra A. Let Hnt be the local cohomology associated to the

maximal ideal -m. of Am . It is also well known that

Q.E.D.

and

depth Am. .. inf {d : Hm. (\11, F o}
dim A1/t. .. sup fd : (A'ftt.,) ,. o} .

Furthermore have the following exact sequence relating the local

cohomology to the cohomology of P. [Grothendieck EGA, III, 2.1.4.).
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Proposition 1.2.

° -modules. Then
p

Let A(n) denote the nE.!: twisted sheaf of

is exact and there are isomorphisms

Q.E .D.

We want to use the geometry of the formation of orbit spaces

An+ 1 I\.n+1 1Vm
p

in order to construct a non zero element in a local cohomology
.. /An+ I )group of low dLmensLon, where • Spec S'(V

n+ 1 .

zero element in
I

H (X,OX)

In general terms, we consider the projective space associated

to An
+
1

and the associated quotient • The map

pn(k) IPn(k) I)) m is not a principal homogeneous V m-bundle
p n p

because y m does not Qperate freely on IP (k). But we can find
p

a "nice" closed subset X of IPn(k)lv m such that Ifl (X) ') X
p

is a principal homogeneous Y m-bundle. The bundle defines a non
I p

H (X,j) m) , and eventually a non zero element in
p

• Using this we deduce that

is not Cohen-Macaulay at the local ring at the origin - for most

n , (See problems VI,3.4. and 3.13).

Theorem 1.3. If

Macaulay.

m-I
n::> p + I, then

JJ m
S' (V ) p

n+1 is not Cohen-

(ao, ... a n) an k of

JJ m , act by the matrix
p

, a generator forand let

Proof. We go immediately to the geometry. We can suppose k is

algebraically closed and then we can suppose y m acts on

and then on IPn(k). Consider the quotient '7r- > IPn(k)lv m ,
p

which exists since p m is finite. We want to find a nice closed
n p -I "

subset X of IE' (k)lv m for which 'It (X)--? X is etale.
p

Take projective coordinates
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on the left. Since the subgroups of

ill
Pthan

y m are linearly ordered, it
p

follows that a point = (ao, .•• ,a
n)

has an orbit of length less

if and only if a m-I = a m-I - ••• -an-O, a closed
p p +1 m-I

codimension n - p I.subspace of IPn(k) of
)I m

Let C - S'(V I) P , so that Wn(k)!V m = (Proj C)(k). As Cn+ p
is noetherian, there is an integer d such that

C(d) : = ..u.. C d = C [Cd] (and hence Pro j C = ProjC(d». Sincer?,o r 0

C(d) - Co [Cd] , we can embed Wn{k)!Vpill C--> WN(k) using the

(linear) generators for Cd' That is N+I = dimk Cd' Since C(d)

is a direct summand of C as a C(d)-algebra we know that any

regular C(d)-sequence is a regular C-sequence. Hence

dim C = dim C(d) and

gr-depth gr-depth C.

So it is enough to show that C(d) is not Cohen-Macaulay.

Let Q - : a pm- I - a m-I I= ... =a co} with image
l p ili-I n

if(Q) in lPn(k)!Vpm We can find p forms fl, ... ,f pm_1 in

Cd that form part of a system of parameters for S'(V
n+ l)

and

such that the hypersurface defined by fl-O, ..• ,fpm_I-O in

Ipn(k)!V m misses 1r(Q) and cuts the variety tranversally. Let X
p -I

be this variety. Then V m acts freely on T (X) so that
p

11"-1 (X) "'Tl"- > X

is a principal homogeneous ppm-space. Note that

X = P'r oj (C(d)!(fl, ... ,fpm-I».

Denote by W x(X) the abelian group scheme of Witt vectors ofn,
lenglth r over OX' By [Serre 1956 • Prop. 13] , the sequences for

the Frobenius F

F-I
Wn,X --,>0

induces an exact sequence

I F-I I
H (X,W X) -'> H (X,W X)m, m,
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But <iI-I(X) --) x is a non trivial element in
I

hence R (X.W x) is non zero. As
m.

I
R (X.J) m)

p
and

is exact (where V is the Verschiebung) • it follows. by induction
I

on m. that R (X.OX) O.

By Proposition 1.3. we conclude that

gr-depth C(d)/(f\ ..... 2.

Were C(d) itself Cohen-Macaulay. then fl •..•• fpm-I would

be part of a system of parameters for C(d). so we would have

n+1 = gr-depth C(d) m-l.. p + g r-d e p t h C(d)/(fl ..... fpm-I)

m-rI
p +2

Rence we conclude that C(d) is not Cohen-Macaulay for
m-I

n+'} '» p +2

Q.E.D.

Proposition 2.2. The rings

2. These rings are factorial

That the rings of invariants are factorial follows directly from

a beautiful and extremely useful result of lSamuel (1964B • which

we repeat here without proof.

Proposition 2.1. Suppose B is a noetherian normal domain and that

G is a finite group of automorphisms of B. Then BG is a Krull

domain and the induced map of divisor class groups Cl(BG) Cl(B)

has a kernel that is a subgroup of the cohomology group

RI(G. (; (B».
m

The group is the group of units of B. When B is a

polynomial ring over a field k and G acts as k-algebra

automorphisms. then CI(B)" 0 since B is factorial. Also

am(B) .. am(k) with G acting trivially. Therefore

(G. 'm(B» .. Rom(G. 'm(k» is the group of k characters of G.

V m
S'(V ) P are factorial

n+l

Proof. We need only to show that RI(V m. , (k»
p m

has characteristic P. there are no non-trivial

of J..J m. So RomO' m • t; (k ) .. O.
ppm
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V m-characters
p

Q.E.D.
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The action of ppm on S'(V
h
+
l
) extends to an action on the

ring of formal powers series, which we denote by

S'(V I) : • 1lr Sr(V
n
+ I). The ring of invariants is justn+ rqo

A »m TT JIm
S'(V ) p. Sr(V p

n+1 r7,o n+l)

which, as is seen in [Fossum, Griffith (1975)], is the completion

of S'(V )Vpm at the irrelevant maximal ideal.
n+1

" V m
We can ask whether S'(V I) P in factorial, and it would follow

n+ I
from 2.1 if we could show that H (Ppm, 'm l'(V

n
+
I
» • O.

.... Y m
Proposition 2.3. The rings S'(Vpm) p are factorial.

Y m r I ngs we have
p

sum of freea Pm-modules.
p

that there is an isomorphism

• In 111.3 we have shown that as

S'(V m-I)e..--,>S·(V m) with cokernel
p p

Using this fact we can show

,.,
(S'(V m-I»

p
Q.E .D.

HI(y m, 0: (S'(V HI(V m, l& S'(V m-I».
p m ppm p

IThe second group is then shown to be H (y m-I, IE
p m

which we may su ppc s e is trivial, by induction.

Unfortunately we have not been clever enough to be able to use

the decomposition of Sr(V
n
+
l
) for n+1 (p in order to make a

similar argument. Of course the problem is that there are many

"non trivial units in S'(V
n
+
I),

so the cohomology groups need not

vanish - so easily as for the polynomial rings.

3. Related results.

The main problem - to what extent does the factoriality of a

noetherian ring determine other homological properties - was

opened by Samuel who stated that he knew no examples of a non

Cohen- Macaulay factorial ring [Samuel 1961J • An excellent survey of

the material related to this problem is [Lipman (1975)J • There are

now many examples of non Cohen Macaulay factorial rings. Most of

them are obtained as rings of invariants. All the examples are shown

to be non by calculating a local cohomology group and

showing that it is not zero, for low dimension. Then the divisor

class group is shown to be zero - again by showing that a group

cohomology vanishes. A very nice example of this is found in

[Freitag and Kiehl (1974)J.
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A slightly different approach is taken by Mori, who finds

many examples.

Example 3.1. [Mori (1975)] For every integer d?/2 there is a

factorial complete local ring of depth 2 with residue class field of

characteristic O. And for every d71 3, there is a local ring with

algebraically closed residue class field that has dimension d,

depth 3 and is factorial.

These are obtained by taking a projective curve with genus g

and its associated Jacobian J, which has a line bundle L. Then

he works with the graded ring

We conclude this chapter by mentioning that in Chapter VI we

show that

This is the smallest possible counter-example.

V. THE NUMBER OF INVARIANTS AND HILBERT SERIES.

1. Hilbert series and Moliens Theorem.

Let k be a field and A a Z-graded k-algebra. That is, there

is a decomposition A = lL A of the additive structure of Ar

into vector spaces such that

A.A. C A ••
1. J 1.+ J

for all i, j E

Ai Aj -';> Ai + j

finite for each

Z. (i.e. the multiplication is given by a pairing

that is associative, etc ••• ). If dimkAr is

r we get a function

H.(A) :

defined by H.(A)(r)· Hr(A) • dimkAr

Definition 1.1. The function H.(A) is the Hilbert function of A.

The Hilbert series of A is the formal series
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:.. I
_a>

Example 1.2. a) Consider the polynomial ring

Assign a weight to each indeterminant X.
1.

by

A .. k [ Xo ' ... Xnl

wgt(Xi) .. wi E Z •

To each monomial X
e o xe n assign the weight
0 n

eo e
wgt(X

o
X n) :- e w + .. + e wn 0 0 n n

A polynomial f(Xo ••.• Xn) is isobaric of weight w if either of

the two equivalent conditions below is satisfied

10. In -I
k [Xo'" .Xn.T.T J • there is an identity

2°. The monomials in f have weight w.

Then setting A - {fEk [X ••• ,X II f is isobaric of weight wWon

or f - 0 } it is seen that A - k [Xo •••• is a graded k-algebra

Note that dimkA
r

is finite for each r if and only if

all i. In this case it is not difficult to show

n w· 1
H (A) .II (I-t 1.)-
t '" 1.-0

w.>O
1.

for

b) Let A" k [X 1.X2.X3 •.•• l
in countably many variables with weight

be the polynomial ring

(Xi) : .. i • Then

Proposition 1.3. Suppose A is a graded k-algebra with Ar" 0

for r<O. Then A is noetherian if and only if Ao is noetherian

and A .- iL A is a finitely generated ideal in A. QED+' r;;..1 r -

Then each

then dimkAt<a>

fl' ... f s with

Ar is a finitely generated Ao-module. If dimkAo
for all r;;"O. Furthermore there are elements

fiEAr. (that is wgt(f i) .. r i) and a surjective
1.
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homomorphism of graded k-a1gebras

defined by and where wgt(Xi) - rio In case

bert's syzygy theorem can be employed to prove that

rational function in t.

Ao - k.Hi1-

H
t
(A) is a

Suppose B - Xo •••• XnJ with weight (Xi) - deg(X i) • I. Let

G be a group of k-1inear automorphisms of B I - kX
o

+ ., + kXn

The action of G on B
I

extends to action on B
r•

Sr(B
I
) by

g_Sr(g). Putting these actions together yields a group homomor-

phism G Aut k 1 (B). We are interested in the ring of G-inva--a g

riants A· BG {f: g(f)- f all gEG} and the relative semi-

invariants for a given character

all gEG} .

..
• AA - {f : g(f) = A(g)f

In case char(k) - O. the ring A is Cohen-Macaulay [Hochster and

Roberts (1974)J. Stanley uses the Hilbert series for A to deter-

mine whether or not A is Gorenstein. In this case the Hilbert

series can be obtained by the representation of G on B
I
• a clas-

sical result due to [Mo1ien(1898)J

Theorem 1.4. [Molien (1898)J The Hilbert series

I '\ A(g)-I
H
t
(AA) - IGI- L -gEG det( l r-g t )

Proof. Consider the Reynolds operator EA• r

operating on • B •
r If hEG. then

.-
-I r IGI-I \ -I rEA,r·A(h) S (h) • A(gh) S (gh) • EA• r • Hence

a)

(E ) 2 • E
A. r A. r

AA ,r - EA. r (B r)

Then

and
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For if f E AX ' then clearly EX f = f On the other hand if, r , r

E f f, then Sr(h) f = Sr(h)EA f = lcl- I L A(g)-ISr(hg) f =A,r ,r
gEC

Thus a) in established. As for b), this is well known for idempotent

operators.

Lemma 1.5. tL g : linear operator, then

co

det(l+gt) .. Tr(AVg)tV and
\1=0

co

(det(l-gt»-I ,. L Tr(S\l(g»t\l
\1=0

both in k I tJ

Proof. The two sides of the first formula are not changed if the field

is extended. Assume that g is diagonal. The result follows from

(II.3.3).As the diagonal operators are dense. the formula follows in

general. As for the second formula, consider the functorid split

exact sequence (2.4). It follows that

r . . .2- (_I)JTr("r- J g)Tr(SJ g) '" 0
J =0

for r? O. Hence

co
r rdet(l-gt)(L-Tr(S g)t )

r'"o
" I QED

Now consider

Ht(A,,) := Ldimk(A r)t
r

'"
r=o ".

the second equality by b). Continue

Rt(A X) .. rTr( [c r ' X(g)-ISrg)t r

rao gEC
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IG!-I l- A(g)-ldet(l-gt)-1
gEG

this last equality by Lemma 1.4.

We give some examples, a few of which will be used later.

Example 1.6. Let IGI 1. Then we have A = B.

So

QED

Example 1.7. Let IGI 2 with the non-identity element operating by

Then

.. 1
0<;;1., J<;;n

H
t
(A) I I I I

(
I + I )

'2 (det(l-t) +
det(l+t» '2 (l-t)n+1 (l+t)n+1

(l+t)n+1 (l-t)n+1
n+l

I + (l-t2)-(n+I)( L'2 (l-t 2)n+1 j=o J

Example 1.8. Let G be a finite group and consider the regular repre-

sentation V e[G) of G and its symmetric algebra S'(V) over C

This is a polynomial dng in IG I-variables {X : gEG} with action
g

induced by h.X
g

X
hg.

By Molien's theorem, the Hilbert series for

the invariant ring is

H (S'(V)G) = IGI- 1 L 1
t gEG d e t f t r g t )

Almkvist has calculated the characteristic polynomial of the group

elements acting on the regular representation [Almkvist (1973») • His

result is

where ord(g) is the order of the element g. Hence

where is the number of elements in G with

we can calculate this series for abelian groups,

G = \lpm
1. 14.

order exactly s, Thus

for example. For

we get a very nice series that appears again in Proposition
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a (I-t)-I and define,

rational function

M
I
(t)

p, the

m-I
- (l-tP)-P } +

Begin with the rational function

inductively for each m>1 and each

It is not difficult to show that

-m= p
+ ••• +

m m-I
p -p }'
( l-tpm)

Proposition 1.9. Let v .. 4:( v m1 • Then
p

vpm
H (S'(V) ) - M (t)
t pm

i i-I iProof. There are exactly p -p elements in V m of order p
p

(for Then the result follows from Almkvist's calculation.

QED

As an example we have, for V" II: (2/6z1 , that

,
I-t

We now turn to the computation of the Hilbert series of our

rings of invariants S'(V I)Yp for an indecomposable kv -modulen+ p
Vn+ 1 to which the remainder of this chapter is devoted. That is we

want to compute

For convenience, let

is the number of linearly inde-Proposition 1.10. The number an,r
pendent v -invariant r-forms in n+1 variables in characteristic p,

p
and is the same as the number of indecomposables in the decomposition

r
of S (Vn+ I).

Suppose
'V P
.. $

j -I
c .V ..
J J

Then

QED
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Then the generating function for the a is the Hilbert seriesn,r

We denote this function by ¢ net) in order to save on notation. We

now study some of the properties of ¢n(t). The statements that

follow hold for all p and n,

Proposition 1.11. The function

is a polynomial of degree p-n-I.

Proof. By 111.2.5 we have a decomposition

where F is a free kv -module of
p

rank r;;..p; we get

-I {(n+r) _ (n+r-p)}
an,r - an,r-p '" p n n

It follows that

(a - a )t
r •n,r n,r-p

p-I

"'L:"
r=o

r -I
a t + Pn,r

-I
= P

l-t P e.::J -I n+r r
+ 2- (a - p ( »t

(l-t)n+1 r=o n,r n

If r+n;;"p, then Sr(V
n+ l)

is free of rank

so the polynomial

by III. 2. t oa) , Hence

-I p-I
an,p-(n+l) # p (n)'

degree p-n-I.

an,r '" 0

p-I(n:r) (for o..;;r..;;p-I)

for p-I>r>p-n. By III.2.IOb

-I n+r r2- (a - p ( )t has
r=o n,r n

QED

Corollary 1.12. The Hilbert series

'" polynomial of degree at most p-I
4>n(t)

(l-t)n(l-t)p
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1.13. The Krull dimension of

Proof. The Hilbert series of

s'(V )VP is n+l.n+\

is

1=
p(l_t)n+l

and this has a pole of order n+l

at t-I. Hence the result by a well known result [Atiyah-McDonald

(1969)1 QED

(This result can be obtained by other methods. For example

S'(Vn+ 1) is integral over S·(Vn+1)VP • Hence they have the same

Krull dimension. But S'(Vn+ 1
) is a polynominal ring in n+1

bles over k so has Krull dimension n+I.).

Before

computing

in III. 3

turning to the more difficult computations involved in

Ht(S'(Vn+I)Vp) for all n, we use the decompositions

to compute H (S'(V )Vpm) and H (S'(V )Vpm).
t pm t pm_I

Proposition 1.14. For each the Hilbert series

M (t)
pm

Proof. From 111.3.2 and 111.3.3 we see that

+

+

Hence, by induction on m, we have

co
(pm+r-1)t rH (S'(V )vpm) M m_l(t P ) + -m Lt m p r

p p r-o
co

2- m-l
-m (P +r-I )t p r- p r-o r

But then

But this last function is just M (t).
pm

63
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Using the decompositions for

Hilbert series.

64

Sr(V ) we can find the associated
pm_I

Proposition 1.15. For all m, the Hilbert series

I-t I I
( - + M m-I (tP)

pm (1-t)pm (J-tp)pm-I p

Proof. By 111.3.4 and 111.3.5 and 111.3.6 we have

where we must determine the integer

components in the decomposition of

Vpm-modules. By 111.3.6, the integer

d r - which is
r

S (V m ) into
p -I

d r is given

the number of

indecomposable

by

where c r is the number of components of

is the rank of the free kv -module. Now
pm

cr -

To compute

We have

H (S'(V )
rpm-I

d r we consider dimensions of the vector spaces involved.

dimkSr(V ). pme r + pmc - dimkS(r-I)/p(V
pm_ J

)
pm_I r

since the injective envelope of an indecomposable is just

we get

-m {(pm_2+r) + pm-LI+(r-I)/p}
er-p r ( (r-I)/p)

Thus

-m {pm-I+kp pm-I-I+k
dk p+ 1 • P ( kp ) + ( k )

Putting all this information together we get

64
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""
Ht(S'(V ) "pm) p-m L (p m-2+r)t r-pm _I r-o r

""- p-m [ (pm-I_I+r)(tp)r
r-o r

eo

-m L (pm-I_I+k)(tp)k+ p t
k=o k

This is just

-mp {---''----
(I-t; pm_ 1

QED

For future reference we note that the rational functions

satisfies the following equations

if P is odd

(1. 15)

otherwise •

large.

varies with the prime p,

p, Le. p> nr+l. Note

p .=i..=s:....-....::..;=.=

r "The number a .. dimk(S (V I) Pn, r n+
remains constant .. b for "large"n,r
bn,r .. br,n by 111,2.7.

but

that

2. The number of invariants when

Define

We compute this function for Note that

1Pr ( t ) .. lim 4>r(t), Itl<J .

By 111.2.9. the expression
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(s-s )Gh+ (s ,s) = L

r,r j

66

c .(n)si
r,J

gives the coefficient in the decomposition

r 'V nr+1
S (V n + l) = $

i=1
c .(n)V.
r - J J

(since we are assuming that .p>nr+I). Observe that

cr,_j(n)

b r,n

= - c .(n). We want to compute
r,J

rn+1
) c. (n)
j=1 r,J

The generating function for the Gaussian polynomials (11.4.5)

gives

compute

where

duals

..,
"\ .

.. L (L c .(n)sJtn)
n=o j r,J

co

f .t o .. L c .(n)t
n.

These f .(t) S
r,J n"o r,J r,J

to the Gaussian polynomials. Once we know the

are in a Sense

f .·s we can
r,J

b t
n .. f . (t)

r,n j_1 r,J

We are going to do induction from r to

and f 2 .(t).
, J

r+2, so we compute fl' (t)
, J

QED

QED

we get
co

L t j - I (sL s-j)
II -s-I t

j -1
.. t •

1- s.t

s

f
1
.(t)

, J

and hence

Lemma 2.1. The function

Lemma 2.3. The function

Proof.As 1--
(l-st)(J-s t)

the result.

Corollary 2.2. The function ..
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Proof. As

co
1 v 2v+1 -(2V+O

= ---- t (s -s )the result
l-t 2 v=o

follows. QED

Now we get the formula for larger r by using a recursion for-

mula. Define f . '=f
r"-J' r,j

Proposition 2.4. The recursion formula:

Set i - where Then

2(I-t )f, n
r qr+'"

co

f t-j + t -q') f t j
L-- r-2

j =q+ 1 oJ

QED

The usefulness of this formula is limited by the difficulties

arising when i- rV and v change signs.

Lemma 2.5. Let

and

r=3 Then,
j -I= t

and

!":q+1 3q+1)t -t

'lt
q-t 3q+ 2

q+3 3q+3
t -t t=2

Remark 2.6. By computing f 3,i
appear in the decomposition of

means that there will never be
3

S (V n+ l) •

we know how many components of

S3(Vn+ l)
for al': n , For example

a V2 in the decomposition of

QED

Lemma 2.7. Let r-4. Then f4,i-O if i
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and

Hence

W
4(t)

.. (l-t+t 2)/(I_t)2(I_t 2)(I_t 3) .. (l+t 3)/(I_t)(I_t2)2(I_t 3).

QED

we could

would be very

both 1/Is and

struggle in this

long and boring.

1/1
6

with little

way to compute fS,i and f 6,i but it

By summing up the "tails" we can get

further work.

Define, for all j E 2, the functions

Note that

U .(t)"' I f .(t).
r,J

U .=U • I ifr,-J r,J+ , since f . --f .• Using ther,-J r,J

recursion formula 2.4 we get the next result.

Proposition 2.8. (a)

(b)

(c)

Ur,o .. Ur,1 "' Wr(t).

U • t I-!
r- 2, -rv

UtIvi .
r-2,rv QED

As an example of the usefulness of this result we compute,
j -I -I

again, 1/I3(t). Since fl,j"'t and 1/I1(t)-(I-t) , we have

once

and

and
CD

(l-t 2H 3(t) .. 1/I1(t) + 2-
v-I

CD

- (I-t)-I + (I-t)-I 1=
v-I

The functions WS(t) and 1/I6(t) can be computed as well. In

order to save space and to avoid boring,completely,we reader, we list

the results below.

68



69

Theorem 2.9. The following identities hold.

3
$(t) .. I+t
4 (l_t)(I_t2)2(I_t3)

l+t2+3t3+3t4+5t5+4t6+6t7+6t8+4t9+5tIO+3tll+3tI2+tI3+tl5

(l-t)(I-t2)(I-t4)(I-t 6)(I-t 8)

QED

For the coefficients in

have the following special cases :

b ..
I,n

.. f
n=o

we

2n+3+(-I)n
b2 , n .. 4

.. [n+2]
2

2n
2+8n+9

+ _3(_I)n Innb .. + -(i +(-i) )
3,n 16 16 8

[ (n+2)2 ] + I if
8

(2. 10) [(n+2)2
8

if

4 In

85 2n3+15n2+42n 3 2 2 +1b .. + + (I) n + 0. n_>. n )
4,n 144 72 16 - 9(1->')

3 2
_ I + L2n +15n +42n

72

2U i
where>. =e 3

The explicit expressions for b 3,n and b4,n (needed later)

are found by solving the difference equations gotten from $3 and

$4' The calculations are omitted.

Theorem 2.11. The function $r(t) is a rational function over 2

with denominator of the TI(I-tVi).

Proof. We go by induction from r-2 to r, the cases r-I,2 are
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nation over 7t

of ( I - t Vi) , s .

done. So assume that f where is a linear combi-
r-2, qj r I + J

of terms of the type taql +b/N where N is a product

We want to show that f . can be written in the same

way. Then we are done since summing the f . 's yields the desiredr,l
form for ljJr(t).

Recall the formula from the proof of 2.4.

q

:l-
J -0

00

f t j
L r-

j=q+ I

where 0< 9. <r ,

Let q =qJr+ 9.1 and j = j lr J+1Z with 0";11, • We fix 12 but

let jl be arbitrary. Put = rr 2 Then A will run through

all residues when and 9. 1 run through residues (mod r)

and (mod r l) respectively.

00

.L
J I = ql +I

ftjl(arl+r l)
j I-I

t E:3tar I ql

I_tarl+rl

is a linear combination of

,
t E:2 t a rl ql

+
I_tarl-rl

2
N(I-t)f

r ,

tE:ltrlql_tdtarlql

I_tarl-rl

If follows that

terms of the

where the E:'s depend only on the residues and and not on

qj' Hence

form.

f
r, <II A

is a linear combination of terms of the desired

QED

Remark 2.12. The function

have the same denominator

does not necessarily

Remark 2.13. Using 2.8. we can get very neat looking formulas for the

ljJr' As an example we have

U t III I
4,6 II
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v

l.l .v

. The computation of the sum requiressince
t l ml

U -
Z.Zm (l-t)(l-tZ)

knowledge of the number of solutions of several diophantine equations

and seems no easy to handle.

v p
3. Computation of Ht(S'(V

n+ l)
) for n-I,Z 3,4.

v
In this section we compute ¢ (t) ;-H (S' (V + I) p) for At

n t n
least ¢Z and ¢4 could be found from the general formulas in the next

section. And ¢I and ¢Z could be found from the calculation of the

invariants as demonstrated in VI.I. But we believe it is instructive

to see the direct calculations.

Theorem 3.1. The following equalities hold in :if I t J :

¢I(t) _ (l-t)-I(I-tP)-l

¢2(t) - (I-t)-I (I-t Z)-1 (l_tP)-Z(I_t
Zp)

where p;;'3

where 2p - 3q+1 ,

(l+t3+Ztq+Ztq+l+tq+Z+tq+3)

where Zq· 3q-1

and p;;'5

where p;>5

Proof. Suppose n-I. Then we know that

and that sqp+r(Vz) FqEBV
r+ 1

for the same rand O<q, where Fq

is free of rank q. Hence dim
k

sqp+r(Vz)Vp • q+l. So
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(t) =L
rl=o

72

H (S'(V
2)

\lP)t r l =r- Pj-I (q+l)t q p+ r

r J q=o reo

-I
ee

= L
q"o "0

00

(q+l)tr)(tp)q .. ) (q+l) (
q-o reo

Thus

(t) -

00

L
q-o

Suppose

Hence

I

p(l-t)3

p-3

(l-t PH 2 ( t ) - L
reo

Using the fact that

p-3
(r+2) r1._ 2 t

reo

we can calculate
p-3

L
reo

Using 111.2.6 and 1.1.9, we get

Since we want to calculate for we have Zr+I<2p

, we see that the number of com-

ponents in the decomposition is is even andrI ( Z) 1."f'2 r+

forAs

if r is odd. Hence we compute

p-3 p-4

L aZ,r t
.. L (k+ I )t2k + '; (k+J)t 2k+ 1

reo r=Zk-o r=Zk+I"1

E..:..!. p-3 p-I
1- 2 t + Z t

(I-t) (l-t Z)
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Hence
_£:l p-2_ p-I £:l p

-2 {I 2 t t + 2 t
( I - t p)4>t t ) = (I - t , --=--""'71-:-+-:-t----='---

P- 2 p-J P+ (p-J)t -2(p-2)t +(p-3)t }
2(J-t)

-2 2 -I P }= (J-t) (I-t) {(I-t)(I+t)

Therefore

a formula that is equivalent to the desired one.

Now suppose n=3. For • we get and hence the

virtual decomposition

3
3r+1

Sr(V4) S (Vr+ 1) = 2= c 3 .(r)W.
j = I • J J

Now we use the identity W
2

+. = 2V ± V.
pz i, P l.

to get

3r+ I
a 3,r - L c3 . (r) + 2c3,Zp(r) + > c3· (r)J=J oJ j,;zp+1 ,J

(for r<p). Hence 4>3(t) has the same coefficients up to degree p-I

as does

3r+1
L
j-I

2:= c 3 .(r)t r +
r;;;.o .J

3r+1
L L c 3 .(r)t r +
j=2p r;;;.o ,J

3r+1
L r

L c 3,J·(r)t. --"J-2p+1 r ......

But, using the notation from the previous section, this is

We calculatewhere U3 . = I:: f 3 .
, J i;;.j .l.

U3 , j - (J - t) - I ( I - t 2 ) - I (J - t 4 ) - I vj

73

where



74

u + u
3,2p 3,2p+1

j .. 3q

j '" 3q+l

j .. 3q+2

2t q+ 2 (mod t P)

if 2p '" 3q+1

+ t q+ 2 (mod t P)

if 2p" 3q-1

j + 1
t

j + 1
t1"·,'" · ,'"v. '"

J

Hence

Now 1
l-t 4 .. L

r"'o
where

(r+3)2 3 (_l)r _ i (i r (_i)r)c - f6 + 8" -r 8 16

This is shown by observing that

co co

(l-t 4) t
r (l-t)-2 L ( r+ 1) t rL c

rr"'o r=o

and then solving the difference equation

By considerations above we get, for 2p" 3q+l that

a3,r " b3,r + c + 2cr-q r-q-2

(r+2)P 1 3( I)r I(,r ( ,)r) + (r+3-q)2 _ 3 (_I)r-q
'" 8 + 16 + 16 - + 15 1. + -1. 8 16 + -W

i(.r-q (,)r-q) 2(r+l-q)2 _ 2.3 +- 8" 1. - -1. + 8 16

_ 2i(ir-q-2_(_i)r-q-2) = (r+2)(r+2-p)
8 2

.2(_I)r-q-2
16

£.:.!.+ 6

when q+2<;;r<p

The case 2p" 3q-1

The coefficient of

is done similarly and gives the same result.

t r in (l-t P )¢ 3(t) is (for r;;;.p)

P
- I ( (r+3) _ (r-p+3) (r+2)(r+2-p)

a3,r - a 3,r-p .. 3 3) .. 2 + 6

that is, the coefficient of t
r

in W3 + U3,2p + U3,2p+1
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when 2p - 3q+l.

The case 2p = 3q-l is done similarly. Thus we have the desired

result.

For n-4 and

case, we find that

cients up to degree

, we have 4r+l<4p. Just as in the previous

W + U + U will have the same coeffi-4 4,2p 4,2p+l

r = p-l as Using the formulas in

the previous section we get

and

U + U4,2p 4,2p+l

Using the notation

W
4
( t ) • (l_t)-I(I_t2)-2(I_t 3)-I(I+t 3) -

nco

and

we want to show

We know this is correct (mod t p). For n>p we have to show that

b + b + 2c p+l = a - a = p-l( (n+4) _ (n+4-p)
n n-r p n--:r- n n-p 4 4

where the last inequality follows from 111.2.4.

Let A -e 21Ti/3 . Then

b
n

3 2 An_A2n+ I
_(_I)n

+ 16 + 9 I X

and

c
n

3 2
- + +

18 2

when the computation for b
n

follows from 2.10 and

75
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tion of the difference equation

c - c =-n n-3

which follows from the identity

3 n(I-t ) L c t ..
n

After some manipulation we get

b + b + 2c (n+
44)

- (n+4-p) - a - a
n n-ip n----z- 4 n n-r p

which was desired. QED

2p+5
Corollary 3.2. :E2.!:. 3 <;n<p (resp. <;n<p ), the integer

Proof. In case 2p" 3q+ 1 , we c a Lc u late

2
a .. b

3
+ c .. + 2c .. (n+2) (n+2-p) + L.:..!.

3,n ,n n-rq n-q-2 2 6

-I.. P QED

4. Fourier series and definite integrals. A general formula for

H
t

(S'(V )Vp)
n+1

In this section we use Fourier series techniques to get rather

general expression for the ¢n(t). Most of them are given as definite

integrals of products of Poisson Kernels, in the end we succeed in fin-

ding a general formula for ¢n (t) expressed as a sum of Gaussian

polynomials evaluated at the roots of unity.

By 111.2.9 we have

-I -I
(s-s)G (s ,s) ..n-sr , r

nr+1

L
j -I

where

Set

nr+1
S r (V ) so G) C • (n) V •

n+1 j=1 r.J J

i<p
S"e and get

if p>rn+ 1
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r
IT sin(n+v)'I'
v-I nr+1

.. :L
j=1

77

c .(n)sinj'l'
r,J

Observing that this is just the Fourier expansion of the trigonometric

polynomial on the left, we get the next result.

Proposition 4. I. 'IT r

J vUI sin(n+v)'I'
c . (n ) 2

d'l' QED- .
r,J 'IT r

0 vU2 sinvop

Remark 4.2. This formula could possibly be used for numerical compu

tation of c .(n). The problem arising at the points where the
r,J

denominator vanishes can be avoided by using steps of length 'ff/q in

the numerical integration, where q is a prime larger than r It

is "sufficient" to compute the integral with an error less than 1/2

and then take the nearest integer.

For the remainder of this section we use the notation of §2

and §3.

Proposition 4.3. Let

.E.I
2

gr(op) .. {It)I IT (l+t 22t cos(r2v)IP)1 if r is even
\1=0

and rI
2

IT (l+t22t cos(r2v)<p)1
v=o

if r is odd.

Then

f .(t) ..
r,J

Proof. Set s

I rr2 v
(ss )IT (Is t) ..

v=o

and get

g (IP)sinIP
r

Then take the

.. I:: f . (t) sinjIP
j_1 r,J

Fourier coefficient to get the result.

77
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Theorem 4.4. The series for "large p" is given by

11

,,\(t) = 2\r J gr(op)(l+cosop)dop

-11

where the gr(op) are as in Proposition 4.3.

Proof. We have
11Jf .(t) = ,

r tJ 11 j =1
-11

11

*J
j=1

introduction) we

To satisfy the analysts (see end of

-7f
7f

= J.... f211
-11

sinjop =

this wild summation, which we do

s inop
I-cosop

have to justify

00

?since

in the next lemma.

Lemma 4.5. Let U(x) be a continuous odd periodic function such that

the integral

7f

f U(x)cot(I)dx

-7f
exists. Let

U(x) = c sin nXn
be its Fourier series. Then

7f

f U(x)cotId x

-11

N
U(X)( L sin nx)dx .

I

and

11

C .. 1 J U(x) cos (N+-
2
1)x dx

n 27f . x
-7f sJ.n2"

)
COS(N+2")x

2 . xsJ.n2"
N

sinnx dx

But
!!- I x
I sin nx" cotT 2" 2"

7f

hence J U(x)cot(I)dx -

-7f

Proof. We have
11

c *J U(x)n

N
-'rr 11

I

Jand I: c n
1

11

-7f
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This last integral converges to 0 as N + 00 by the Riemann-Lebesgue

lemma. Note that U{x) is integrable by assumption. QED
• x

sl.nI

To get a formula for ¢n(t)

U
n,Zvp+1

we need formulas for Un,Zvp and

QEDsinW -sin{v-I)'I'
Z{I-cos'l')since

Proposition 4.6.
IT

Ur,v{t) .. f gr('I')cot(r) {sin{v'l')-sin{v- I)'I'}d'I'

-'If 00

Proof. As U (t) = L f (t) we get, as above
r , V j ='11 r , V

'If
U (t) .. L Jgr ('I' )sitllP ( s Ln je )d'l'
r,v IT

-IT J'If
.. 21lT

-IT

We now examine the (rational) function

(t) :- 1jI (t) +
n n

00

y
v-I

(U +U )n,Zvp n,Zvp+1 which has the same

coefficients as ¢n{t) (modulo t p), by arguments similar to those

in the previous section.

( )( I+ ) sin(2m+l)pe dtp
gn 'I' co S'l' s inW

Proposition 4.7.

(t) .. lim JL JlT
n m....OO 2'1f

-IT

Proof.Using the formulas in 4.3 and 4.6 we get

gn ('I' ) ( I+co S'I' ) d'l'_ JL J'If
2TT

-'If
m

+ lim 2
m+oo v-I

gn{'I')cot'! {sin{Zvp+I)'I' - sin(Zvp-I)'I'} dIP •

But t (sin{ZVp+I)'I' - sin(2vp-I)'I') - -sitllP + sin(Zm+l)pe sin'l' ,
V-I sinpp
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and since sin 'Pcot't. -= l+cos 'IJ. the first integral cancels and we get
2

the desired formula. QED

"-
Fortunately is close to In fact we will see that in

case n is even they are equal. In any case we can compute the limit

in the last proposition. We are indebted to Anders Melin who sugges-

ted the following helpful lemma.

Lemma 4.8. Let f('IJ) be an even periodic continuous function. Then

lim
m-+-oo

1T

-Lf f21T
-1T

('IJ) sin(2m+l)p'IJ
sinp'IJ

f(1f)-f(0)
2p

I+ -
P

p-I
;-

L
lJ-=o

Proof. Make the substitution x=p'IJ to get the integral (inside the

limit)

p1T
1 J sin(2m+l)x d

21Tp sinx x •
-p1T

Split the interval [-p1f. p1fJ into several pieces. By the Riemann-

Lebesgue lemma. for small 0>0 and lJ an integer

lim
m+o

I
21fp

sin(2m+l)x
p sinx dx - 0

Put x - u 11+y to get

lJ11+0 0
sin(2m+l)y

J sin(2m+l)x
dx - 1f (l!.1!. + I.)

sin y dy
P sinx p p

u11-0 -0

is continuous and periodic. we get

which has JL f(l!.1!.) as limit when2p p
(see [ Titchmarsh ] ).

For lJ • ! p and because f

m .... 00, for lJ -= - p+l ••••• p-I

I
2lTp

-p+o

( J+ J )
-p1T lJ1T-O

I
• 2 11p

s

J f(11+I.) sin(2m+ll.z. dy
p siny

-0

wich has as a limit when m +

Adding up and using the fact that f is even gives the desired for-

mula.

80
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Remark 4.9. By using the last proposition and lemma with

f(.p) .. gn(.p)(I+cos.p). we get
'V p-1
4>n(t) - - f(O) + J 1 f(Y..!!.)

2p p 11'=0 P

Taking the limit as p ... "". we get the Riemann sum for the integral

in Theorem 4.4

'V
p-I

lim <P n (t)
.. lim $n(t) -ljIn(t) - lim I :!!.. f (l!.1!..)

'IT P Pp...co p..."" p...""

f ('I') d.p .. ;- ]

o
gn ('I') (I+cos.p) d.p

Now we can compute the Hilbert series ¢n(t) for even integers n in

terms of a complex linear representation.

Theorem 4.10. Let gp be the multiplicative group of roots of

unity. Then

v
Ht(S'(V2k+1» p) -4>2k(t)

-I ">
- p L..

p

Proof. By Proposition 4.7 we have

and
ee

.. 1 + 2L cos 2vp.p
v -I""

__1_ (1+2 ""
l-t 2

(I+cos) d.p
'I' gn 'I' slnp.p

'IT

lim J
m"''''' -'IT

Both the Dirichlet kernels sin (2m+l)p.p
sinp.p

the Poisson kernel

involve only even cosine terms. Hence the same is true for

( ) sin(2m+1 )p.p
gn 'I' sinp.p

so the term inVOlving

'IT

- lim J
nr+""

-'11"

cos.pgn(.p) integrates to zero. Thus

sin(2m+l)p.p
gn ('I') sinp.p d.p.

As gn(O) - 8n ( W) .

'V

4> n (t)

we get.
p-I

J".. - L
p

from Lemma 4.8 that
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As

it follows that
p-I

a I L
p

where e _

(l_e\llJt)-I)

\I--k

To finish the proof we show that

'"¢2k(t) - ¢2k(t)

\I=q \I
Noting that IT (I-a e)

\I--q
unity different from I and p-2q+l, we get

is a th
p- root of

'" I¢2k(t) - n+1 +
p(J-t)

Hence

(polynomial of degree at most

2(q-k ».

As 2(q-k) a p - n - and as

(J-tP)¢2k(t) .. l-t:+ 1 + polynomial of degree p - n - I
p(J-t)

by Proposition 1.9, and as ¢2k(t) '"and ¢2k(t) agree modulo t P ,

it is seen that these two pQlynomials on the right of the two expres-
-v

sions must be the same. Hence tn(t) .. tn(t) when n is even QED

Already this result takes the shape of Molien's Theorem 1.4. It

is possible to formulate this more precisely . Whether or not this is

accidental is unknown to us - it seems unlikely that it is.

Corollary 4.11. G

elements generated by

be the matrix group (over with

(n-Z)1Ti
e p

o
82

p

n even
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(e ) - H (S'(V )vp) .. p-I )"
n t n+ I gEe det(l-gt}

This follows directly from 4.10. QED

Using the Gaussian polynomials we can get yet another formulation of

the result.

Corollary 4.12. Let n" 2k. Then

L
aEjJ

p

I +
p(l_t)n+1

p-n-I

j-o

Furthermore, with AjJ(n,j)

I - (1
0
..... 1.) such that

J

and

( 1/2 -1/2)a ,ex. a

denotin& the number of partitions

I I I - n and II I II .. u , we ge t

G • (a I /2 a -1/2) - p f A
k.

(n , j)
n+J.n· v-o J-vP

G .
n+J.n

c ...
J

Proof. These results follow from 11.4. In fact

As
G ( 1/ 2 -1/2)• Cl , Cl ..
n+J.n

.n¥ n.:t1 iz1- i + I
(a -a- 2 ) ••• (a -a ---.r)

h _n 1/2 -1/2
(aL-a Z) ••• (a -a )

# I (where it follows that
-p

.. G (1/2 -1/2) if a I
n+j.n a. .0.

Furthermore G ( 1/2 -1/2) .. 0
n+j.n a. .0. if a I and p-nE;;; j <p . Hence

we get

p-n-I
I---

l-t P "0

G ( 1/ 2 -1/2)t j
• Cl ,Cl •n+J,n
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Summing over all a ;. 1 in)l. we get the second formula. (The first.p
formula follows directly from the Theorem .)

Applying 11.4.6 yields

Summing over aElJ - {I} gives'.p

i 0 (mod p)

i _ 0 (mod p)

nj

2-
)l·o

if

if

( 1/2 -1/2)
a -

As

we get the results in the second part of the statement. QED

Corollary 4.13. If n is even, then

Proof. By the theorem

-I
• p L

aE!!,p

QED

We turn now to the more difficult case in which n is odd. It
'\,

happens that F ' but we can get the correct anyway.

Theorem 4.14. Let Up be the group of
th
p- roots of unity in a: •

For 'YEll-- Sop
define the matrix

84
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n is odd, then

-v
We begin by computing <Pn(t) using Proposition 4.7 and Lemma

4.8. So we have

Set n'la .. e p • Then

!!l!.
I+cos P

IT
v odd

a 2 .. e2ni/p • a , which generates II • Also.p

aP .. -I. Set P" 2k+l. Split the sum above into two parts, one for

even powers of a and one for odd powers getting

«: ..

a j+ 2+cx-
j

(l-djVt)(I-cx-jVt)

this last since
a-(2j+l) • _ aP- ( 2 j + l ) • _ a2(k- j)

Taking common denominators in this sum yields

where

WI and W
2

are polynomials of degree at most p-(n+l) (see the last

part of the proof of 4.10). Set

1 W1+W2
<Pn(t) := p(l_t)n+1 +

Then (mod t p). Furthermore

85
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(I-tP ) ; (t) I-t
P

+ WI + W
2

•0/ Arguing just as in the case n
n p(l_t)n+1

even, we find that $n· $n

Hence

( 4. I 5 ) ( t ) .. 1 I + -L
p(I-t)n+ 2p

If j . nj (n-2) j -njM(a ) • dl.ag(a,a , ••• ,a), then

det(ltM(aj)t) • IT (ItaVjt)(lta-vjt)
v= 1,3, .• , n

Note that and that

Then (4.15) becomes

I
$n(t) • n+1

p(l-t)

I, I +'Y 1-1 I + t p
+ 2p (det(l-M('Y)t) + det(l-M(·y}t} l-t P

'nil P

Note further that det(I-M(I)t • (l-t)n+1 so

p(l_t)n+1
1+1

2p det(l M(I)t) Hence

1 '" { 1+'Y
¢n (e ) • 2p det (I-M('Y) t )

'Y

desired.

]-'Y
det(l+M('Y)t} } as

QED

Corollary 4.16. If n is odd, then

L <1
r even 'YElJ

.p

-I r -I
Gn + r n (a ,a ) e: +1'

, r

86

,,( G (-I)t r
L a n+r,n a,a
odd

'YElJ.p
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and
""
(L I A 1 (r,n»t r•

2p .<.

P f S t 2k I d 2ni/p U' h . f ' froo. e p- + an cx"e . s ang t e unc t i.on s or

G in 11.4 and formula (4,15) for in the theorem we getn+r, r 'f'

"" k
$ (t) _ I + ....L
n p(I-t)n+1 2p

!(
v"o jet

"" ""

.. 1.
p

(L Gn+v , V (a, cx-I ) ) tV

V even aEI;!
p

+ L (laGn+v,n(cx,a-l»tV

V odd aEll
.P

+ 1. '\
PL-
V odd

$ (e ) •
n

The second formula follows -- from the first we get

nv
1. L LA (L cxnv-2lJ)tv
Pv even Il-O II cxEM

p

ee

"[ ( > A )t V

I '1/[ nv+ II [nv+ 11 •v"o J ---p- ---2- -JP

since
if lJ F 0

if u - 0

(mod p)

(mod p) QED

Letting p "" in these formulas for $n we get a combinatorial

formula.

Theorem 4.17.

1/I
n
(t) ..

ee

V
LA nv+1 (v,n)t
v-o [---2- 1

1T

- ....L f21T
1T

(I+costp) gn (tp)d tp QED

87



Corollary 4.18. Let

88

Then

iJI '" 2n with

or equivalently the number of solutions III- (10,11,12,13,14)

with III'" n and 11111 '" 2n.

Proof. See the formulas 2.10.

5. Symmetry of the Hilbert series ; a conjecture of Stanley.

QED

In this section we study the symmetry properties of the rational

functions Ht(S'(Vn+l)vp) • Stanley used the Hilbert series of a

graded ring to study such properties as Gorenstein, Cohen-Macaulay,

etc. [Stanley (to appear)] . Among other results, we give many counter

examples to a question he raised in that paper [Stanley, loc.cit,

end of section 4]

Definition 5.1. A rational function F(t) is symmetric if there are

integers d and r such that

When F(t) p(t)/Q(t) and Q(t) is a polynomial of

the form TI(I_t a i), and P(t) has non-negative coefficients, then

F(t) is symmetric exactly when P(t) has the same coefficients for

t i and t m- i (where deg P '" m). The main result for the algebras

under study is the next one.

Theorem 5.2. The function Ht(S'(Vn+l)vp) is symmetric if and only

if n-I or n is even.

Proof. By Theorem 4.10, we can write

k v-I
II ( I -ex t )v--k Hence

as in Corollary 4.13.

If I
n '" I, then +I(t) '" , which is also symmetric.

(l-t)(l-t P)
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If n is odd, it follows from formula (4.15) that

obtains a factor of t n + 1 in the first two terms and a factor of

_tn+ I in the last term. Hence cP
n
(t) is not symmetric. QED

The result of Stanley's, mentioned above, can now be related to

this material. We state his result [Stanley (to appear) §4] • We

suppose A is a positively graded k-algebra.

Proposition 5.3. (a) Let A be a Gorenstein k-algebra of Krull

dimension d Then there is an integer r such that

(b) If A is a Cohen-Macaulay integral domain then A is a Goren-

stein ring if and only if Ht(A) is symmetric.

Thus Proposition 5.2 together with this result of Stanley's

yields yet another proof that the rings of invariants S'(Vn+l)vp

are not Gorenstein in case n is odd. (Compare with the proof in

Chapter IV.) Combining these with a further result, due to Murthy,

shows that these rings are not Cohen-Macaulay.

Proposition 5.4.[ Murthy(l969)] • If the local (resp. graded) unique

factorization domain A is a homomorphic image of a Gorenstein ring,

then A is Cohen-Macaulay if and only if it is Gorenstein.

The proof is quite simple - Since A is a homomorphic image of

a Gorenstein ring it has a dualizing complex. If A is Cohen-

Macaulay the complex reduces to a module that is isomorphic to a

reflexive ideal. Thus if A is a unique factorization domain, then

the dualizing module is free. Hence A is Gorenstein.

Since the rings s'(V I)v p are unique factorization domainsn+
(see IV) and are homomorphic images of polynomial rings, they are

Gorenstein if and only if they are Cohen-Macaulay. But they are never

Cohen-Macaulay for

At the end of Section 4 in his paper Stanley conjectured that

Hilbert series for unique factorization domains are symmetric. These

provide counter-examples to the conjecture. But as seen in Section

of this chapter there are other counter examples. See also Problem

3. II.
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Counter-example 5.5. The Hilbert series for the factorial rings

S'(V )'Vp; n
n+1

symmetric.

The proof for Vn+ 1 is in Theorem 5.2. For the other cases the

result follows from the calculations in Section V.I.

There are other interesting aspects of these series found in

Stanley's paper. For example we state his 4.6 [Stanley (to appear)]

which is due to[ Popoviciu (1953)]

Proposition 5.6. al •.••• am be distinct complex numbers and

Pl .... 'Pm be polynomials in 1:[xj • Define
m

H(il) : .. L Pi(il)ai for u E a- Set
i-I

CD

F(t) .. L H(il)tIJ.E I: Ilq; and F(t) - I H(-il)t il

Then

Using this we can make some calculations of the integers

a .. dim Sr(V )vp
n.r k n+1 •

Proposition 5.7. (a) If n is odd. if 'V >n and n(v-n-I) + 1< P.

then

a .. p-I {(p-v+n) + (v-I)}
n.p-v n n

(b) If n is even and v>n. then

-Ia .. a + p
n.p-v n , v-n-I

(b) Suppose ri is even. Then
CD

is symmetric. Set

4>n(t) a 2.... H(r)t r• Then the H(r) satisfy the conditions of
rao

Popoviciu's Theorem 5.6. as H(r) satisfies a difference equation

whose characteristic polynomial is the denominator of Hence

90



It follows that

91

R(-r) • H(r-n-l). By III.Z.5, we know that

as functions of r E Set r· -s to get

As

R(p-s) - • p-t

H(-s) • H(s-n-I) and

{(p-s+n) _ (n-s)}
n n

(s-I) as polynomials in
n

s ,

we have

a - a • p-I {(p-s+n) _ (s-I)}
n,p-s n,s-n-I n n for s >n

Remark 5.8. By [Stanley (to appear) 4.7J it follows that H(-s) - 0

if Putting this in (*> above we have

-1
an,p-s • p

and we have again proved that

(see III.Z.).

p-s-n
( n )

r
S (V n + 1) is a free kv -module when

p

a) The rational function is not symmetric when n is odd

and n>l. But we can write

where FI(t- l) - tn+IF (t) and FZ(t- l) tn+IFz(t)
00 I

Set Fi(t) -L Hi(r)t
r for i-I, Z •

r·o
Setting r - -8 in the formula

() () ( ) () -I { (r+n+p) _ (r+n)}HI r+p + HZ r+p - HI r - HZ r • p n n

we see that the formula is true if and only if

Using 5.6 again applied to F I and to F2 we find

HI(-S) • HI(s-n-l) and

H
2(-s)

• - H2(s-n-l)

Set r - s-n-I. Then we must show that

small r

Using the expression in Corollary 4.16, we find

91
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H () p-I (n+rr) + --.!.
1 r - Zp

and
k

HZ(r) - > (2-aLa- j) Gn+r,n (aj,a-j)(-I)r,
j -I

whe re p - 2k+ 1 •

Hence is equivalent to

(1) L G -I
0 if is odd(a,a ) - r

aEIJ
n+r,n

-p

(Z) L. G -I 0 if isa (a,a ) - r even.
aEIJ

n+r,n
-p

But using the expression
nr

-I '\
A

nr-Zm
G + (a,a) - L a
n r ,n mm=o

we get rn

( 1 ) L -I 2:= nr-Zm
0Gn+r,n (a,a ) = A a

aEIJ m aEIJmao
=p -p

if rn<p (since r and n are both odd, we have rn-Zm t- O)
rn

(2 ) L -I [ A L rn+I-Zm
0a G (a,a ) - a =n+r,n maEIJ mao aEU p=p

if rn+l<p, since r is even QED

Next we wish to cOmpute H (S'(V )vp) when
t n+ 1

n is close to p •

This is achievaa in the next result.

Theorem 5.9. If p>s2/ 4, then

v (I-t)s-I I I
H (S'V ) p) = ¢ (t)· {--_._-- }+
t p-s+1 p-s p (l-t)P l-tP

+

Proof. By Proposition 1.11 and

1 Zr
---- £- a 2 .t
(l-t)P Zr+j-s-I r,J

the last proposition above we have
s-J
L (a - 1. (p-s+r»t r

p-s,r p r
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s-I

Lrao

rao

..!..{ I
p (l-t)p-s+1

[9]

a t 2 r
L 2r.s-2r-1+

This last equality holds provided

QED

O<:n';;s -I} < P

P :> s2
"4

(s-I)2 a max {n(s-I-n) +1
2

(the hypothesis in 5.7) and this is true if

Now we list 15 examples of (t) for large p. In order to'f'p-s
write these explickly we need a table for the b (which are a

n,r n,r
p). Then it will be easy to read off (t).'f'p-s

TABLE OF
v

b a dim
k

Sr(V ) p FOR P > n+l.
n.r n+ I

n 0 I 2 3 4 5 6;-- ...... .....
0

....,
I I I I 1 I1_

I I I I I I I
2 1 I --20- - 2 3 3 4
3 1 I 2 1---3_ ;; 6 8
4 1 I 3 5 - __3 12 18

"'-.

I 6 12 ....- 325 1 3 20 - r-
6 I 1 4 8 18 32 -s-s
7 I 1 4 10 24 49 94
8 1 1 5 13 33 73 163
9 1 I 5 15 43 102 268

10 1 I 6 18 55 141 382
II I I 6 21 69 190 582
12 I I 7 25 86 252 783
13 I I 7 28 104 325 1082
14 I 1 8 32 126 414 1417

15 I 1 8 36 150 1816
16 I I 9 41 177 2310
17 1 I 9 45 207
18 I 1 10 50 241
19 I 1 10 55 277

20 1 1 11 61 318
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H (S'(V ) p)=
t p-s+1

94

TABLE OF H (S'(V )\lp)
t p-s+1

(l-t)S-1
I

where Ws(t) is given below

2

3 + t 2

4 + t 2

5 + 2t 2 + t
4

6 + 2t 2 + t
4

7 + 3t2 + 3t 4 + t 6

8 + 3t 2 + 5t 4 + t 6

9 + 4t 2 + 8t 4 + 4t 6 + t 8

10 + 4t 2 + 12t 4 + 5t 6 + t 8

II + 5t 2 + 18t 4 + 18t6 + 5t 8 + tlO

12 + 5t 2 + 24t 4 + 32t 6 + 13t 8 + tlO

13 + 6t 2 + 33t 4 + 58t 6 + 33t 8 + 6t l 0 + t l 2

14 + 6t 2 + 43t 4 + 94t 6 + 73t 8 + 18t 10 + t l 2

IS + 7t 2 + 55t4 + 163t6 + 163t 8 + 55t l O + 7t l 2 + t l 4

Example 5, 10, To see how the second table is obtained from the first

we do the calculation for 4l p _ 12 ( t ) By the proposition

4l p - 12 (t) - (l-t)11
{ I I } I I: ,t2 r--- +-- ap (l-t)P l-t P l-tP 2r+ j -II 2r oJ

The polynomial under the summation is denoted by WI2(t), Then

If P > (12) 2 /4 - 36. then

cients from the table for

a - b • so we read off the coeffi-
n.r n.r

b to get the desired result,
n,r
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5.11. It is seen that .p_s(t) is symmetric if and only if

p-s is even. If s>6 and p-s odd. then Ws(t) is not symmetric.

For s-2.4.6 it is easily checked directly.

considering the case n-2.3 •••• 6 it seems that

This cannot be demonstrated by using the fact that

and then integrating and sending p 00 • since the operations do

not commute with the operation t -+ t- I (Even the wrong sign

appears if this is attempted). The validity of the formula would have

the following consequence :

Let 00

1/1 (t) - L H(r)t
r

n r-o
where H(r) • Ar k(r,2k)

if r - 1.2 •••• 2k.

when n· 2k. Then

H(-r) - H(r-2k-l)

H(-r) - 0

VI. Examples and problems.

if r > 2k+1 and

In this chapter we study the examples in small dimension. we
\I

prove that depth(S'(V
4)

4) = 3 and consider many of the open pro-

blems.

1. Examples in small dimension.

In this section we study the invariants of VI' V2, V3• Since

the operation of v
p

on VI is trivial. we obtain the immediate

result

Slightly more

v
S'(V

I)
p • S'(V

I)
interesting is the action on V2.

v
Proposition 1.1. In S'(V2' p there is an invariant uo·xo
degree and an invariant UlaN of degree p such that

of

and
v

S'(V2) p - k (uo.uIJ
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(Consequently uo'u, are algebraically independent and this is a

polynomial ring).

Proof. Clearly U aX
o 0

is invariant. Also

p-r l .
N a X,(X,+Xo)(X,+2Xo) ... (X,+(p-')Xo) a j!odJ(X,)

is invariant. Since Sr(V
2)

V t+, for we know there is

exactly one invariant in each dimension up to p-' and as u r is
o

invariant, we see that it is the only one.

Then Sp(V2 ) a Vp (i:l VI' So there are two invariants that are

linearly independent. As u l and are linearly independent they

must span the invariants in degree p.

It is clear that is a system of parameters and that

a X2 - X Xu l I 2 0

since TP - uoT - u
l

a 0 is a separable polynomial over k(uo'u l ) .

The remainder of the proof is clear, either by counting dimension or

by looking at Galois extensions.

v
Proposition 1.2. In S'(V

3)
p there are invariants

M a xP - Xp-IX
I 0 I

p-I 2
N" n (X2+2rX I+r X )rao 0

v
such that S'(V

3)
p a k [uo,u"M,Nj

uo,u"M,N are related by one equation

The elements

+ terms of the form i+2j .. 2p).

Proof. These elements are invariant if we take the group action to

be

o(X2) a X
2

+ 2X
I

+ X
o

O(X I) a XI + Xo

It is clear that uo,ul,V are algebraically independent.

Consider and note that those terms involving

and XPxP vanish and that2 0
divides the result.
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\I
As dim S'(V

3
) .. dim S'(V

3
) p = 3 and as uo,u

l
and N form a

system of parameters in S'(V
3),

they are algebraically independent

If (which it must be by our assumption that \lp acts on V3)
the ring k[W I,W2,W3]

[j!!] with j!!2 E k[W
I
, W

2,W3
] and T2 - j!!2

irreducible, is normal, Hence k[uo,ul,N,M] is normal, Consider

the extension k k(uo,ul,N,M), We know that

x P - up-Ix - M = 0 and X2 .. - ,
I 0 I X'o Xo X2

o

Thu.s

and so

Hence

[k(Xo'XI'X2) k(uo,ul,N,M)]';; p

\lp
k(uo,ul,N,H) .. k(Xo'X I,X2)

As k[ Xo'XI'X2] is integral over k[ uo,ul'N ,H]

is normal, it follows that

and this last ring

QED

The only case where it is possible to study S'(V4) is treated

in the next section.

2, Bertin's Example.

In this section we study what we call Bertin's example

[Bertin (1967)], Let k be a field with char(k) '" 2 and let

V
4

be the regular representation of 2/42, with indecomposable

factor V3, Suppose

and

The action of a generator 0 of is, as usual,

Proposition 2,1, The following elements are invariants in

S'(V4) and S'(V
3)

respectively,
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v\ :-X\

v2:-X2(X2+X\)
- - - - -2 - -

u3:=X3Xo+X2X\+X2(X2+Xo) v 3:=X3X1 (X3+X\)+X2(X2+X\)

y\

2 2
Y2:=X3Xo+X2X\+X2X\(X2+Xo)

u4:=N:-X3(X3+X2)(X3+X\)(X3+X2+X\+Xo) v 4:=X3(X3+X2) (X3+X\) (X3+X2+X\)

Y3:=X3(X3+X\)X\(X\+Xo)+X2(X2+Xo)u3

22 2 2 224
y4 :=X3{ X3Xo+X2X\Xo (X2+X\+Xo)+X\ (X\+Xo)+X3X\ (X2Xo+Xt+Xo)+Xo }

2 4
+X2X\(X2+X\)(X2Xt+Xo)+X\(X\+Xo)

Proof, A direct calculation shows that each of the elements is inva-

riant, QED

Let the homomorphism S'(V4) -+ S'(V
3)

be denoted by

Its kernel is the principal ideal generated by the invariant Xo
It then follows that

x S'(V ) n S'(V )Z/47J _ X S'(V )71/4Z
o 4 404

Proposition 2,2. The ring S'(V
3
) 'Z / 4Z . k[v 1 ,v2

' V3 ' V4 ] with the

one relation
223v3 + (v\v2)v 3 + (v\v4+v2) • 0

Proof. It is clear, almost by observation, that the elements

v\,v2,v4 form a system of parameters in k[X\,X2,X3]· S'(V3)
Hence the algebra k[v\,v2,v 4] has Krull dimension 3, In fact

k[X\,x2,X3] is integral over k[v\,v2,v4] with

Xl . v\

-2
v\X2 0X2

+ + v 2 =

-4 2 -2
(v\v2)X3 0and X3 + (v\+v2)X3

+ + v 4
.

another proof that k[v\,v2,v4) has Krull dimension 3, Therefore

k[v\,v2,v4} is isomorphic to a ring of polynomials in the three

variables v\,v2,v4,

The relation
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2 2 3T + (v\V2)T + (V\V4+V2) a f(T) is irreducible by Eisenstein's

criterion applied to the prime ideal (v2,v4).
It is also easy to

check that the ring

'"k[v\,v2,v3,v4] a k[v\,v2,v4][T]/(f(T»
is normal. As

and

we see that

Hence
- - - ?/./4:rk(v\,v2,v3,v4) a k(X\,X2,X3 )

and as k[v),v2,v3,V4] is normal with k[X),x2 ,X3]
it follows that k[v

l,v2,v3,v4) .. k[X
I
,X
2,X3)7J/47J

integral over it

QED

We now write the images of u\"""4' in S'(V3) in terms of

these algebra generators.

and

3
'1 a vI

)'2 .. v
lv2

)'3 .. v\v 3 +
2v2

'14
2 5

a v\v 3 + vI

k[ u l,u2,u3,u4,y) "2"3'Y4] in

2 3 2
v), v2' vI' v lv2' v lv3,v lv3

U
4

.. v
4

Thus the image of the algebra

S'(V
3)7J/4r

is generated by

Let D denote this algebra. Also let

Then

B [v
3] .. k[vl'v2,v3,v4]

Since dimB" 3, the ring B is also a complete intersection, but

is not normal.

Proposition 2.3. The ring of invariants

S ' ( V
4
) 7J / 4 7J k[ ].. u l ,u2,u3,u4'YI 'Y2'Y3'Y4

and depth .. 3.
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3

in S·(V3). Thus there are

k[ u I' ••.• y4] and a homoge-

100

Proof. The ring k[v l.v2.v3.v4] "D + DV
I

+ Dv
3.

We want to show

that each invariant f is in the ring generated by u l ••••• y4. We

can suppose f is homogeneous and that it is of least degree not

in k!u l •••.• y4] Consider its image I in k[v l.v2.v3.v4] The

element XI in S'(V4) has image vI in S'(V
3)

while

2X3(X3+X I)X\ + XZ(XZ+X\) has image

homogeneous elements do' d l• d
3

in

neous g in S'(V such that the invariant
4

f " do

Since deg g < deg f. we can assume that g E k[u l ••••• y4] • so the

term Xog can be omitted. Now apply the generator a to f to get

Hence

2 2o " a(f)-f " (dl+dZ(X3+X3Xo+X\+X2Xo»Xo

d l + " O. Apply cr to get

d l + " O.

and then s ub s t r a c t , to get

Hence dZ" 0 and so d]" O. Therefore

k ] U I···· 'Y4]

We now have the following data :

a) depth S· (V )71/4'1 = I + depth D.4

b) D c D[ VI] = B c S(V )Z/4Z = B[ v 3]3

c) depthBB " depth B[ v 3] = 3 .
d) depthDB " depthBB " 3

Consider the long exact sequence of local cohomology at the

irrelevant maximal ideal of D

o

Since

..... ..... Hm(B/D) ..... .....

depthDB = 3. we get that 0 for

100

3
••• ..... HitCB/D) ..... o.

i,&3. Hence
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vlB + v 2B and hence no power of v 4
rated by these elements in D. Now we

contained in For suppose vrvI E

A general monomial in D of the form

_e 2 _f 2 _e 3 _f 3 _f 4 _eS
"z u 3 YI Y2 u 4 Y3 Y4

So we calculate
2v lv 3

and v lv 3
are in

elements is contained in

is a regular sequence in

show that no power of v 4 is

Ct. Now deg(vrvI) = 4r + I.

is the conductor of

+ v 2B of B. As (v l.v2.v4)
v 4 is contained in

is contained in the ideal gene-

the ideal vlB

B. no power of

fv lED}

2
Clearly the elements vI' v 2•
Ct. The Lde a.I g e ne r a t e d by

hence BID· where

en = {f : fBCD} = {fED:D

B • D + Dv l•
inB

But

has degree 2(e
2+f2)

+ 3(e
3+f3)

+ 4(e4+f 4)+Se S ' Therefore any

expression homogeneous of degree 4r+1 would have at least one of

e3.f3.eS different from zero. But then vI would divide this
rexpression in B and would imply that v 4 E vlB + v 2B.

We now continue by showing that v 4
pose that there is a homogeneous w in

Write

is regular on DIG:.. Sup-

D such that v
4
wv

I
E D.

2 3 2 t
w· terms in (vI.v2vI.vlv2.vlv3.vlv3)D + constant v4

2which we can do since (v\ ••••• v 4) generated the irrelevant maximal

ideal. Then

v 4 wv I E D

implies E D. a contradiction,

Hence depthDD/GL = depthDB/D > I.

Therefore depthDD> 2. Since D. s·(v
4)a/4a /(Xo ) we get

depth S'(V
4
) 2 / 4Z >3

But = (1+2t3+t4)/(I_t)l_t2)2(I_t4)

by Proposition V.I.9. and as mentioned. by [Stanley (to appear)],

the ring S·(V4)7/4Z.Which is factorial, cannot be Gorenstein. and

hence not Cohen-Macaulay. So

depth S'(V
4)Z/4Z

< dim S'(V
4)

- I = 3
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h
t

by t
5

= 0

102

Remark 2.4. This method for calculating the depth of this ring

clearly cannot be used by sane humans. The number of invariants of

degree 5 in the Bertin example is 14. The 7 invariant generators of

degree at most 4 give. 14 monomials of degree 5. But there is one

relation: u l Y3 + u 2Y2 + u3YI - O. This relation can be used to

show that is not Cohen-Macaulay - for (u!'u2,u3,u4)
is clearly a system of parameters. While (u l,u2,u4) is a maximal

regular sequence. In any case. there must then be at least one "new"

invariant of degree 5. This one was found by many hours of hand

calculations.

Many more hours have been spent trying to find the ideal of

relations. Computations can proceed as follows,

- + t + 3t 2 + 5t 3 + IOt 4 + 14t 5 + 22t 6 + 30t 7 +

+ 43t 8 + 55t 9 + 73t l O +

«I_t)(I_t2)2(I_t 3)2(I_t4)2(I_t 5»-1 • I + t + 3t 2 + 5t 3 + IOt 4 +

+ 15t5 + 26t 6 + 38t 7 + 60t 8 + 85t 9 + 125t l 0 + ••.

So the (number of monomials in the generators)

(number of invariants)

t 5 + 4t 6 + 8t 7 + 17t8 + 30t 9 + 52t l O + •••

There is one relation of degree 5 which gets repeated in

degrees, so at least one takes these away by multiplying

to get

excess of monomials over

invariants - relations 3t 6 + 5t 7 + 12t8 + ZOt 9 + 38t
10

+ •••

generated by one of degree 5

Hence there are 3 relations of degree 6. There are

2 2 2
Y2+UtU3Y2+uZu3+ulu4 0

Z 4 3 2 2
YtY2+ulu3Y2+uIY4+uluZY2+u2u3+ulu3+UtUZYI+UtYt+ulu2

2 3 2 Z 3
YI+UtUZYI+UtYZ+UtU3+u2 = 0

Take these away to get the series 2t 7 + 3t 8 + 5t 9 + 8t
l O

+ •..

There are two relations of degree 7. These start with
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Then we get the series

so there is one more relation of degree 8, and that should be enough

But we have completed the main part of the computations - sufficient

to show that depth{Bertin)· 3, and we don't care to do any more.

Remark 2.5. By Corollary{2.7) of [ Fossum,Foxby, Gri ff i th and Reiten

(1975») (which is due really to Hartshorne and Ogus) we conclude

that there is a prime ideal P in S'{V such that ht{P) = 34
and for localization,

• 2

This holds since S'{V)a/4a cannot be Gorenstein and Serre
4

condition (S3) + Factorial, would imply the hypotheses of Corollary

(2.7) of [Fossum, Foxby, Griffith and Reiten (1975»)

3. Problems.

In this section we list problems that appear naturally.

Problem 3.1. What are the ..c!ecompositions of

for the indecomposable v -modulesp

Ar (V )
n

n>p ?

and

was suggested by Rentschler) •

and Rv
p

sitions of

is close
Ar{v )

n
of being a A-ring,

RV m enjoy? [ Thisp

Problem 3.2. The representation rings Rv m have A-operations,
p

enough to being a A-ring so that the decompo-

can be accomplished. What properties, short

but stronger than admitting A-operations, does

is the relation between decompositions of

and repreSentations of the symmetric
Prob 1em 3. 3.
Ar{V n), Sr{V

n
+ 1)

characteristic p?

Problem 3.4. Compute

V m
Problem 3.5. Are the completions S'{V ) p factorial? It was

- n+ I
this question that started us on our investigation of the decompo-

sitions. As seen in Chapter IV, the decomposition of m) allow
v m p

the computation of the divisor class group Cl{S'{Vpm) p ) • O. It

was hoped that the decomposition would be of use for the other

indecomposables. As yet this hasn't helped.
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Problem 3.6. Is there a formal relation between decompositions of

Sr(V
n+ l) and semi-invariants of Schur [Schur. Satz 2.21] 1

Problem 3.7. Does the Hilbert series of a graded algebra give any

information about its depth 1 (Partial answer - probably not because

a (Hilbert) series can be the Hilbert series for a Cohen-Macaulay

ring and a non-Cohen-Macau1ay ring).

Problem 3.8. What is the generalization to RV pm of the Va1by

Bodega Theorem 1

Problem 3.9. Work out the Adam's operations for the representation

ring. (We started. but they did not fit directly into the subject

matter. The elements + are Adam's operations. for example).

Problem 3.10. What are the combinatorial properties of the triangles

of numbers in III.4?

Problem 3.11. Show that the Hilbert

symmetric provided n is odd and

V m
series Ht(S'{Vn+ l ) p )

m-I
n ;;. p +2.

is not

Cohen-Macaulay 1

• 1

v m
S'(V +1) P Cohen-Macaulay 1 In particular

n v m
and S'{V m 2) pp +

Problem 3.12. (See V.5.11).!.!

Problem 3.14. Is there a factorial local ring A with A not

Cohen-Macaulay. dim A = 5 and which satisfies Serre's S3 condi-

tion 1

Problem 3.15. It is shown in Chapter III that
r '"for r+n· p-l. Show that S (V

n+ l)
• Free

r '"S (V
n+ 1) • Free(BVs

for r+n· p-2.

4. Final remarks. (July 1977). After the handwritten version of this

paper was completed we found that Sylvester and Franklin. a century

ago. computed for n=I.2 .... 10 and 12 Sylvester (1973) •

There it is the "counting function" of the covariants (or "differen-

tiants") of a binary form of degree n (in characteristic zero).

This (remarkable 1) coincidence will be the subject of a forthcoming

paper.
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Problem 3.12 has been solved by R.P. Stanley (private communica

tion) but the result was used by Sylvester in his computations, so

certainly known to him.

VII. Notation.

In this chapter is listed, in order of appearance, the notation

used in the manuscript, with chapter and section references :

Standard notation

'Z Integers.

N Positive integers.

No Nonnegative integers.

Field of rational, real and complex numbers.

IP (V)

nV :

v0 n
:

vn

An
k

tpn
k

An(V)

Projective variety of lines through
space V.

Direct sum of n copies of V.

Tensor product of n copies of V.

V
Sn

Affine nspace over k.

Projective nspace over k.

thn exterior power of V.

o in the vector

n n thS (V) a Sym (V) : n Symmetric power of V.

T,U,V,X,Y : Indeterminates (sometimes multiindexed).

Chapter O.

Vpm = 'Z/prn'Z : The cyclic group of order rnp •

a Generator of

Chapter I.

RkVprn : Representation ring of vprn '

Chap ter II.

Sr The symmetric group acting on r letters (11,1)

(II, I)

1 I I = I I + 1 2 + •• + In (II, I)
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(II. 4)

A Symmetric polynomials of degree r (II.4)r
th elementary symmetric polynomial (II. 4)a r-r

h th complete symmetric function. (II.5)r-r

k th monomial symmetric function. (II.5)r-r

s (II. 6)r

7 f = 2[f- l ] (11.7)

w{V) : (II. B)

symr: {II. 9)

e I I t h Schur function. (11.11)

I I Partition conjugate to I (11.11)

A-ring : Section 3

A-operations : Section 3

G (X,Y): Homogeneous Gaussian Polynomial.n,r

Chapter IV.

'm{B) : Groups of units of B. (IV.7)

Chapter V.

(11.25)

H. (A) The Hilbert function Hn(A) = dimkAn (V. I)

Ht{A) The Hilbert series (V. I)
\I

<Pn(t) The Hilbert series <P n (t)
. H (S' (V ) p) (V.B)t n+ I

00

t r<Pn(t) Z areo n,r
00

a t nWr(t) := L The Hilbert series for "large pIt (V. 13)nco n,r

= lim <Pr(t), I t I<j
p+oo r-I 2 -I

g2 r ('I' ) = (I-t)-I IT (I+t -2tcos{2r-2\1)'I') (V.29)\1=0

r 2 -I\lU
O
(I+t -2tcos(2r-2\1+I)'I')

The group of roots of unity
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THE USE OF REPRESENTATIONS IN THE INVARIANT THEORY

OF NOT NECESSARILY REDUCTIVE GROUPS

by

Ulrich Oberst

I - Statement of the problems and theorems

The following theorems give positive solutions in connection with Hilbert's four-

teenth problem and the existence of affine quotients of affine algebraic schemes

by not necessarily reductive linear groups.

I make the following assumptions. Let k be a not necessarily algebraically closed

field of arbitrary characteristic and X Spec (B) = Sp(B) an affine a.lgebraic

scheme over k • Here B is a commutative k-a.lgebra of finite type. I identify

X = Sp(B) with the representable functor

where denotes the category of commutative k-algebras. I write xex for

x E.X(R), R • Let G = Sp( A) be an affine algebraic group scheme over k

(shortly: a k-group) which operates on X form the right by an operation

x x G X . The operation is given by the following equivalent data.

(i) Operations

X(R) x G(R) X(R) : (x,s).....---+ xs
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of the abstract groups G(R) on the sets X(R), functorial in REO A\ ' or

(ii) Operations

G(R) x (B @ B g R : (s,b) t-----i' sb

of the abstract groups G(R) on the R-algebras B @ R : = B by R-algebra

automorphisms, functorial in R6Al
k

- One says that G operates rationally on B

from the left or that B is a G-algebra, or

(iii) a k-algebra homomorphism A
A-comodule.

B which makes B into a right

The connection between these data is given by Op = Sp( A) and

s(b @ 1) (B&s) A(b) , b6B, se.G(R) =A\(A,R).

Let

b @ 1

be the k-algebra of invariant elements and Y

scheme. The exact sequence

Sp(c) the corresponding affine

A

inj
cC B :::::;::::;::::::;l B@A

of k-algebras gives rise to a commutative diagram

(1.1) X xc Op l
proj

of affine k-schemes, exact in the category of affine k-schemes. The exactness means

that Y is the quotient of X by G in this category. In this situation the fol-

lowing well-known problems arise :

(1.2) Hilbert's fourtheenth problem: When is the algebra C of invariants again

of finite type over k, i.e. when is Y k-algebraic? a

(1.3) Existence of affine quotients: When is the sequence (1.1) exact in the most

often used categories of algebraic geometry, i.e. when is Y the quotient of X

by G in these bigger categories too ?U

The best results concerning (1.2) are due to Nagata (Nag], see also (Fog], Th. 5.56:

The answer is negative in general, but positive for smooth k-groups which are
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linearly reductive or at least semi-reductive. (see below for the definitions of

these terms). An important result in this context is Haboush's theorem (= Mumford's

conjecture) that reductive groups are semi-reductive in all characteristics (Hab]

Concerning (1.3), Y is the quotient of X by G in the Category or all k-schemes

if G is smooth and semi-reductive (Mum], Th. 1.1, Seshadri [Ses] , Th. 2).

My theorems give positive solutions for (1.2) and (1.3) with reductivity assum-

ptions on the operation of G on B instead of assumptions on G alone. I need

the following notions. A G-module V or a rational representation of G in V is

a k-vector space V together with R-linear operations G(R) xlv 0 V 0 R :

sv functorial in • A G-module structure on V is the same as a

right A-comodule structure A: V ---t V 0 A on V . As always Gy denotes the

submodule of invariant elements. The G-modules form the locally finite Grothendieck

category G-Mod.

The group G is called linearly reductive if the following equivalent conditions

are satisfied

(i) all rational representations of G are completely reducible.

(ii) the trivial G-module k is projective in G-Mod.

(iii) the functor G-Mod ---tk-Mod

tions.

V r--t GV is exact, i.e. preserves surjec-

(iv) for every finite dimensional G-module V and every non-zero invariant

element there is a G-invariant (i.e. G-linear) k-linear function f: V---t k

such that f(x) = 1 .1

The group is called semi-reductive if condition (iv) above can be satisfied with

an arbitrary G-invariant homogeneus polynomial f of positive degree.

A (G,B)-module after Voigt [VoJ is a vector space V with a G- and a B-module

structure such that s(bv) = (sb) (sv) for s"'G(R), beE, vE.V 0 R , •

Then G operates also on the k-algebra B @V , V
2

= 0 , obtained from BV by

"idealization" and BC.B @ V is a G-algebra morphism, i.e. Sp(B @ V) is an

affine G-scheme over X = Sp(B). This explains the origin of the notion of a

(G,B)-module. These modules form a locally noetherian Grothendieck category

In particular B itself is a (G,B)-module and induces the important

functor
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HomG,B (B,-) : (G,B) - Mod ---i' C - Mod Vl--i> GV

This functor is left exact and admits the left adjoint functor

B (-) : (G,B) - Mod where G operates on B W diagonally.

(1.5) Theorem A - Situation as above. Assume that G operates freely on X, i.e.

xs = x , x eX , s G ,implies s=1 • The following assertions are equivalent

(i) The functor (1.4) is exact, i.e. preserves surjections.

(ii) The functor (1.4) is an equivalence.

(iii) The morphism p: X --#Y is a principal bundle with group G, i.e.

(a) CeB resp. p: X Yare faithfully flat, and

(b) The morphism

(x,s) t-7 (z.xe )

is an isomorphism.

If the conditions (i) to (iii) are satisfied, C is of finite type over k , and Y

is the quotient of X by G in the categories of locally k- ringed spaces and the

category of all sheaves w.r.t. the faithfully flat topology. Moreover B is even

a projective C-module .n

An easier variant of theorem A is the

(1.6) Remark. The statements of theorem A remain true without the freeness

assumption if G is a unipotent group. The freeness of the operation is then a

consequence. II

If the functor (1.4) is exact, i.e. if the condition (i) of theorem A is satis-

fied, I say that G operates reductively on B.

(1.7) Theorem B. Situation as above. AssQme that G oporates reductively, but not

necessarily freely on X. Then C is of finite type over k and Y is the

quotient of X by G in the category of all k-schemes. Moreover p X Y is a

surjective map and Y carries the final topology, induced from X via p. These

proporties are universal, i.e. preserved under base extensions Y' Y .0
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If the group G is linearly reductive, then in particular G operates reductively

on B. Thus theorem B is a generalization of the corresponding result of Mumford

(MumJ, Th. 1.1, where linear reductivity is assumed.

If the operation of G on B is free, the exactness of the functor (1.4) is equiva

lent to the existence of a well behaved) quotient by theorem A. If the

operation is not free, this is not the case. E.g. if G operates trivially on

X = ¢ , then G operates reductively if and only if, G is linearly reductive,

but always X = X/G. However without loss of generality one may assume that the

operation is faithful. For let

N :

be the kernel of the representation of G in B where Aut(B/k) denotes the

automorphism functor. Then N is a kclosed subgroup of G and f factorizes as

G G/N
f 1 Aut(B/k)

where f
1

is injective, i.e. where GIN operates faithfully on Then

NB = B and GE = G/NB Hence if G/N operates reductively on B then
G
B is

of finite type and Y =
kschemes by theorem B

is the quotient of X by G in the category of

The next theorem contains conditions, equivalent to the exactness of the functor

(1.4) and easier to verify. For this purpose let K be a class of Gmodules such

that (s.t.) each finite dimensional (f.d.) Gmodule is up to isomorphism a

Gsubmodule of a finite product of quotients of representations in K. There are

two standard examples :

(1.8) Example: K = lAl . If V' is an ndimensional representation,

A: V --7 V @ A An is an embedding of Gmodules.

(1.9) Example: Let

(wlog) I assume that

with the operation

of W For nEIN

W be a faithful, f.d. Gmodule. Without loss of generality

G6Q&(W) is a closed subgroup of the general linear group

and r Go 2' let W : = Wan be the rf'oLd tensor product
n,r

where des)

properties .11

denotes the determinant. The class of all W has the requiredn,r
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(1.10) Theorem C : Situation as above. The following assertions are equivalent:

(i) G operates reductively on B, i.e. B is a projective (G,B)-module.

(ii) The functor

is exact. Here G operates diagonally on B V .

(iii) For every V6K and every f .d. G-submodule U of V the map

is surjective.

(iv) For every f.d. G-module V and every G-and B-linear epimorphism
G

f(x)f : B s V -----+ B there is an (B 0: V) s.t. = 1

(v) For every (G,B)- module V and every xeGv s.t. V is free of finite

type as B-module and s.t. Bx is free and a B-direct summand of V ,
there is a G- and B- linear map l' : V -----'t B with f(x) = 1 •U

The preceding theorem incorporates in particular a "Baer"-criterion for "coflatness"

Generalizing the notion of a reductive operation, I say that G operates semi-

reductively on B if in condition (v) of theorem C there is a G-invariant homoge-

neus polynomial l' of positive degree xith f(x) 1 • The coefficients of this

polynomial lie in B, the indeterminates are a dual basis of V as B-module and G

operates both on the coefficients and the indeterminates. The corresponding theo-

rems have still to be worked out.

(1.11) Example: If the "additive" group G, G (R) = R+ , with affine algebra
a a

A = k lTJ operates on B via A: B B k LTJ = B (TJ, then the following

assertions are equivalent

(i) G
a

operates reductively on B.

x --. y

over Y

is a trivial Ga - bundle, i.e. X ';! Y x G
a

as G -schemes
a

There is a z E B with A(z) z + T .

If z '" B is an element with A(z) = z + T , then

C k [TJ = C r.TJ B : z
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-linear and induces the isomorphism from (ii).

(1.12) Example : Let k be a field of characteristic p > 0 • Let G = '" be the

kernel of the Frobenius map F: __ G
a

x xP .e.

o«R) = [xEiR xP = 0] s, R+ = Ga(R) , REiAl
k

Then A A("') = k (tl with t P O. An operation of 0< on B is given by a

k-derivation d of B with dP = 0 The corresponding A is

t. : B ---'t B G k (tJ B (tJ : bl-------> (it)-1 di(b)ti , tP=O •
i=o

In this situation the following assertions are equivalent

(i) « operates reductively on B

(ii) There is a z B with d(z)

If (i) and (ii) are satisfied, the element zP is invariant and the map

C (ZJ/ <

is a C-algebra isomorphism. In particular, B is a free C-module of dimension p.

If, on the other side, C is any k-algebra and CGC, then the C-algebra

B = C(zJ with the relation zP c is a k-algebra on which the group '" operates

reductively via the C-derivation d: z 1 , and C = Ker d = "'B .11

( 1 . 13) Corollary : If 0(, operates non trivially on B, t , e. d f 0 , there is a

non-zero t ec 0< B such that 0( operates reductively on

B
t:

= [bt-n; bEB,

(1.14) Example : Let k be a field of characteristic p> 0 • Let G = (Z/Zp)k be

the constant cyclic group with p elements. An operation of (Z/p Z)k on B is

given by a k-algebra automorphism s of B with sP = Id. Then the following

assertion are equivalent :

(i) (Z/Zp)k operates reductively on B.

(ii) There is a z e B with s(z) = 1+z

If (i) and (ii) are satisfied, the element c : = zP-z is invariant and the map

C (ZJ/ <; zP - Z - c> ---'t B : Z z
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is a C-algebra isomorphism. In particular, B is a free C-module of dimension p .

If, on the other side, C is any k-algebra and c C , then the C-algebra B = C (zJ

with the relation zP-z = c is a k-algebra on which (Z/XP)k operates reductively

via the C-algebra automorphism s with s(z) = 1+z , and C is the ring of inva-

riants.1I

(1.15) Corollary: If (Z/ZP)k operates non-trivially on B, i.e. s Id , there

is a non-zero t C , s( t ) = t , such that (Z/Zp)k operates reductively on Bt .n

A consequence of parts of theorems A dans C is the following affinity criterion

for homogeneous spaces. Assume in addition to the earlier requirements that X=Sp(B)

is itself a k-group and that G Sp(A) is a closed subgroup of X. In this case

X and hence G operate on B from both sides. If V is a G-module, then B &V

is a G-X-bimodule with the operations :

bs-
1

& sv , t(b & v) = tb & v , s G , t EX

Thus I(V): = G(B & V) is also an X-module, called the X-module coinduced from V

One obtains adjoint functors

I
G- Mod ( ') X- Mod

scalar restriction ---

where I is the right adjoint. One has G(_) = X(_) 0 I

(1.16) Corollary: The homogenecus space X/G is affine if and only if the functor

"coinduced representation" is exact.

In particular, X/G is affine if G is linearly reductive. If X is linearly

reductive, then G is too if and only if X/G is affine ••

A special case of the second half of the preceding corollary is due to Bialynicki-

Birula (BBJ. This corollary can also be proven by applying Serre's criterion for

affinity to X/G since the existence of X/G as algebraic k-scheme is known a

priori.
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II - Proofs

I only give outlines of the proofs. The details will appear in a forth-coming paper

in the J. of Alg. The situation and notations are those from part I.

The following two lemmas are used for reduction purposes.

(2.1) Lemma: Let kC.t be a field extension. Then G operates reductively on B

if and only if G operates reductively on .t B .n

operates onG • ThenN :g G be a normal k-subgroup of

The preceding lemma is applied with an algebraic closure of k.

fiBLet

(2.2) Lemma: The group

operate reductively on

G

B

operates reductively on
N

resp. B.4

B if and only if N resp. G/N

In characteristic zero every k-group is smooth, in positive characteristic every

k-group is an extension of a smooth by a finite k-group LD-GrJ , Exp. XVII,

Prop. 3.1, p. 625. Since both theorems A and B are known for finite k-groups

(see e.g. (D-GaJ, III. 2, 6.1) the preceding lemmas permit the reduction of the

proofs to the essential case of a smooth k-group over an algebraically closed

field.

(2.3) Proof of theorem A : (iii) ====+ (ii) This is a special case of the theorem

of faithfully flat descent (see e.g. CD-GaJ, 111.4 , 6.3). One has only to notice

that a (G,B)-module V gives rise to the G-scheme Sp(B $ V) over X. The

details are due to Voigt (VoJ.

(ii) ===f. (iii) Since the functors

are adjoint to each other and hence quasi-inverse equivalences under the assum-

ption (ii), in particular B 0:
C
(-) is faithfully exact, and hence CeB is

faithfully flat. The map (inj, A) : B I&C B B 0: A , induced from

X x G X x X : (x,s)r----t (x,xs), is bijective since
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G(_)is bijective and is an equivalence. Here

as (G,B)- modules in a suitable way.

B and B 0 A are considered

(i) ---+ (ii), (iii) This is the difficult part of the proof. Since

G(_) is an equivalence if and only if B is a projective generator of finite type

in (G,B) But B is obviously of finite type and by (i) projective. Hence

one need only show that for every non-zero (G,B)-module V the C-module
G
V = HomG,B (B,V) is non-zero too. After the reductions mentioned above I may

assume that G is smooth and k is algebraically closed. By indirect proof and

noetherian induotion I may further assume that the statements (ii) and (iii) are

valid for all pairs where runs over the non-zero G-invariant ideals

of B, but not for (G,B) itseld. However since G operates free on B there is

an open dense G-invariant subset U' of X and a morphism p' : U' ---t V' of alge-

braic, but not necessarily affine k-schemes such that p' : V' is a princi-

pal G-bundle [D-GroJ, Exp. V, Th. 8.1. Since X is non-empty, so are U' and V'

Let then V be a non-empty, open, subset of V' and U : = p,-1 (V).

Then U V is a principal G-bundle of affine k-schemes. By construction resp.

assumption on X one has ¢ U X • Then the ideal h with = (X-U)red

is G-invariant and non-zero since U f ¢ .

Let then V be a non-zero (G,B)-module, of finite type over B (w.l.o.g.)

Gv 0 . If 2V f V , then by induction hypothesis 0 since is a

non-zero (G, This implies GV f 0 since G(_) is exact on

(G,B)-Mod. If, on the contrary, V = then

¢ = Supp(V/SV) = Supp(V) () '\?"(b) 'I?"( (0 : V)) 1\ (X-U) (tr= zero set)

Since U X this implies rX and thus (0: V) 0 • But then again

by induction hypothesis GV = GeV/(O : V)V) f 0 since (0: V) is a non-zero

G-invariant ideal and V is a non-zero (G,B/(O: V)) - module.

The finite 0eneration of C = GB over k will be dealt with in the proof of

theorem B .Il
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(2.4) Proof of theorem B : I shall only indicate the proof for the finite genera

tion of C. The proof of the fact that Y is the quotient of X by G in the cate

gory of kschemes and of the other properties is inspired by that of the correspon

ding result for linearly reductive groups and proceeds along the same lines (see

(MumJ, Th. 1.1).

Assume first that G operates freely on B so that the equivalent conditions of

theorem A are satisfied. The kalgebra A is of finite presentation, the same

holds for the Balgebra B '3:
C
B B '3: A . Since CC B is faithfully flat this

implies that B is a CAlgebra of finite presentation too (])..Gal, 1.3, 1.4. Thus B

is faithfully flat and of finite presentation over C ,end of finite type over k

by assumption. These data imply the finite generation of Cover k by (DGroJ,

Exp. V, Prop. 9.1. In particular, by remark (1.6), C is of finite type over kif G

is unipotent.

For arbitrary G and not necessarily free operation let N G be a normal

ksubgroup. Then

Moreover N GIN) operate reductively on B (resp. NB). Hence the finite gene

ration over k of the invariant ring for the pair (G,B) follows from that for the

pairs (N,B) and (G/N,NB ) . This argument is used three times with N or GIN finite

or unipotent where the finite generation holds by CDGal, 111.2 , 6.1 ,Crespo the

above argument). For there is a finite normal subgroup N such that GIN is smooth.

If G is smooth then the 1component GO of G is smooth and connected and GIGO
is finite. If G is smooth and connected and (G) denotes the unipotent radi

cal of G then G/Ru (G) is reductive. Thus one reduces the problem to the case

where G is reductive. Modulo Haboush's theorem CHab) , finite generation of the

invariant ring in this case is due to Nagate e s g , (FogJ, rn. 5.56).11

III  Nonaffine quotients of nonaffine algebraic schemes

This part is new and was not mentioned during my talk in Paris. I indicate how the

theorems of the first section can be generalized to the nonaffine case. The results

are inspired by the corresponding theorems for linearly reductive groups, due to

Mumford (MumJ, Ch.I, §4.
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The following remain in force throughout this section. As in section I ,

k denotes a field of arbitrary characteristic, k an algebraic closur9 of k and G

a k-group with affine algebra A = A(G). Let X be an algebraic k-scheme which is

neither necessarily affine nor separated. The sheaf of k-algebras on X is as usual

denoted by OX' Let V: X x G ---+ X be an operation of G on X from the right.

If X is affine and if G operates reductively on A(X) (compare section I) then

I shall also speak of a reductive operation of G Q£ X • Theorem A (1.5) of I can

then be generalized to the following result.

(3.1) Theorem: Situation as above. If the operation of G on X is free, the fol-

lowing assertions are equivalent :

(i) There is a principal bundle p: X--+ Y with group G, i.e. a k-scheme

Y and a faithfully flat morphism p such that p: X x G X and

pr ': X x G induce an isomorphism

(v, pr ) : X x X x X
Y

X = \J U. of X
i£I l

operates reductively.

(ii) There is a covering

subschemes U. on which G
l

by affine, open, G-invariant

If (i) and (ii) are satisfied, then Y is algebraic, p is affine and

is exact in the category of all locally ringed spaces. In particular p: X---+ Y

is a universal geometric quotient of X by G in the sense of Mumford (Mum),

DeL 0.7 .11

Condition (ii) of the preceding theorem keeps its meaning if the operation is not

necessarily free, and gives rise to the next result.

(3.2) Theorem: Situation as above. Let

be the quotient of

U. ,
l

in the sense of

U be a covering of X by open,
i
operates reductively on the

X= U
ie:I

such that Gaffine, G-invariant subschemes

i E I . Let Pi: Ui Vi

theorem B (1.7).

(i) Assume that in addition the following condition is satisfied
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(3.3) For all i,j _ I the subset

U.nu. = p.(U.f'\U.).
1 J 1 1 1 J

is open in U./G and
1

Then a universal categorical quotient p: X---+ Y of X by G exists (cumpare

(Mum], Def. 0.7). Moreover Y is algebraic and p

mersive. The sets p(U.) are open in Y and U.
1 1

is affine and universally sub-

p-1 p(u.).
1

the morphism

U. x G (p,pr») U. xU.
1 1 V. 1

u.
1 1

quotient.O

(ii) The condition (3.3) of (i) is satisfied if for all is I

p. : U. V. = U./G is even a geometric quotient, i.e. if
1 1 1 1

is surjective or, equivalently, if Pi induces a bijection

Then the morphism p from (i) is also a universal geometric

For the next result I need the notion of G-linearized °X-module.(Mum] , Ch. I, §3 .

Consider the groupoid of k-schemes

X x G x G X.
P.

Let y be a quasi-coherent OX-module. A G-linearization of Y is an isomorphism

F : pr*(y)

of 0XXG-modules which satisfies the cocycle condition

(X x r) * (F) = (pr1 2)*(F) (r x G)* (F),

If X = Sp(B) '"is affine the equivalence V..........-+ V between B-modules and quasi-

coherent OX-modules induces an equivalence between (G,B)-modules and G-linearized

quasicoherent 0X-modules. This is due to the fact that a (G,B)-module structure on

the B-module V is given by a comultiplication A: V ---+ V which is semi-

linear w.r.t. the diagonal Ii: B B A , Le. by a B G: A -linear map

V G: (B G: A) ---+ V G: A = V G: • • (B e: A) ,
B,a B,lnJ

i.e. by an Ox x map

r #' ,.,

F V G: (B e: A) = r* (V) ---+ V G: (B G: A)
B,A B,inj
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In particular, in the affine case a G-linearized invertible OX-module is just a

(G,B)-module which is projective of rank one as B-module.

In the non-affine case the operation V: X x G X induces a comultiplication

A(V) : A(X) A(X x G) = A(X) & A

which is a G-algebra structure on A(X). Here A(X) : = ox(X) denotes the k-algebra

of global sections of OX' Similarly, if 1. is a G-linea.rized quasi-coherent

Ox-module then F: \1*(1.) pr*(1.) induces [J (G,A(X»-module structure on

V = 1.(X) via

V = 1.(X) \1*(1.)

(see (Mum], p, 32).

(x x G) 1.(X) & A = V s A

If moreover X = \J u. is a covering as in theorem (3.2) then the modules V(U.)
i I l - l

are (G,A(U.»-modules and the restriction maps V(U.) are rr-linear,
l - l

i.e. A-colinear. Since X is algebraic I assume I finite w.l.o.g. Then

when

V(x)c 1T V(U.) :
- i - l l i I

is a G-submodule and

(v = (v I I

If 1! is an invertible Ox-module and te 1!(X) let

Here t(x) !t e 1 1m 1 .
x xr-x x

x(..ft) : [x EX; t(x) 01.

(3.4) Theorem - Situation a.s above. 1et 1! be a G-linea.rized invertible Ox-module,

and let

z , [te G1!(x) ; X(..t) is affine (and of course G-invariant) and G ope-

rates reductively on X(t) l .

Assume that X is covered by the X(t), t £. . (In particular then 1! is

ample and X is quasiprojective).

(i) The covering X = U [X(t) ; ..te 11 satisfies the conditions, in particular

(3.3), of theorem (3.2), hence a universal categorical quotient p X---. y

exists, p is affine and universally submersive and Y is algebraic.
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Moreover p(X(t)) = = Sp(GA(X(t))) is an open, affine subscheme of y

and X(t) = p-1 p(X(!)).

(ii) There is a unique invertible 0y-submodule of p*(1) with

= GA(X(£)) (.tlx(,t)) G [A(X(.f,)) (tlx(..e))J

= G1(X(t)) c. 1(X(t)) = p* (1) (p(x(t))).

G-linearized Ox-modules.

(iii) For .(61:, G1 (X) = one has yet) p(x(t)) which is affine. Thus

is ample and y is quasiprojective.H

(3.5) Main application: Let 1 be a G-linearized invertible OX-module and

-e. = V [D GL@n(X)·,X(D)N -- is affine and G operates reductively
n:;o.1 -

on X(!)].

Let

be the set of "semi-stable points of X L". This is an open subscheme of

of X. Since X is algebraic, xSs (1) is covered by finitely many L ,
l. l.

i = 1, ... ,r. Since X(J.,.) = for all .
l. l.

G &N
I assume w.l.o.g. that t. L (X) for the same N-.1 , i = 1 , ••• ,r . Then

l. -

1&N1xSS(1) is a G-linearized invertible module on XSS(1) which satisfies the

hypothesis of the preceding theorem. Hence the universal categorical quotient

eXists, p is affine and universally submersive and XSS(1)/G is quasi-projective .•

(3.6) Corollary: If the equivalent assertions of theorem (3.1) hold true, the fol-

lowing assertions are equivalent :

(i) Y = X/G is

(ii) There is a G-linearized invertible OX-module 1 such that X = X
SS(1).

126



-16-

(iii) There is a G-linearized invertible OX-module 1 such that X = U[X(t)

£ i-J where

x(t) is affine and G operates reductively on

These equivalent conditions are satisfied if G is a k-subgroup of a k-group

X and X/G denotes the homogeneous space.1I
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LES BASES DE HODGE DANS LA THEORIE DES INVARIANTS

by

Claudio PROCESI

§I - The Grassman variety

The theory of combinatorial bases in invariant theory has its origins buried

in the invariant theory of last century.

The main starting point is the study of the Grassman variety and more preci-

sely the quadratic equations satisfied by its coordinates, in the canonical projec-

tive embedding.

Let therefore V be a vector space of dimension n over a field

in fact, as it will be clear, we can work always over the integers) and

K (but
k
II V the

k-th exterior power. We select a basis

f\ e. /I ••.««, (i l " i 2 " ••• <ik )

e
1

, ••• ,
k

of 1\ V •

e
n

of V and thus the basis

k
The Grassman variety embedded in (f\ V) (the associated projective space)

is obtained as the points in ( k V) corresponding to non zero products

v I 1\ v 2 f\ ••• f\ vk

It will be convenient in the sequel to display the vectors v
j

, ... , vk in

a matrix X
vI xII x l 2 x l n

v2 x21 x22
x2n

vk xk l xk2 xkn
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Given ... we will denote by (i l
of X formed by the corresponding columns ; (i\

nate) is thus the restriction to the Grassman variety
k

na te in (P ( 1\ V).

i Z i k) the minor

i
k)

(a Plucker coordi-

of the corresponding coord i-

The study of the equations satisfied by these coordinates is our next goal.

Various kinds of quadratic relations were found by Sylvester, D'Ovidio etc •••.

We will give the ones which lead more rapidly to our conclusions.

Consider two Plucker coordinates (i\ i Z
index s, \ s .. k , we fix our attention on the

i k ) (j \

k+1 indices

is i s+\ •.• i k j] jz js Next we take the function in the variables Xi j .

given by the product (i\ •.. i k) (j\ ••• jk) of the two minors. We want to think

of this function as depending on the column vectors of the matrix X , which we will

call 5] , 52 , .•. , Sn ' (thus Si (Xli' XZi , .•• , With this notation it

is usual to write :

, ... ,

Finally we alternate this function with respect to the chosen indices

is i s+ 1 ... i k jl j2 ..• js

The conclusion of this process is the zero function, since we alternate k+1

vector variables of dimension k

To display the alternation process we first procede formally, in characte-

is i s+ 1 ... i k
t letters).

indices

ristic 0, summing with sign over all (k+I)! permutations of the chosen indices.

Since the two coordinates (i l ... i k), (jl ••. jk) are already alternating in

their variables the effect of a permutation on the indices depends only on the

right coset with respect to the subgroup ,g k 1)( A ,permuting separately the-s+ s
and j I ... j s ("&t will always denote the symmetric

group on

Thus rather than dividing by (k-s+\)! s! the formal alternation, we may

sum over cosets representatives. Such representatives are obtained by

i) selecting any t indices out of i s
out of j I ... js

ii) exchanging them in order.

I ..• i k and other t indices

If we apply this process, which is characteristic free, we obtain a quadratic

relation with coefficients ± I satisfied by the Pluker coordinates on the

Grassman variety.

It would be easy to prove that the variety defined by these quadratic rela-
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tion is in fact the set of points which we had called, without sufficient justifi-

cation, the Grassman variety. Rather that doing this we procede with some conse-

quences proved by Hodge £3J. Consider, purely formally, the ring R generated by

variables (i
J

i k), subject to :

i) the given quadratic equations

and ii) skew symmetry in the indices.

Given a monomial

we display it in two different ways

as a row M = (i 1 ... i k j I jk .. . u
l
. ..

and as a rectangular table

i I i 2 i k

j 1 j2 jk

M

We order lexicographically the rows and hence the monomials and finally we define

Definition 1.1 - A table is standard if the indices appear strictly increasing in

each row and non decreasing in each column. A monomial M is standard if the cor-

responding table is such.

Our objective is to prove the following

Theorem 1.2 (Hodge)

i) The standard monomials are a basis of R

ii) R is the coordinate ring of the Grassman variety.

Proof - Clearly the theorem will be proved if we show

a) the standard monomials span linearly R,

b) the standard monomials are linearly independant as functions of

I , ... , .
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a) We work by descending induction on the lexicographic order of monomials,

proving that any monomial M can be written as a linear combination of standard

monomials ti' with M . First of all notice that, using the skew symmetry to

write each row in increasing order, certainly lowers any monomial in the lexicogra-

phical order. Next assume that in a table, corresponding to M, there appear two

indices in a column in wrong order (a violation to standardness)

i I i i ks

j I js jk
is> js

We then apply the quadratic equation relative to this pair of Plucker coordinates

is .•. i kI
J I J k

and to the k+l indices

to replace the product

jl .•• js . The net result of this equation is

by a sum of similar products which are necessa-

rily lower in the lexicographical ordering. In fact: jl.:.jZ<···<js<is ••• <ik
Thus in each actual exchange some indices in the top row have been replaced by

lower indices. At the level of the complete monomial we have thus replaced M by a

linear combination of lower monomials. Clearly the process has eventually to stop

and this happens exactly when all monomials involved are standard,

a. M. of stan-
1 1

by induction on n.as a function ofo

the only coordinate is the determinant

a) is thus completely proved

b) suppose that a linear combination

n=kIf

dard monomials is

f( , ... , f
n
)

I . We work
n

d = , ••• , S"kJ and the state-

ment is clear. In general it is clear that we may assume that the relation is homo-

geneous in each variable , ... , In and, by induction, that all variables

appear. Consider a parameter ). and compute 0 = f( I + II ' 1z n)'

We expand each standard monomial M
i

with respect to II and collect the various

coefficients of the powers of n . Since the result is identically zero every

coefficient will vanish ; we give our attention to the highest which one can

possibly obtain. A Plucker coordinate is linear in each index therefore

s. ) =
1k

s. ...
1Z

r. ) + ?! (Sz
1k

...
1Z

and if

power of

this gives a contribution in n formally non zero. Thus the highest

achieved as follows. For a given standard monomial M, let h1(M)

be the number of I's appearing which is not followed by Z ; let be the lar-

gest amony all the hl(M) appearing. For these monomials substitute I with Z in

the corresponding j boxes. The result is again a standard monomial and distinct

standard monomials remain distinct. By the remarks made the resulting linear combi-
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nation is identically zero. Since we are working by induction we would have lowered

a i.e. each is followed by 2. Next we substi-

etc ... The net result is that we can always lower thetute

the degree in I unless j

II 51 + rt t3
degree in 31 unless we are in the trivial case k = n already treated.

§Z - Double Tableaux

The next important formal step is due to Doubilet, Rota, Stein [ZJ and it is

given by the theory of double standard tableaux.

We consider a special case of the previous construction i.e. n = Zk • In the

resulting Grassmanian we consider the affine part defined by setting equal to

the last coordinate (k+I k+Z •.. 2k). It is clear that this affine variety W

has, as affine coordinate ring, the ring with basis the standard monomials in the

remaining coordinates. Furthermore W is canonically isomorphic to affine k2

dimensional space by the map that (for notational reasons) we construct as follows.

We think of affine k
2

dimensional space as having coordinates X.. .
'

i,j = I, ... ,k , the entires of a k x k matrix X and map a point X = (X .• ) to

the point in W given by the Plucker coordinates of the following k X2k matrix:

2

X..

k o

a

a

o o

o

The fact that this gives an isomorphism between Wand the affine space is easily

verified by constructing the inverse, noticing that

X.. (_I)k-i (j k+1 '" Zk-i+l Zk-i+2

(k+1 k+2 ....•

2k)

2k)

Therefore the theory of standard monomials developed for the Grassman variety

reflects into a theory of standard monomials for the ring K (X .. J .

We thus interpret in this case the quadratic equations and the standard

monomials.
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First of all let a = (i
l
•.. it i

t+ 1
... i

k)
be a Plucker coordinate with

it k <

We see immediately that a is a minor of the k k matrix in fact it is

the tXt minor having as columns i]

these indices are obtained as follows

and rows where

Write down the table of indices

k+1 k+Z Zk

k k-]

erase on the bottom line the indices corresponding to i
t+ Z i

k
on the top

line and take as St St_1 ... sJ the remaining indices in decreasing order.

St_] •.. s J Ii] i) the resulting minor.
t

A product of minors will be displayed always in decreasing order of the sizes

We will denote

of minors and in a double table

Given such a double table (TI T') we will call its "shape" the decreasing

sequence t] t z ... t r of the lengths of its rows. We order always the shapes

lexicographically. The degree of a table is its degree as a polynomial ; we remark

that in fact a table is homogeneous and of degree t] + t z + ... + t r .

We now read off the quadratic equations in terms of these minors as follows

let

(i] it i t+J i k)
k< i k+1

and (j I ... js js+] jk) j k< js+]s

be two Plucker coordinates corresponding to minors (qJ .•• qt IiI'" it) ,

(p] .•• J j J .•. j s)· Assume t sand z S an index ; the corresponding

quadratic relation splits in two parts. In the first part we collect all terms in

which some h elements among jl jz •.• jz are exhanged with h elements among

i z i
Z+ 1 ••• it . In the second part we put the remaining terms. Now the first part

of the sum is a sum with signs of products of minors :

133



-7-

where we put the dots on top of the indices to be exchanged. The remaining sum is a

product of two minors of size t' , s' , respectively, with t' + s' t+s but

t' ::> t .

Clearly there must be a similar quadratic equation acting on the left indices.

These are the relevant quadratic equations for the theory to be developed.

Next we read off the standard monomials. Given

M

it'" k < i t+] , js'" k < js+1 we display it as a product of two minors

M'

(h
s

Proposition 2.1 - M is standard if and only if t and the double table is

standard on the right and left i.e. i w jw

w == l, ... ,s

w = I , ... , s , and Sw hw '

K r x. .:1 has a linear basis formed by the standard double ta-
1.J

Proof - If M is standard jt+1 i t+ 1 > k , so that s.:f. t ; the fact that the

double table is stantard is easily verified from the definitions given. The converse

is similarly dealt with.

We deduce then the following

Theorem 2.2

i) The ring

bleaux.

ii) The subspace of K (X .. J generated by the tableaux of degree nand
1.J

shape than a fixed shape t] t
2
•.• t

r
has itself a basis formed by the double

standard tableaux of shapes t
1
t 2 ... t

r
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i) This is a translation of Theorem J.2 according to proposition 2.]

ii) This is seen by the special quadratic equations which we have displayed.

By these equations we can write a table of shape

dard tables of the same or higher shape.

in terms of stan-

We want to deduce some corollaries of this theorem. First of all we remark

that the theorem extends immediately to a set of variables

j = l , .... ,m with m and n

X.• , i = J, ... ,n

not necessarily equal. In fact it is sufficient to

set 0 some of the variables of the given matrix X to make it into a rectangular

matrix. As a consequence, all tables disappear which contain the (column and row)

indices of the variables set equal to zero.

Next we consider the natural action of the groups GI (n, K) and GI (m, K) on

the variables X.. • But then the space spanned by the double tableaux of a given

shape is invariant under both groups.

the space spanned by all tables of shape

char K

t
r

P t] + t 2 + •.. + t r • We thus obtain on the space of

degree p a canonical filtration ordered by the decrea-

with 2: t. = P of subspaces invariant under both

o , it can be shown that the space

sing sequences t
J
, t

2
, ••. , t

r
groups GI(n,K), GI(m,K) (If

We wi 11 call P
t] t 2

t] t 2 ••. t r and degree

homogeneous polynomials of

P is in fact spanned by the double tableaux of shape exactly
t J t 2 .. , t r

t J t 2 ••. t r ) ·

Finally consider again n=m • The special linear group

by setting equal to the determinant of the matrix (Xi j).
standard monomials gives an induced theory for the coordinate

the group Sl(n,K).

Sl(n,K) is defined

Thus the theory of

ring A
K (Xij)

of
(d-J)

Proposition 2.3- A has a basis formed by all double standard tableaux in the indi-

ces l , 2 , ••• , n ==::.-::=:.:::......;:.;;::......=== n-J .

The meaning of this basis should be apparent considering A as a representa-

tion of Sl{n,K) acting on the right and on the left and remarking that the cano-

nical filtration in K [X . .J induces an analogous filtration on A

We explain in more detail the representation theoretical meaning of this

filtration as follows.
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the

the

t
l

t 2 ••. t r • We define TM

• Let also Pt' t by the
1'':' r

and Pt ... t
j r

standard tableaux of

of shapeT

has as basis the classes of double

Consider a standard Young table

following module. Consider the subspace P t
j
••• t

r
subspace spanned by double tableaux of strictly higher shape

quotient. Thus P
t l · · · t r

the given shape. _M will be the subspace of P t spanned by the double stan-r : t l · · · r
dard tableaux of type (TI T') T' varying over all standard tableaux.

Lemme 2.4 - TM is a GI(m,K) submodule.

Proof - Acting with GI(m,K) on a tableau (T I T') we obtain a linear combination

of tableaux (TI T), T not necessarily standard. But the quadratic equations show

how, modulo P' such a tableau can be expressed as a linear combination of
t j ••• t r '

standard tableaux of type (T \ T') .

Consider the canonical Young table of shape t] t 2 t r

2 3 MJ2 3

U 2

(with i on the i-th column).

Theorem 2.5 - K is an infinite field, every Gl(m,K)-submodule of con-

tains the table (T I U).

Proof - Let a = L; o(i (T I Ti) oC i f 0 • We must show that (T I U) is in

the submodule N generated by a • We make the linear transformation which we

write directly on the indices (thought as basis vectors)

) m

l i

I-__ m + n (m-I)

1-----+> i i < m •

Once we have exausted these steps

m-I 's . Next we

notm's

appearing

are replaced by

a i . N 'V i • The highest coefficient ak
which have the maximum number, say k, ofT.

1

In this case all the m's

m m + 'l\(m-2), etc •..

preceded by any m-I •

make the substitution

k
If.... (a) = :L a. ; clearly

l\ 1=0 1

comes from all the tables
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will appear only on the mt h column. Next we act on m-I etc ..• The final result

is in fact d. (T I U) ,0( # 0

is irreducible, because

As a corollary we see that, in characteristic 0,

GI(m,K)-modules are semi-simple (this can be done

quite simply in this context by introducing an Hermitian form explicitely). Since

also all the analogous modules I1.r = f. (T'I T) ; T' varying} are irreducible for

GI(n,K), we see that all 1M are isomorphic as GI(m,K)-modules, similarly all the

M.r ' finally P is isomorphic to
t .... t
1 r

§3 - The Flag variety

Recall that, given a flag in n-dimensional space V:

we associate to this flag the Plucker coordinates obtained by picking a basis

vI v2 .. . v of V such that vI ... v . is a basis of V. and associating ton 1 1

the flag the Plucher coordinates of V11I ... l\vi for each i

We may as well associate all the coordinates for i =

last coordinate is inessential.

If we display the coordinates of the vectors v
1

n-I , since the

v in a matrix
n

v
n

Xnn

we see that a typical Plucker coordinate for the flag is a minor

(i 2 I I j I j 2 .•• j i)' We deduce immediately from the various theorems proved

in the previous paragraph that the ring generated by these Plucker coordinates has

a standard basis of type: (U I T) ,U a canonical table with each row of length at

most n-I , T any standard table.

We have thus the theorem that the coordinate ring of the flag variety decom-

poses into the sum of the modules for all canonical tables U (given just by

assigning the shape). This in characteristic 0 is easily seen to be the main part

of the Borel-Weil theorem for the special linear group.

The point that we want to stress now is the fact that the coordinate rings of
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the Grassman and flag varieties are in fact rings of invariants.

Theorem 3. 1 -

1) The ring generated by the Plucker coordinates (i
l
.. , i k) is the inva-

riant ring of the n column vectors 51 £n under the action of Sl(n,K) .

2) The coordinate ring generated by the Plucker coordinates of the flag mani-

fold (k 2 1 i J i
2
... i

k),
k 1, ... , n-I , is the invariant ring of the

coordinate ring A of Sl(n,K) under the action of the group of strictly lower

triangular matrices.

Proof

1) He invert the element d = D ., . ; then if f (X.. ) is inva-
1

riant it does not change if we act with a linear transformation which turns the

first k vectors 51 $2 ... Sn into (d 0 ... 0) (0 1 . .. 0) . .. (0 0 ... 0 J) •

But now with these vectors write the other vectors :

i.

1.
i.

d
J.
J

Then coordinates are expressed terms of such Plucker coordinates. It follows

that, after localizing at d, the invariant ring is in fact generated by the

Plucker coordinates. But now one has just to show that, if g = df is a polynomial

in Plucker coordinates (i
l
... i

k)
then so is f. This is achieved by the stan-

dard basis noticing that by an argument absolutely analogous to the one used in 1.2,

if a polynomial g in the Plucker coordinates (i
J
••• i

k)
vanishes when the first

k vectors ... Sk are dependent, then each standard monomial appearing in g

has (I 2 ••. k) on the first row.

n 1---+ n + (rr-T),

He must show that T.
i.

the second etc •.. He make, as in 2.4, the sequence of substitution

2) It is clear that the minors (k ... 2 1 I i 1 ... i
k)

are invariant under

(left action) of the strictly lower triangular group. Conversely let g be such an

invariant and we write it as a sum of double standard tableaux: g = L; 0(. (T. I
is of the canonical shape with 1 on the first column, 2 on

i i (for i <. n) ; n n +'l) (n--Z) etc •.. Since g is invariant each substi-

tution gives a polynomial constant in 1) . This implies that every m appearing in

each standard monomial of g is preceded by an n-I , an n-2 , etc ... Continuing

in this fashion we see finally that each T. is a canonical table.
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We could treat similarly the other quotients by parabolic subgroups but we

leave it.

§4 - Mixed invariants and determinantal varieties

vector variables: XI = (XII"'" Xlk) ,

and n form variables:!1 (511 , .•• , Slk)

• We act with the general linear group GI(n,K) on the

We consider now n

Xn (Xnl, .. ·, Xnk)
Sn (Snl , ... , Snk)

vectors by the canonical

The "scalar product" : <

ac t ion and on

J
j

, :;. =

the
k
L:
t=1

forms by the contragredient action.

Xit are clearly invariants.

Theorem 4.1

a) The ring K «Sj , Xi>] is the full ring of invariants;

b) It is isomorphic to the ring of polynomials

generated by the (k+I)X (k+l) determinants;

K (Y .. ] modulo the ideal
J:I.

c) It has thus a basis of double standard monomials.

Proof We sketch the proof, for details see (IJ. We first remark that by obvious

properties of determinants every (k+ I) X (k+ I) determinant in the .(, t , x. > is
J :I.

zero. Thus the ring K«5. , X.>J is certainly spanned by the double tableaux with
J :I.

first row of length k . Now the general linear group GI(n,K) acts on

K [<So , X.>] in two ways, i ;«, on the f s and on s Thus
J :I. J:I.

K « , X; >]!:l<. K (Yj i1
I ' where I is invariant under both actions.

By Theorem 2.4 we see that if I were different from the ideal spanned by the

double tableaux with firs t row of length k+ I then I would contain a canonical

table with first row of Leng th s-k This is clearly absurd. So the second part of

the Theorem is proved. To prove the first part one procedes as in 3.1 ; first one

localizes at the element d = (k ... 2 I 1 I 2 ... k ) and shows that the invariant

ring after this localisation is generated by such scalar products. Then one has to

prove that d can be cancelled in a similar way as the one used in 3.1.

In a similar way one can prove that the SI(n,K) invariants are generated by

the c lj , Xi'> and the determinants (Xi I ••• xikJ , (Sj I ••• Sjk) and produce a

standard basis Theorem for such invariants.
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The other classical groups can be similarly treated once one finds standard

basis for some other representations of the general linear group Gl(V), in parti-

cular for the second symmetric and alternating power of the vector space V

In coordinates one considers first a symmetric matrix

i,j 1 , ••• , n and the coordinate ring R K eX.. J
1J

x (x.. ) , x.. x..
r j J1

(as a representation of

Gl (n,K)) .

Then the ring R has a basis formed by special kinds of standard tableaux.

Let in fact (i J ... i
k
I j J jk) denote the corresponding minor in the matrix X.

A product of such minors (i
l

ikJI jJ ... jk
J)

(sJ ... sk21 t j ... tk
2)

..•

••• (Zj .•. Zk 1 wj ••• wk) ordered by decreasing size will be disployed in a

unique table : r r

::: r

We have thus a notion of standard monomial and we get

Theorem 4.2 - The standard monomials are a K-basis of the ring

(For the proof we refer to

K tx ..1
1J

Notice that again the canonical filtration induced by lexicographical order

of shapes is made of Gl(n,K)-invariant submodules and also a Theorem like 2.4

holds giving in characteristic a the decomposition of R into irreducible sub-

modules.
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The relation with invariant theory comes from the study of orthogonal inva-

riants. Let u
l

, ... , un be vectors (with k coordinates) and consider the usual

scalar product (u.,u.); u. u. . Then we have a corresponding orthogonal
J t; J t J t

group and the scalar products are invariant.

Theorem 4.3

a) The ring K[(u.,u.)]
J

is the full ring of orthogonal invariants for n

vectors ;

b) K ((u.,u.)] is isomorphic to the polynomial ring K ex.. J (X.. x.. )
J J

modulo the ideal generated by the (k- l ) X {k-e l ) minors;

c) K ((u.,u.)] has a basis of standard monomials.
J

See [1].

As for the symplectic group we consider a skew symmetric matrix X; (X.. ) ,

Xi j - Xj i ' Xii; 0 . Given an even number of indices i
l
i Z we denote

[i l i Z .•. iZnJ the Pfaffian of the special skew symmetric matrix extracted from X

taking as rows and columns the ones of indices i
j
i Z ... i Zn . Then we can deduce

a theory of standard monomials a product

is displayed in a unique Young table

.i I

Again we have the notion of standard monomials, the canonical filtration invariant

under the action of Gl(n,K) and the theorem:

Theorem 4.4 - The standard monomials are a basis of K (X .. J
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Finally one identifies again the invariants, under the symplectic group, of n

vectors u l , ... , un in 2k dimensional space with a skew form < ui,uj >

the scalar products just defined and proves :

with

Theorem 4.6 -

a) The ring of symplec tic invariants of n vec tors u I , ... , un is genera-

K (X.. :I
:LJ

modulo the ideal generated by the Pfaffians of the subma-(x..
:LJ

trices

ted by the products < u. ,u. > ;
:L J

b) K «u.,u.>J is isomorphic to the polynomial ring
:L J

- x.. , x.. = 0)
J:L :L:L

of size 2k+2

c) The ring. K [<u. ,u.>J has a basis of standard monomials.
:L J

Of course also in this case we have in characteristique 0 the description

in terms of irreducible representations of GI(n,K) .

§5 - The symmetric group and the Brauer-Weyl algebra

The theory developed can be used to deduce the commutation theorems, classi-

cal in characteristic zero, for the classical groups acting on tensor spaces, in a

characteristic free approach and a theory of standard tableaux for the symmetric

group.

acting on a vector space VI, thenThe main point is that, if G is a group
:\:

End(W) W III W::!: (W III W:\:)
:\:G

End
G
(w) (VI VI:\:) G (VI III 11')

the invariant elements. Furthermore if W Villm

and

:\:G
then (VI III W:\:) is identified

to the multilinear invariants under G of m vectors and m forms.

i m and j 1 ... jm

is spanned by the

Young tables with

We identify M

by associating to a permutation

, ••• , m

The theorems proved in the previous paragraph can then be interpreted in the
2following way. First of all consider the polynomial ring K (Y .. J in m variables

:LJ
Let now 11 be the subspace of K (Y .. J spanned by the mono-

:LJ
Y•.• i,j = 1
:LJ

mials of type Yi
j
jl Yi 2 J' .•. Y.. where both i l i 22 .

are a permutation of I, .•• ,m. It :LS :Lmmed:Lately seen that M

double standard monomials of type (TI T') where T and T' are

m rows filled in a standard way by all the indices 1,2, ... ,m .

m
with the group algebra of the symmetric group
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cr" the monomial Y1 0-( 1) Y2 er(2) •.• Ymo-(m) ; muLt i pl i cat i.on by a permutation

on the right or left corresponds to permuting the indices either on T' or on T

(by 0- or "..-1). The canonical filtration gives a filtration of ideals in K e.g 1
m

and in characteristic 0 one has that each ideal in the filtration has a comple-

ment in the next filtration step which is a minimal ideal (corresponding to the

representation given by the Young tableau). One recovers thus Young's Theorem on

the basis for the representation of in terms of standard Young tableaux.
m

We then map M to the multilinear invariants of m vectors and forms :

and obtain

Theorem 5.1

a) The symmetric group -!m GI(V) on V&l ;

b) The kernel of the map : K ( ..g mJ End(v&l) is the ideal I generated

by the (undivided) antisymmetrizer on n+I (dim V = n) ;

c) K ]/1 has a standard basis.
m

As for the other classical groups one has similar results. Given V&l and

two indices i,j we can define a map : V&l --3> V&l- 2 by contraction on the

given indices but we have also a map : V&l- 2 ----:> vlilm given tensoring (in the two

given indices) by the invariant element 1lii Vlil2 corresponding to the form. The

result is 1:'.. V&l ----:> V&l If G is the group of the form I we havea map :

&lTheorem 5.2 - EndG(V ) is generated but the elements

group.

1:::.. and the symmetric

One can give a (somewhat obscure) description of this ring (the Brauer-Weyl

algebra) by standard bases.
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INTEGRAL REPRESENTATIONS OF FINITE GROUPS

Irving REINER

Introduction

Let G be a finite group, and ZG its integral group ring. By a

ZG-lattice we mean a left ZG-module which is finitely generated and projective as

Z-module. A basic problem in theory of integral representations is as follows

given a group G, classify (up to isomorphism) all ZG-lattices. It is easily seen

that every lattice is expressible as a finite direct sum of indecomposable lattices,

though usually not in a unique way, since the Krull-Schmidt Theorem need not hold

true for ZG-lattices. The basic problem may be split into three parts :

I) For which groups G is the number n(ZG) of isomophism classes of

indecomposable ZG-lattices finite ?

II) When n(ZG) is finite, determine a full set of indecomposable

ZG-lattices.

III) When are two direct sums of indecomposable lattices isomorphic ?

The solution to (I) has been known for many years (see the discussion in

[2, Chapter XI]), and is as follows

Theorem - There are finitely many isomorphism classes of indecomposable ZG-lattices

if and only if for each rational prime p dividing IGI, the Sylow p-subgroups

of G are cyclic of order p or p2

Jacobinski t6J has generalized this result to the case of RG-lattices,

where R is the ring of algebraic integers in a number field.
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Problem (II) is much harder, and its solution usually requires knowledge of

ideal class groups in algebraic number fields, as well as congruence properties of

units in such fields. The problem has been solved only for the following few

cases

i) G cyclic of prime order p (see(2 , Chapter xI], or (3J,[12J)

ii) G dihedral of order 2p , where p is prime t9J

iii) G metacyclic of order pq , where p,q are prime [ll]

iv) G cyclic of order 2 , where is prime (see [14]-[16J).p P

To complete the list, we mention the work of Nazarova{lOJ, who solved

problem (II) for the case where G is an elementary abelian (2,2) group, even

though n(ZG) is infinite for this case. She also treated the case where G is

the alternating group A
4

We turn finally to the most difficult problem (III), which is almost untou-

ched. For cyclic groups of prime order, the solution has been known for many years

(see (3.2) below) ; the problem has also been solved for case ii) above.

In this article, we shall describe the solution of (II) and (III) for cyclic

groups of order p2; detailed calculations may be found in [16].

Let us recall the definition of genus : two ZG-lattices M, N are in the

same genus (notation : M V N) if their p-adic completions M and N are
p p

ZpG-isomorphic for each prime p dividing IGI. In trying to classify ZG-Iattices

up to isomorphism, one usually begins by giving a full set of genus invariants.

One must then find additional invariants which distinguish the isomorphism classes

within a fixed genus. Often, these additional invariants are ideal classes of some

kind. In the cases considered below, we shall find an invariant lying in some factor

group of the group of units in some finite ring. Furthermore, a Legendre symbol

will also appear as a possible invariant of a ZG-Iattice.

§l - Extensions of lattices

Throughout, let R denote a Dedekind ring whose quotient field K is an

algebraic number field ; let A be an R-order in a finite dimensional semisimple

K-algebra A • For each maximal ideal P of R , let denote the P-adic comple-
tion of R , and A the completion of A , etc ••. We may choose a finite non-P
empty set SeA) of P's , such that A is a maximal Rp-order in for eachp
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p ¢ S(/\). (For example, when II. is an integral group ring RG , it suffices to

choose for S( /\) any set which includes all prime ideal divisors of

a II.-lattice, let End/\(M) denote its ring of /I. -endo1llOrphisms, and

group of /\-automorphisms of M, acting from the left on M. We use

denote the external direct sum of n copies of M

Let us begin with a simple lemma (see (IJ or [5J)

IGl). For M

Aut,,(M) the
M(n) to

(1.1) Lemma - For

S. E Ext/\I (N.,;)
]. ]. ].

Then XI Xz if

iI,Z , let

determine a

and only if :

M
i

and N
i

be 1\ -modules, and let

1\ -module Xi . Assume that Hom" (M I ,NZ)
o .

for some 1\-iso1llOrphisms '6: MI MZ ' $: NI -;: NZ

(1.2) Corollary - Let M,N be A-modules such that Hom/\(M,N) - 0 . For i 1,2,

let Ii determine a 1\ -module Xi Then XI Xz if and only if :

(1.3) for some l 6 Aut" (M) ,

Let us call

fied, and write

thus in bijection

the orbits of

and strongly equivalent when condition (1.3) is satis-

51 'z . The isomorphism classes of extensions of N by Mare
I

with the strong equivalence classes in Extl\(N,M) , that is, with

under the actions of Aut/\(M) and Aut,,(N) .

For each maximal ideal P of R , we have

The right hand expression is zero for each P t s ( A), since for such P we know

that Ap is a maximal order, and thus the Ap-Iattice Np is Ap-projective. This
Ishows that ExtA(N,M) is a torsion R-module, whose torsion occurs only at the

primes p in S( 1\). It follows at once that if M' V M and N' V N , then

I '" IExt,,(N,M) = Ext ....cNI,M')

Indeed, we may give such an isomorphism explicitly, as follows

Lemma (see [13, (Z7.1))), we can find 1\ -exact sequences

by Roiter's

o -") M M' T 0
,¥'o ----7' N I --'-+ N __ U __ 0
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,
in which both T and U are zero for each P6 S (1\). The pair (41, '1') then

P p
induces an isomorphism

t : (N,M) (N' ,M')

which we shall call a standard isomorphism

We wish to show that under certain mild hypotheses, the strong equivalence
Iclasses in ExtA(N,M) depend only on the genera of M and N . A A -lattice M is

called an Eichler lattice if EndA(K M) satisfies the Eichler condition over R

(see (13, (38.1)J). When R is the ring of all algebraic integers in K, M is an

Eichler lattice if and only if no simple component of EndA(K M) is a totally

definite quaternion algebra. Certainly M is an Eichler lattice whenever End,,(M)

is a matrix ring over a commutative ring.

The following result is established in t161:

(J .5) Theorem - Let M N be Eichler 1\ such that Hom,,(M,N) 0 ,
and let M'V M , N' " N Let t be a standard isomorphism as in (1.4) and let

, 12 (N,M) Then

Thus there is a bijection between the strong equivalence classes in

and those in (N' ,M').

I
Ext" (N,M)

This result shows that, under suitable hypotheses, there are as many isomor-

phism classes of extensions of N by M as are of N' by M' . We conjecture that

this same result holds even when HomA(M,N) f 0 , and whether or not Mana N

Eichler lattices.

As an easy consequence of the above theorem, we obtain

are

(1.6) Corollary - Let M and N

let Mi V M, Ni V N, i = 1,2

determine an extension X. of
1.

be Eichler lattices for which HomA(M,N) 0, and

, ... , r . For each i, let E Ext"I(N.,M.)
1. 1. 1.

be a standard isomorphism as in (1.4), for I 4-i4Sr • Then a full set of isomorphism

invariants of the '" -lattice Xl \& ••• \& Xr are as follows
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Ell M.

ii) The strong equivalence class of the matrix

diag (t 1( , ••• , t r ( lr) )

in under the actions of GL(r,A) and GL(r,r), where

§2 - Exchange formulas

End"(M) A = EndJ\(N)

Keep the notation of §I ; by an R-Iattice we mean a finitely generated

projective R-module. Steinitz's Theorem (see (2 , Chapter IIIJ) gives the structure

of R-Iattices :

Theorem - Each R-Iattice M is isomorphic to an external direct sum + +
of fractionalR-ideals in K . A full set of isomorphism invariants of Mare

its n , and the ideal class of the product ••• GLn . (This ideal class

is called the Steinitz class of M).

A special case of this theorem gives

This formula is easily generalized to the case of II -la t t i ce s , where" is an

R-order, and we obtain (see t13) or t17J)

(2. I) Proposition - Let L,M,N A-lattices in the same genus. Then

M Ell N L Gl L'

for some L' in the genus of L .

Now let M and N be arbitrary A-lattices; the ring Endll(M) acts from

the left on If X is an extension of N by M corresponding to the ex-

tension class E Ext(N,M), and if E End,,(M), then we shall denote by lIX the

A-lattice which corresponds to the element )fJ co Ext(N,M). If ¥ satisfies the

condition

(2.2) ¥ Eo Aut (Mp)p 1\
p

for all PES ( " )

149



-6-

then it is easily seen that '6 X is in the same genus as X. The method of proof

of (2. 1) then yields (see (16J) :

(2.3) Exchange Formula - Let X and Y be f\ -lattices which are extensions of

N by M , and let l End,,(M) satisfy condition (2.2). Then

X ED llY

Similarly, we obtain

(2.4) Absorption Formula - Under the above hypotheses, we have

The preceding results show at once that the Krull-Schmidt Theorem need not

hold true for 1\ -lattices, and that usually "cancellation" is not possible. The

proofs of (2.1)-(2.4) are elementary, and depend only on the "Strong Approximation

Theorem" in algebraic number fields. There is a much deeper version of (2.1), due

originally to Roiter (181, and proved in a different manner by Jacobinski (7]

(see also tI7J). Roiter's result is as follows:

(2.5) Theorem - Let Land M be f\ -lattices in the same genus, and let F be any

faithful'" A-lattice. Then

L ED F ';t M ED F'

for some F' in the genus of F

§3 - Cyclic p-groups

Let p be prime, and let
j

h. = z txJI (xp - 1) , R.
J J

Then R. ';t Z (w. '], where
J J

is the ring of all algebraic

pj

R.
J

Dedekind ring, and Steinitz'sis aR.
J

K. = Thus
J J

is the cyclotomic polynomial of order

is a primitive pj-th root of lover Q , soe".
J

integers in the field

where

This means that no non zero element of 1\ can annihilate F •
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Theorem gives the structure of R.-lattices.
J

If G is a cyclic group of order zp ,we may identify ZG with the ring

• For j = O,I,Z, R
j

is a factor ring of ' and so each Rj-module may be

viewed also as a Now let M be any AZ-lattice, and set

Then there is a

L = [m £ M

hz-exact sequence

(x
p

- I) m

(3. I) o --. L ----+ M ---"t N ----+ 0

where N = MIL. Here, L is a hI-lattice, and N an RI-lattice. Thus, in order

to classify all 2G-lattices M, we must classify all AI-lattices L, and all

RZ-lattices N, and then determine all strong equivalence classes in

(Note that HomZG(L,N) = 0 in the present case, so Corollary (j.2) applies here).

By Steinitz's Theorem, the RZ-lattice N is a direct sum of fractional

RZ-ideals. The isomorphism invariants of N are its RZ-rank and its Steinitz

class. On the other hand, the structure of the AI-lattice L is known from the

results of Diederichsen and Reiner (see (Z, Chapter XI]), and can be described in

the following manner : both Z and Rj are factor rings of AI' so they may be

viewed as Aj-lattices. For each fractional Rj-ideal , viewed as Aj-lattice,

we have

(Z,.&) rt Z
I

where Z = zjpz Let (Z,-G: ; I) denote the extension of Z by ..e. corresponding

to the extension class ie z , and let us denote (Z,o(;. ; I) by E(-e. ) for

brevity. It turns out that E(0(; ) is always in the same genus as Al , and that the

isomorphism class of ) depends only on the ideal class of e&- Then one has :

(3. Z) Theorem - Every AI-lattice

(a) • 'pI •

+"j+'"

L is isomorphic to an external direct sum

where the are fractional RI-ideals. A full set of isomorphism invariants of L

are the integers a,b,c (which determine the genus of L), and the ideal class of

the product
) ,

-<;1'" -e.b -{;I

(called the Steinitz class of L).
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Thus in the exact sequence (3.1), we know the ZG-Iattices Land N quite

explicitly. Our next step is to compute the extension classes, and here we have

a result due originally to Diederichsen (see (3) or (5J) :

(3.3) Proposition -

R
2
- i dea l . View both

L be any AI-lattice, and let be any fractional

L and as ZG-Iattices.

IExtZG (.c, L) ':! L/pL

IThe above result enables us to calculate ExtZG(N,L) , where N is any

R2- l a t t i ce and L any AI-lattice. We wish to determine the strong equivalence

classes in Ext(N,L) , and by (1.5) it suffices to make the calculation after repla-

cing N by any lattice in its genus, and likewise for L Thus we may take :

(3.4) N = R(d)
2

L A(c)
I

Let bars denote reduction mod p , so ;;1 A /p '\ Z Z/pZ , etc ...
I

Then Al = znl/ ( "lip), where 'h= I-x , and so Al is a local principal ideal

ring. Let us now consider the special case where a = b 0 in.. 0.4). By 0.3)

we have :

E t l (N L) ':'!_ (L/pL) (d) "!_
x ZG '

-c x d"I
where -c x d -hI denotes the set of all c X d matrices over "I • Clearly

Aut ZG (N) Aut ZG (L)

There are ring surjections and ' by means of which both

GL(d, R2) and GL(c, /\1 )
-c )<.d The equivalence classes in Ext(N,L)act on "I strong

just the orbits of -c xd the actions of GL(d, R2) and GL (c , /\ I ) .are "I under

In particular, every elementary matrix over Al is the image of some matrix

in GL( AI)' and also of some matrix in GL(R
2).

Hence each X E is strongly

equivalent to U X V , where U and V are products of elementary matrices over AI.

Since Al is a local principal ideal ring, we may diagonalize X by use of ele-

mentary transformations. We obtain (for c d) the resul t that X is strongly

equivalent to a matrix (D oJ, where D is a diagonal matrix

0.5) D
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with each ui a unit of A
j

• An analogous result holds for the case where c

It follows at once that every extension of a free Rz-Iattice by a free A]-lattice

must decompose into a direct sum of copies of R
Z'

A] , and extensions of

RZ by A] In order to decide when two such direct sums are isomorphic, we must

determine a full set of invariants of strong equivalence classes of matrices

over iiI

Some additional notation will be needed for 0* k 4p , let

(3.6)

Then r
k

is a local principal ideal ring, whose group of units we shall denote by

u(rk ) · There are ring surjections "] ----i> r
k

and R
Z

r
k

' which induce

homomorphisms

We now define

(3.7)

(As a matter of fact, u( AI) and u(RZ) have the same image in u(rk) , by the

resulcs of Kervaire and Murchy (8J).

-c x d
Suppose now that the matrix XE:J\] is strongly equivalent to (D oJ

k j k C ?
with D as in (3.5). Then , ... ,n s is precisely the set of elementary

divisors of the matrix X, in the usual sense of elementary divisors of matrices

over principal ideal rings. These elementary divisors of X are clearly an inva-

riant of the strong equivalence class of X. In the special case where c = d ,

let X D with D as in (3.5), and define:

u(X) image of in

It turns out that u(X) is also a strong equivalence invariant of X, and indeed

we obtain (see (16J) :

(3.8) Theorem - Let X, X' e x.d , where c # d . Then X X' if and only if

X and X' have the same divisors.

153



-10-

(3.9) Theorem - Let x X' ",;c x c
, "I Then X l'I'IX' if and only if

i) X and X' have the same elementary divisors, and

ii) u(X) u(X') in U
p
_
k

,where
c

among the elementary divisors t'h k l .2i X

k
c

is the largest exponent occuring

These theorems give us information about ZG-lattices M which are extensions

of free R
2-lattices

by free AI-lattices, and also enable us to determine all

ZG-lattices in the genus of M. Each such lattice M determince a strong equiva-
-e c xd

lence class of matrices in Al ' by means of the isomorphism

"c xd
I

For each RI-ideal in K] , we have defined (see (3.2» a

which lies in the genus of "I . For each R2-ideal in K2

AJ-lattice E(.e)

by (3.3) we have

Each element of iiI is expressible in the form '1Ik u ,where 0 and where

uE-u( AI) ; by virtue of the above isomorphism, this element Ilk u determines

(up to isomorphism) an extension of.c by EC-(;.). We shall denote this extension

by CEC-e),.c; '?,k u) ; the genus of this lattice depends only upon the exponent k,

and not upon the choices of -(].,:r:;; or u . We are now ready to restate Theorems 3.8

and 3.9 in terms of ZG-lattices, as follows

C3.JO) Theorem - Let N be any R
2-lattice,

and L "J-lattice in the same genus

as a free "I-lattice. Then every 2G-lattice M which is an extension of N L,

(3.1) ,is isomorphic to a direct sum of indecomposable 2'G-Iattices

r
M li (EC-e.) ,-C.

i=]

r+s
..LL EC-e.)
j=r+ J J

r+t

nJ=tl c:n
where each ,; i is a fractional RI-ideal in the cyclotomic field

is a fractional R2-ideal in K2 ' and where

KI ' each .c.
J

The genus of M is completely determined by the following invariants :

i) The integers r+s and r+t, and the set of exponents [k] , ... , kri
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The additional invariants, needed to determine M up to isomorphism, are as

follows:

ii) The ideal class of (/.

r+t
iii) The ideal class of liT {;. , and

j=1 J

r
iv) For the case where s = t = 0 only, the image of TT u. in the finite

i=1
group Up-k defined as in (3.7), where k is chosen as Max tkl , .. -, kr 1

Remarks

I) The Exchange and Absorption Formulas of §2 yield isomorphisms of the

following types :

(E (0(;.) 11k u )
I )oh E(-C-t'),t:' lil EEt) N '\ .z , lil

1\k u)
I

'hk)
,

(EE(;. ) ,C lil-<;' (E(-e) , RZ

u)
,

'h
n u ')(E (-t) ,-C lil )

'l\k) (E(-e...e') .c e:
,

':>In u u') ,("I' RZ lil

and so on. It is then an easy matter to show that M is determined up to isomor-

phism by the invariants listed in (i) - (iv) above. The real difficulty in the proof

of Theorem 3.10 is showing that when:

M = 11 ,-t".

then the image of 1Tui in U
p_k

(as described in (Lv) is indeed an isomorphism

invariant of M. This fact is a consequence of Theorem 3.9 above.

2) The structure of the finite groups Uk' 06 k , has been studied by

Galovich [4] and Kervaire and Murthy C8J. The case p=2 is trivial, so now let p

be odd. Call the prime p regular if p I hI ' where hI is the ideal class

number of R] . Then Uk is an elementary abelian p-group on ((k-2)/2J generators,

where this greatest integer function is interpreted as 0 whenever k< 2 . On the
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other hand, p is called properly irregular if p I hI but p does not divide
-I] (the class number of Z (wI + wI • Let oem) be the number of Bernoulli numbers

among B
1
, BZ , .•• , Bm whose numerators are multiples of p . (We note that p is

regular if and only if 3«p-3)!2) = 0). Then for properly irregular primes p,

the group Uk is an elementary abelian p-group on g(k) generators, where

g(k)

§4 - Indecomposable lattices

+

l (p-3)!2 +

S(k-I)!2)

8«p-3)!Z)

o '" k p-2

k p-I, P

Keeping the notation of §3 , let M be any ZG-Iattice. We have seen that M

is always expressible as an extension of an RZ-Iattice N by a AI-lattice L.

Since we can classify all RZ-Iattices and all AI-lattices, the problem then reduces

to the determination of strong equivalence classes in This procedure

enables us to find all indecomposable ZG-Iattices, and we shall indicate the results

below.

From (5] we know that M is indecomposable if and only if the 'l: G-lattice M
p P

is indecomposable; here, 'l: denotes the ring of p-adic integers. One finds
p

(see (I41and (16]) that every indecomposable ZG-Iattice is in the same genus as one

(and only one) of the following 4p+1 indecomposable ZG-Iattices

(4.1)

Z , R] , AI ' RZ

1\1 ' RZ ; '11r)

(Z Ell "1 ' RZ
r

(R] , R
Z

; '11 )

(Z , R
2

; ]) ,

o ,.:. r "' p-I ,

... r -6 p-Z ,

o r p-Z ,

o .$ r -E- p-2

Here, (z , RZ ; 1) represents an extension of R
Z

by Z with class I Eo Z , using

the isomorphism Ext(RZ' Z) Likewise, (Z Ell 1\1 ' RZ ; I Ell '>I r) denotes an

extension of RZ by Z Ell "I with class (l, '7Ir ) Z Ell iiI , using the isomorphism

Similar definitions apply to the other cases in (4.1).
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We may then determine all indecomposable ZG-Iattices by calculating all lat-

tices in the genus of each of the lattices listed in (4.1). This calculation depends

on determining strong equivalence classes of matrices (set [16J for details), and

we shall need some additional notation in order to state the results.

u( xI)' and

I (mod )

Let Uk be the group defined in (3.7) ; if 0 $ k "p-I, then Uk is a homo-

morphic image of u(R
I
) , where RI = RI/p RI and u(R

I
) denotes the group of units

of RI . We may therefore choose a subset Uk of u(R I) such that Uk is a full set
AI

of representatives of the factor group Uk It is easily seen that each u E Uk

may be chosen to satisfy the condition that u = I (mod '?\), where

R I ZC.'lI1/('l\p-I), 'h I -t.:l
l

. Likewise, U is a factor group of
-p .

we may pick a full set of representatives Up 1n u( such that u =
for each u G IT Finally, let n be some fixed quadratic nonresidue mod p .

p 0

(4.Z) Theorem - Let range over a full set of representatives of the hI

ideal classes of RI, over the hZ ideal classes of RZ . The following is

a full list of indecomposable ZG-Iattices (up to isomorphism) :

i) Z,..c, Ec-e.) ,<; , (Z ,<: ; I)

i i ) "r u ) , u 6 U
p-r o roE- p-I

iii) (Z (& ,.r:: 1 II 'l\r u) , u e. 'if
p-I-r I p-Z

iv) If p-l (mod 4), (Z(&E(-t-),-c

v) -c ,»: ...,.,r u) , u 6 IT
p-I-r

vi) (Z (&{; .r: o p-Z

Remarks

I) In each case, the genus is independent of the ideals , and the

unit u.

Z) From the above theorem, we may obtain an explicit formula for the number

n(ZG) of isomorphism classes of indecomposable This formula involves

the orders of the finite groups Uk (see the second remark following (3.10», and

is as follows
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where

n(2G)
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p-2

r=O
lu I
p-I-r

and where f.
p

2 if p - 1 (mod 4), and t
p

otherwise. Furthermore,

[(k-2) /2]
p o "k4p-1

if p is a regular odd prime or if p=2 , where the greatest integer function is

interpreted as 0 if k-2 <.0 . Also one has lu I
p

p is either regular

or properly irregular.

3) The preceding formulas give

n(ZG) 9 , 13 , 40 for p 2 , 3 , 5 , respectively •

§5 - Invariants of direct sums

In §4 we have listed indecomposable genera in (4. I), and then described

in Theorem (4.2) all indecomposable 2G-lattices in each genus. We now wish to give

a complete solution to the basic Problem (III) : when are two direct sums of inde-

composable ZG-lattices isomorphic ?

We have already observed, in the firSt remark following (3.10), that direct

sums of indecomposables can be simplified by repeated use of the Exchange and

Absorption Formulas of §2 . For example, we obtain isomorphisms such as :

(Z 61.(; ; {:' 1 61 .,.,r u )

for ""u Up_ 1_r ' and also

(Z E(-t) ,<: 1 @ "/>/ un) @ Z '£[ (Z 61 E ,
o

1 }.r u) lD Z

""for u Up_ 1_r ' and so on. It is an easy matter to list about a dozen such formu-

las, which can be used to simplify a direct sum. Thus, for example, all of the
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fractional ideals can be concentrated into a single summand ; the same holds

for the fractional ideals . Likewise, all of the troublesome units u can be

concentrated into a single summand, and indeed can be eliminated altogether if

certain types of summands occur. After all such simplifications have been made.

one is still faced with the problem of proving that certain expressions are indeed

invariants of the isomorphism class of the direct sum. This involves proving ana-

logues of Theorems (3.8) and (3.9) in somewhat more complicated situations. The

detailed calculations may be found in t16J, and here we shall merely state the

conclusion.

Let M be a finite direct sum of indecomposable from the list

in Theorem 4.2 • As is well known, the Krull-Schmidt-Azumaya Theorem is valid for

Z G-Iattices. Therefore the number of summands of M in the genus of each of the
p
4p+1 types in (4.1) must be an invariant of M. This gives us a set of 4p+1

nonnegative integers, which are just the genus invariants of M Next, the

RI-ideal class of the product of all RI-ideals , which occur in the summands

of M, must be an isomorphism invariant of M. Analogously, the R
2-ideal

class

of the product of all R2-ideals which occur is also an invariant.

Let us next define uo(M) to be the product of all of the u's and

which occur in the summands of M, with a vacuous interpreted as

u n' s
o

1 •

Let rl(M) be the largest exponent r which occurs in any summand of M of type

(4.2 ii), and let r 2(M) be the largest exponent r among all summands of types

(4.2 iii - vi). Choose r1(M) = p if M has no summand of type (4.2 ii), and

choose r 2(M) = p-I if there are no summands of types (4.2 iii - vi). Then we

have :

MAIN THEOREM - Every ZG-Iattice M is expressible as a finite direct sum of inde-

composable ZG-Iattices, which we may assume are chosen from the complete list given

in (4.2). For any such direct , a full set of isomorphism invariants of M

consiste of :

a) The 4p+1 genus invariants of M ,

b) The R1 - and R - with M , and
2

c) If M has no summand of types

-t, ) (Z 1)

the isomorphism invariant given by the image of uo(M) in Up_k ' where

k
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M has no summand of types

Z , E(-&) , (Z,{;' 1), ; u) or (Z .c

the isomorphism invariant given by the quadratic character of the image of uo(M)

u(Z) .

Remarks

1) This result implies, in particular, that if occurs as a summand

of M, then M is determined up to isomorphism by its 4p+1 genus invariants

and its two ideal class invariants.

2) The theorem permits us to calculate explicitly the number of isomorphism

classes of ZG-Iattices of given Z-rank.

3) Some parts of the proofs of (4.2), and of the Main Theorem above, can be

applied to more general problems involving integral representations of cyclic

p-groups.

4) For G cyclic of order p2 , the following question still remains to be

answered : given a ZG-lattice M, how can we calculate the isomorphism invariants

of M intrinsically, without first expressing M as a direct sum of indecomposa-

ble lattices? For example, M might be specified by an exact sequence as in (3.1),

with the lattices Land N given explicitly, and with the extension class of the

sequence specified in some way.
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SPECTRE DU DE RHAM HODGE SUR L'ESPACE

PROJECTIF COMPLEXE

par Anne Levy-Bruhl-Laperriere

I. Spectre de sur les formes.

Soit G un groupe de Lie semi-simple, H un sous-groupe compact,

v = G/H et p G _ G/H la projection. Soit I' a Lgebre de Lie de G,

celIe de H. Par hypothese, on a :

oil J C1>, ['If J et on suppose muni d ' une metrique euclidienne inva-

riante sous l'action de Ad(H). Alors V sera muni de la structure riemannienne

par

dans

commea l'espace tangent en p(e) = eH a V

H, ;0 est I' espace d 'une representation de H

notera A* la representation adjointe de H
o

I _. ASJo*o:a de H dans -r

transformationsorthogonales. On

homogene heritee de celIe de 10' Si West un fibre G-homogene sur V, on note

AS(V,W) l'espace des formes differentielles de degre s sur V a valeurs dans W.

On sait d'apres [6] que AS(V,W) est l'espace des sections du fibre vectoriel

s *A T (V)([@V W. On identif ie -f>
(Ad h)1> =;0 pour tout h de

JcJ*A*Sr CI et 0

Si A est une representation irreductible de H dans l'espace vectoriel F

et si FA est Ie fibre G-homogene associe, alors Ie fibre

fini par la representation u = A*s e A
o de H dans

est de-

Soit Ie sous-espace des fonctions de G dans FI qui sont
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H-equivariantes , c'est-a-dire qui verifient, pour tout h de H, pour tout g

-I
de G: f(gh) = ) f(g). L'espace

t? I\.s * 0. Ades sections de T(V)a F

definie par

est isomorphe a l'espace vectoriel

Soit l la representation de G sur

(l(Y)f) (g) = f(y- 1 g).

La representation lest la representation induite de

PROPOSITION 1.1. Si f appartient a ,(y)f appartient a

Preuve cf [5] (page 214).

PROPOSITION 1.2. Si est somme directe des representations irreductibles

I q
dans les espaces vectoriels F

I
, .. F I alors les composantes irreducti-

H
bles de l = sont toutes les representations P de G telles que p

G

restreinte a H contienne l'une des
1

[8]. De plus la multiplicite de

composante irreductible de l, P
H

done P restreinte a
G 1

cite de Frobenius est egale

est une

l'une des

de recipro-

P

theoreme
H

G 1
dans

H
Si

G 1

P

d "ap re s l e
1

q
EEl
i=1

une composante irreductible de

H
l = Ind t().I)

G

contient

est

H

= EEl... EEl on aPreuve: Si

a la multiplicite de dans P restreinte a H,

Soit XI 1"'1 Xn une base orthonormale dans (Ie produit scalaire de

considere est celui defini par l'oppose de la forme de Killing Notons

l'operateur d i.f f e'r en t i.e I d e f i.n i. par I £2 oil £ de s i gne la derivee de
i=1 Xi Xi

Lie par rapport au champ de vecteur defini par Xi' Si fest une fonction

de G dans F
I

on a

n d2
,L ---2 [f(g exp t X1')]t=o'
1=1 dt
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PROPOSITION 1.3. L'operateur 6G opere sur c'est-a-dire si f

tient a y;lJ (G,F I) alors 6G f appartient a (G,F I) .

Preuve voir [6] (page 2).

L'operateur 6G est hypo-elliptique au sens de L. Hormander [3]. Le groupe G

etant compact, on a

L2(G) EBH avec H = Ker(6G - a Id)
as a s

s

et H est un espace de dimension finie. De plus, comme est contenu
a
s
L2(G)dans et stable SOllS l'action de 6G

on a :

ou Ie second membre est la somme directe orthogonale vis a vis du produit scalaire

usuel de (G) .

PROPOSITION 1.4. : Si

partenant a G,T(y) f

f appartient a

appartient a

H
a

()
s

()

alors quel que soit y

Preuve cf [5] (page 215).

Le sous-espace n H
a

est done stable sous l'action de T . Les compo-
s

santes irreductibles de T sont les composantes irreductibles de T, restreinte

aux sous-espaces (G,F I) () H On a :
as

en designant par

est une composante irreductible de

de

p

T est egale a

Ie sous-espace de H n sur lequel la restriction
as

composante irreductible de T. D'apres la proposition 1.2,
H .

representation de G sur
G
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appartient a alors

p est l'homomorphisme d'algebres

de l'algebre enveloppante de dans l'algebre des operateurs differentiels de G

qui provient de

Preuve

CJ -;:. D(G)

X P(X). oil (p (X)f) (g)

voir [5] (page 216)

d[di: (p (exp tX» t=o f] (g).

Soit Xl.···. Xn' Xn+ I•··•• Xn+r.···, Xn+t
une base orthonormale de

pour l'oppose de la forme de Killing de Xl •••.• X
n

est une base or-

thonormale de ..ll\ pour B. X I •.•. ' X est une base du centre de Jl.. •r n+ n+r 1.0

Xn+r+ I •.••• Xn+t est une base du suppLemanta i r e orthogonal -% du centre de

Notons nG l'element de Casimir de G; c'est l'element de defini

par

n =
G

n+t
L
i=1

Soit une base orthonormale de pour oppose de

la forme de Killing de Le Casimir de H' est l'element de defini par

n+t

. L
]=n+r+1

Or dans les deux formes b i Li nea i r es symetriques \: et sont associa-

tives ; d'apres [4] (page 118) elles sont proportionnelles. Il existe un reel non
n+q

2
nul c tel que = c ; done rl

h
, = c L x ..

j=n+s+l J

PROPOSITION 1.6. Quelle que soit f

n+s

(e) -

appartenant a
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Preuve: Rappelons que si f appartient a HP f appartient a et on
a 's

peut donc utiliser les resultats de [5] (page 217).

PROPOSITION 1.7. : Si P est une representation irreductible de G de poids do-

minant A
p

et si 0G designe la demi-somme des racines positives de G, alors

Preuve voir [7] (page 16).

THEOREME I. 8 , Dans on a :

Spectre toG

quel que soit P

q
+ 112 -

n+r
- 1.. (IIA + 2 2u {-IIA + 110 L B. °H,IIH, - lI oH, IIH,)

i=1 P G j=n+1 c

representation irreductible de G, PIH contient
i.

B.. Id

Preuve : = B.. Id car
J

Pour l e reste, voir [5] (page

I i q, n+! n-s ,
J

X. appartient au centre de pour
J

218) •

n+1 n+s.

II. Etude de et de son algebre de Lie. Application a Pn- 1

Dans ce deuxieme paragraphe, on se propose de determiner Spectre toG dans

I e cas oil G

A. Etude de

H = S(U(I) x U(n-I»

Soit E un vectoriel de dimension n de base {e
l
, · · · , en}'

On considere sur E la forme hermitienne F qui a pour matrice

(I 0)o "'-'1
dans la base {e l , .. · ,

e } donc
n

n n n
F( L x. e i , L Yi

e. ) L x. Yi 'i=1 i=1 i. i=1
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Considerons Ie sous-groupe
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su(n,[) de GL(E) des automorphismes g tels

F(gx,gy) F(x,y), x,y E, det g J.

Soit su(n,[) l'algebre de Lie de S U(n,[) alors

et A E su(n,[) si et seulement si

o

Si {e .. , 1 i,j n} designe la base usuelle de M
n([),

c'est-a-dire
1.J

k )I,
e.. (6. 6.), su(n,[) est une algebre de Lie qui admet pour base sur
1.J 1. J

n-r l ] .

L'etude de SU (n,[) et de ses representations nous conduit a l'etude de la

complexifiee de su(n,[) c'est-a-dire de s)l,(n,[).

PROPOSITION 11.1. : Une sous-algebre de Cartan de s9,(n,[) est l'algebre

engendree par les {e kk - ek+! ,k+l' 1 k n-l}.

Preuve: Cette sous-algebre est de toute evidence abelienne et maximale. C'est

done une sous-algebre de Cartan de sl(n,[).

Racines de s9,(n,[) Si 9,k designe la forme lineaire sur definie par

r
si k=l

n-l
Q,k ( l: A. (e .. 1, i+ 1» Ak

A
k
_
J

si k;*l,n
i=l 1. 1.1.

-A si k=nn-]

les racines de s9,(n,[) sont les formes lineaires 9,k - 9,9, J k;o9, n

de vecteur propre respectif e
k9,'

De plus on peut prendre pour base des racines

de sl(n,[) les {9,i - 9,i+l' 1 i n-l}.
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PROPOSITION 11.2 : Dans sl(n,cr) la forme de Killing definie ear

B(x,y) = + Trace Adx 0 Ady ou Ad x E End (Ads)(z) = [x,z],

vaut B(x,y) = + 2n Trace (x.y).

Preuve voir [2] (page 160).

On en deduit l'expression du produit scalaire de deux racines a et B

de En effet si a est une racine de associons-Iui l'element ha

de '! tel que

a(h), si h T.

Par definition Ie produit scalaire de a et Best egal au produit sca-

laire des vecteurs h et
a

sl(n,cr) associes. Si

n-l
a= L - et

i=1 •• •

n-I

B = L m
J
. - + I ) , on a

j=l

(al B)
n-l

+ n l + J2 (mi -mi_1) (n i -ni_1) +mn_1 nn+l]

PROPOSITION II.3 .. : La forme lineaire ). t: est Ie eoids dominant d'une re-

presentation irreductible de si et seulement si

+avec a. - a E 7J
n

et >.-a
n

et la norme de + ... + a
n n

vaut

I
2 I n a + ... + a

II). II
G

= - L (a. _ 1 n) 2.
2n i=l n

Preuve voir [10] (L.A. 7.6.). On a
a
1
+ ... + a a l + ... + a

x Q, ( n) Q, (a _ n) s.= a l I + ... + an n = a 1 - n I + ... + n n n
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car )1,1 +••. + J1,n ° sur",. D'ou

- 8 -

- a +i+1

PROPOSITION 11.4. ; Dne representation irreductible de sJ1,(n,cr) de poids dominant

ml J1,1+"'+ mn_ 1 J1,n_1 avec les mi entiers positifs ou nuls et mi •.. mn_ 1 0,

se decompose lorsgu'on la restreint a ,cr) en une somme de

irreductibles de poids dominants mj )1,1 +••• + £n-I' les

entiers tels gue

J
etant tous des

la representation de poids dominant mj £1 +••• + J1,n_2 intervenant dans la

restriction de la representation de sJ1,(n,cr) de poids dominant m1 £1+' .• + mn_ 1J1,n_1

un nombre de fois egal a

Preuve : Si pest une representation irreductible de sJ1,(n,cr) de poids dominant

ml £1 +..• + mn_1 £n-I alors il existe ,representations irreductibles de gl(n,cr)

caracterisees par ;

a E 7/.+

telle que

p = T!sJ1,(n,cr)

'Ig£(n-l,cr) = I,' ou " est caracterisee par (mi"'" avec

m
l
+ a ••• >;mn_ 1 + a a 0, chaque representation

exactement une fois (voir [I] page 161).
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PI sHn-] ,a:)

- 9

IT' I sR-(n-1 ,a:)

Done P restreinte a sR-(n-I,a:) se decompose en somme de representations

irreductibles de poids dominant :

La mUltiplicite de la representation irreductible de s2(n-l,a:) de poids

dominant m; 2]+ ••• + 2
n_2

dans pls2(n-I,a:) est egale au nombre d'entiers

dis tincts k tels que

c'est-a-dire k a+j avec a

B. Etude de Pn- I (a:)

L'espace projectif complexe P
n
-
I
(a:) est, en tant que variete differentieIIe,

isomorphe au quotient de SU(n,a:) par S(U
1
x

matrices de Ia forme

l,a:) sous-groupe de SU(n,«) des

avec N U(n-I,a:).

L'algebre de Lie de S(U
1

x Un_l,a:), s(u
j

x un-I ,a:),a pour complexifiee

n-r l

Xa: = s(u l x un_l,a:) a: = sR-(n-I,a:) a:( I e i i - (n-l) enn).
i=l

Notons que Ie centre de I'algebre de Lie

On a

est
n-l

a:( I
i=1

e.. - (n--L) e ) •
r i. nn

a: e. +
In

a: e . L
nJ

n-I
sMn,a:) = Xa: $fa: = 1Ja: $ {.I

J=I

ou !Pa: est Ie a:-espace vectoriel engendre par

n-l
I

j=1

{e. } U {e .},
J,n n,J

s j n-I.
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On a = en-I,n-l-(n-I) enn). La representation

adjointe de sur est definie par:

d'oil ici

g --.;> Adg Adg(h) gh - hg [g,h]

[ek,Q, e j n] ek,nJ

, e .] e
nJ J n,)I,

n-Z n-Z
[ 1: Ai (e ii - 1, i+l)' e j n]

=)1,. ( 1: Ai (e i i - e i+ 1 ,i+l» e .
i=] J i=1 In

n-Z
[ 1: A. (e .. - e. . ) , e .] - )1,.
i=1 nJ J

n-I
[ 1: e .. - (n-i l ) e , e. ] n e.
i=1 nn In In

n-]
[ 1: e .. - (n-i l ) e , e .] - n enj '
i=1 nn nJ

On voit que agit sur en une representation somme directe de

deux representations irreductibles

e.
J,n

de poids dominant (les autres poids sont

Vz sur Vz e e en,j de poids dominant )1,1+"'+ )l,n_Z(les autres

poids sont -)I,. )1,1+" .+ )l,i_1 + \+1+" .+ )I, , I i n-Z).
n-I

tion par n et sur Vz par la multiplication par -no De plus

par la multiplica-On voit que e -(n-l) e )n-I,n-I nn agit sur V
j

-*
11 1

est egale

a Dz' On a done

PROPOSITION 11.5 Si e.
In

et v =
Z

e . ; la representation
nJ - 0

se decompose en somme direete de deux representations PI et DZ

qui sont les suivantes :
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agit sur VI comme la representation irreductible de poids do-

minant £1 et sur V2 comme la representation irreductible de poids dominant

.(e j j+ •.. + en_l,n_I-(n-l) enn) agit sur VI comme n Id et sur V2

comme -n Id.

C. Spectre de

En utilisant les resultats du theoreme 1.8 ; nous sommes amenes a rechercher

les representations irreductibles p de telles que p[s(u(l) x u(n-I))

contient l'une des W.. Or l'algebre de Lie est la complexifiee de

Dans ce cas, il y a bijection entre les representations de dans

un espace vectoriel complexe et les representations de dans ce meme es-

pace vectoriel considere comme espace vectoriel reel (voir [9], VIII 9). II nous

suffit done de rechercher les representations p de qui contiennent

l'une des iii'

PROPOSITION 11.6. Une representation irreductible p de n 3, contient

lorsqu'on la restreint a et contient n 1d lorsqu'on la restreint

! e l 1+"'+ en_l,n_j-(n-I) enn si et seulement si son poids dominant est de la

forme

k n £j k E fN*

*kErn.

H
Dans Ie premier cas la multiplicite de p dans ) est

dimension de l'espace de la representation de P est «(I +k)n-J)) ;n-l

kn

dans Ie deu-

xieme cas la multiplicite de pest 2 et sa dimension est (l+kn) «k+l)n-2).
n-2

Preuve : La representation irreductible p de contient la representation

U
1

lorsqu'on la restreint a ; elle a un poids dominant de la forme
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a )(,1

(d'apres la proposition 11.4) ; e 11+ " , + en_1,n_l-(n-l) en,n est un element de

1 "a l.gebre ab e l i enne maximale de {j definie au II.A. ,. e +" ,+ e -(n-l)eo 1 I n-r l , n-l nn

agit done dans ehaque sous-espaee de poids par une eonstante.

Les poids de la representation irreduetible de st(n,[) de po ids dominant

a)(,J sont de la forme :

INn- 1

= a - k
n
_
1

k
n_ 1

(n-I) a - k
n
_
1

n .

si a - kn- 1 n = n, alors a = (kn_ 1+l) n d'ou a O[n].

Si a = bn avee b E on sait que a)(,J - k()(,l - )(,2) est un poids de p

de oultipliete pour

(voir [4] page 119),

Done bn Q,j (b-l) (Q,j - )(,2) est de multiplicite I. II en est de meme de

)(, )
n

ou O(2,n)

est l'element de w qui permute Q,2 et Q,n'

On a alors

e -
n-l,n-l

= bn - (b-l) (b-l) (n-l) bn - (b r l ) n n done a O[n] ,

De meme les poids de la representation de sQ,(n,[) de poids dominant

a t l + Q,2 sont de la forme
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n-I
( k •••• k I) E IN •

I • rr-

= a + I-k n = n
n-I

d'ou a := I [n ], Si a- *I [ri ] , c'est-ii-dire s i a = bn-I avec bE IN •

a>, I, ail + i
2

- k(i
1

- i
2
)

cite pour 0.(. <a i
l

est un poids de cette representation de mu1tip1i-

+ i
2
, i

l
- if> = a-I done

est poids de mu1tip1icite I. 11 en est de meme de

a - (n-l) - b' - b'(n-I) a - (n-I) - bn

bn - I-n+l - b'n = (b-b'-I) n

pour b' = b+2 on a 1e resultat.

dans

H
La mu1tiplicite de p dans est egale ii la multip1icite de

G

c'est-ii-dire, d'apres 1a proposition 11.4, a :

kn pour p de poids dominant kn i]

pour p de poids dominant kn - i] + i 2 •

Ca1culons la dimension de la representation de de poids dominant

kn en uti1isant une formule de Weyl (voir [4] page ]39) : 1a dimension de la

representation de poids dominant A est

II (A + o,a)
a > 0

IT (0, a)
a > 0

ou a est une racine et ou 0 est 1a demi-somme des racines positives.

Or pour s les racines positives sont

{i. - , I .$ i < j ;( n}
Jn

0 0 I I (n-2i+l) £. Doneet vaut =2 :
i=l
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!I (kn £] + 6,a)
a > 0

!I (6,a)
a > 0

!I
I<hn

- 14 -

(kn £1 + 6, £ - £.)
1 ]

(kn £1 + 6)(e l l - e .. )
] 1

I1
l<hn

kn + 1. (rr-L)
2

1. (n-I)
2

(n-2j+l)

(n-2j+] )

!I
kn + j - ]

j-] II = (kn + n-])
j (n-])I(kn)J

II
a>O

(kn £1 - £1 + £2 + 6,a)

(6,a)
II

I<j{n

(kn £1 - £1 + £2 + d, £1 - £j)

(6'£1 - £j)

(kn £] - £] + £2 + 6'£2 - £J
II 1-

(6, £2 - £. )
1-

kn -
]
(n-I) - .!. (n-2j+ J) kn 1 1 + 1.. (n-I) 1.. (n-3)+- - +

II
2 2 2 2x

2<j:::n
]
(n-l) - .!. (n-2j+ I) 1 - 1. (n-3)2 2 2 (n-I) 2

1 (n-3) 1 (n-2i+l)+ - -2 kn+j-2 i-J
!I

2
II II kn+1

x J 1 ]-="l i-2 +l
2" (n-3) -2" (n-Zi+J) 2<i{n

«k+ I) n-2) (kn+ 1)
n-2

PROPOSITION II. 7. : Une representation p de s £(n,O:) (n :;. 3) contient il
2

lors-

qu'on la restreint a Xo: si et seulement si son poids dominant est de la forme:

(bn+3) £] + £2 + ..• + £n-Z avec b Em (respectivement

(bn+2) £J + £2 + .•• + £n-I avec b ElN.)

Dans les deux cas la multiplicite de

est :

p dans et sa dimension

-ZI (bn+n+])(bn+n+2) (bn+n-J) (resp (n(b+J)+J) (n(b+I)-I».
n-3 n-2
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Preuve: La representation irreductible P de contient lorqu'on la

restreint a si et seulement si son poids dominant est de la forme

*a + +... + n-2
aE IN

*a II + +..• + l n-l
aE IN

Les poids de la representation irreductible p de de poids domi-

nant a + +.•. + sont de la forme

On a

a + (n-3) - n kn

- k I 1-£» (e 11+ · · · + e 1 l-(n-l)e)n- rr- n n- ,n- nn

Si a + (n-3) - n k
n n alors a ::: 3 ln I- Reciproquement, si a ::: 3 lnl

c'est-a-dire si a· bn + 3 avec bEN, alors a + +.•• + R,n-2 - k(R,1 - R,Z)

est un poids de la representation de multiplicite pour

II en est de meme du poids

pour k compris entre 0 et a.

a-(n-I) + n-4-n(b+l) a-3-nb-n = -no

et on a bien 0 b+l bn+Z pour bE rN* (n >, 1).

Les poids de la representation irreductible p de de poids dominant

avec (k
1,
..• , k

n- 1)
E INn-I.
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a+n-Z-k n
n-l

Si a+n-Z-k = -n alors
n-! a = Z [n]. Reciproquement, si a = bn+Z avec

bE m, at! + t Z+"'+ t n- 1- k(t j - t z) est un poids de la representation p de

multiplicite pour

II en est de meme du poids

Or

a - (n-I) +(n-3) - n(b+l)

= bn - n(b+!) -n et 0 b+1 bn+1 pour bIN, n I.

-La multiplicite de p dans
lJZ(G,VZ) est egale a la multiplicite de

dans lei, dans les deux cas elle vaut ] (voir proposition 11.4).

Calculons les dimensions des representations de st(n,ff) de poids dominants

et +... + t
n

en utilisant la formule de Weyl.

IT
a>o

«bn+3) t 1+···+ t n-Z + o,a)

( o,a)

«bn+3)t 1+···+ )1,n-2+ o,t i)
(0, to - t.)

]. J

x bn+3+n-]
n-j

IT

I + t (n-2i+!) - t (n-2j+!)

j-j

bn+3+n-2
n-2

x

II

j-I

II

«bn+3) t
1+··.+

t n-Z + 6, t
1
- t j)

(6, t 1 - t j)

bn+3-j + l (n-I) - l (n-Zj+l)2 2

IT
I<j:;.n-Z

II

II
bn+l+j x [(l+b)n+l] [(I+b)n+2] x
j-! (n-2)(n-l)

II
Z;:;;
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[bn+2+(n-3)] !
(bn+2)I(n-3)!

(n(l+b)+I) (n(l+b)+2) x
(n-2) (n-I)

IT (n-i+l)
(n-i-I)

[bn+2+(n-3)j I
(bn+2)I(n-l)I

(n-t ) !
«b+l)n+l) «b+l)n+2) 2(n-3) I

[bn+2+(n-3)] I «b+l)n+l) «b+l)n+2)
2(bn+2)!(n-3)!

(bn+n-I) (bn+n+l) (bn+n+2)
n-3 2

IT
a>o

«bn+2) t l+ ••• + tn_I + °.(1)

(0 ,a) IT
I <j",n

«bn+2) i +... + i + ° i - t.)In-I ' I J
(O,t - t.)

I J

«bn+2) t l+· .. + t n_ l+ 0, \- tn)

(0, t. - t )
n

IT
I

IT n-i
J-] I q<n rr-a

x bn+2+n-1
n-I

(bn+2) ... (bn+n-J) (n-I) x n(b+I)+1
(n-2) ! n-!

[ n (b+I )+I] !
(n-2)! (bn+I)! n(b+l)

(n(b+I)-I) (n(b+J)+])
n-2

Pour obtenir Ie spectre de

calculer

/',
su fn) sur les formes de degre I il suffit de

oil 6 (resp 6') est la demi-somme des racines positives de SL(n,a:)

(resp SL(n-1

n

6=I L (n-2i+l)t.,6'
i-I

n-I
L L (n-2i) t.
2 i=1

] n-I 2 n-I
II ' (n-2i) t II.!.. , (n-2i) t 11

2
t l + '2 i:1 ill SL(n-l) - 2 i SL(n-l)
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lIZ n-l I Z
- -- [(I + - (n-Z) - _1_) + \' (l (n-Zi) --)
- Z(n-I) Z n-I Z n-' l

n-]

L (t (n-Zi»Z]
i=1

n-I n-Z
1 [ __I_)Z + ) \' ( _1_) + \' _1_

= Z(n-I) (I n-I (n-Z + i;1 -(n-Zi) n-I i=1 (n_I)Z

Z
= + (n-Z) + (n-Z) _I_Z]

(n-I)

I [ (n-Z) I + I)]= Z(n-!) +--
(n_I)Z (n_I)Z

n-Z (_1_ + I) = n(n-Z)
= Z(n-I) n-I Z(n-I)Z

llkn £1
Z Z

+ 8I1SL ( n ) - 1181ISL ( n )

I n I Z! n Z
lI(kn + -Z (n-I» £1 + L -Z (n-Zi+l) £ II -11_ L (n-Zi+l) £ II

i=Z i Z i= I i

n
I [( 1 ( ) _ k ) Z + \'= Zn kn + 2 n-I l

i=Z
(l (n-Zi+I)-k)z _
Z

n

.L
n n

= 1.- [(kn-k)z + kn(n-I) - I (n-Zi+l) k + L k Z]

Zn i=1 i=Z

= 1.- [kz n(n-I) + kn(n-I)] n-I (kZ + k)Zn = --Z--
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- 1- [(kn-I-k + -ZI (n_I))Z + (I + l (n-3)-k)Z + (-ZI (n-Zi+l) - k)Z
Z

n
- I (t (n-Zi+l))z]

i=1

n
- 1- [(kn-I-k)z +(n-I) (kn-I) + (l-k)Z + (n-3) - I (n-Zi+l) k + (n-Z) k

Z]

- Zn i=1

- 1 [k
z
{(n_l)z + I + (n-Z)}+ k(- Z(n-I) + n(n-I) - Z) + I - n + 1 + I + n - 3]- Zn

= 1- [k
z
n(n-I) + k(n-3) n] = l [kz(n-I) + k(n-3)]

Zn Z

IIA + s: e5 I Z
].1z -II IISL(n-l)

n-I
I Z

n-I
I Z

119,1 + ... + 9, + I 2 (n-z i ) 9,i ll - II I 2 (n-Zi) 9,i lln-Z
i=1 i=1

n-Z I n-Z Z I n-Z Z n-I ]
= [.I [I + 2 (n-Zi) - n-I] + (2 (-n+Z) -;:T) - I (t (n-Zi))z

i=1

n-Z Z Z]
- _1_ [" {(I- n-Z) + (n-Zi) (1- n-Z)} + (n-Z) + (-n+Z) (_ nn-_zl)
- Z(n-I) L n-I n-I n-I

i=1

I (_I_)Z
Z n-I

(1- n-Z)
= Z(n-I) [ (n-Z) + (n-Z) + I (n-Zi) - (-n+Z)]

n-I n-I
i=l

n-I

1 (_1_)
Z Z

= Z(n-I) [ (n-Z) + (n-Z) + (n-Z)]]
n-I n-I

1 (n-Z) [I+(n-Z)+(n-I)z n-Z n n(n-Z)
= Z(n-I) Z J = Z(n-I) [ (n-I )] = -- Z

(n-I) Z(n-I)

lI(bn+3+ -ZI (n-I)) 9, + nIz (I + -ZI (n-Zi+I)) 9,. + L (-n+3) 9, + L (-n+l) 9, liZ
1 i=Z i. Z n-I Z n
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n
- II L 9,.)11 2

i=1 1

I I Z n-Z I Z
= -- [(bn + 3 + - (n-I) - (b+I)) + \ (I + -Z (n-2i+l) - (b+I))

Zn 2

n
+ (I (-n+3) - (b+I))2 + (I (-n+l) - (b+I))2 (I (n-Zi+I))Z]

I [ (bn+3- (b+I))Z + (bn+Z) (n-I) (n-I) (1-(b+l) ) + (l(n-I ))z= 2n + Z

n-2
(J - (b+ I ) ) 2 +

n-2 (I (n-Zi+I))Z +
n-Z

+ L L L (n-Zi+1) (J -(b+ I))
i=Z i=2 i=Z

I Z 2 I 2 Z+ ('2 (-n+3)) + (b+l) + [(-n+3)(-(b+I))] + ('2 (-n+I)) + (b+l) + (-n+I)(-(b+I))

n
- L

i=1
(l (n-Zi+1 ))2]
Z

= L [(bn+3-b-l/ + (bn+2) (n-I) + (n-3) b2 + 2(b+I)Z + (n-3) + (n-I))Zn

I Z 2 Z 2
= Zn [b (n-I) + 4b(n-l) + 4 + bn(n-I) + 2(n-l) + (n-3) b + 2b + 4b + 2 + 2n -41

= L [b 2«n_I)2 + (n-I)) + b(4(n-l) + n(n-I) + 4) + 4n]2n

= L [n(n-I) bZ + bn(n+3) + 4n)Zn

I n-I I
II (bn+2+'2 (n-I)) 9,1 + (1+ '2 (n-Zi+I)) 9,i + I (-n+l) 9,nllz

n
III I(n-2i+I)1I

2

i=1

= L [(bn+Z+ .!. (n-I)Zn 2

n
- L (I (n-2i+1 ))z)

i=1

2 n-I J Z 1 2
(b+l)) +.L (I + '2 (n-2i+l) - (b+I)) + ('2 (-n+I)-(b+I))

l=Z
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[(bn+2-(b+I))2 + (n-I) (bn- l ) + (n-I) (I-(b+I)) + (t (n_I))2

n-I 2 I 2 2
+ l: [(I-(b+I)) + (n-2i+l) (1-(b+I))] + (z (-n+I)) + (b+l) + (-n+l) (-b+I))

i=2

n
l: (t (n-2i+l)]

2

i=1

[(bn-b+I)2 + (n-I) (bn+l) + (n-2) b2 + (b+I)2 + (n-l)J

= _1_[b2(n_I)2 + 2b(n-l) + 1 + bn(n-I) + (n-I) + (n-I) b2 + 2b+l+n-l]
2n

[b2 n(n-1) + bn(n+l) + 2n].

II nous reste a calculer la contribution du centre de

2n2 (n-T )

e
nn

22n [ (n-I) + (n-I)]

- +..• en-I,n-I - (n-I)

n-I
2n (l: 1 + (n_I)2)

i=1

(e + + e - (n-r l ) e ))2]11 •.• n-I,n-I nn
n l2(n-l)

PROPOSITION 11.8 Sur les formes de degre Ie spectre de LSU(n) est

{- 1+-
2

- n;1 (k 2 + k) + k + t; k E /It}

U t- E:.:.!.. (k 2 - k) - 2k +1.. _ E:.:.!.. (k 2 - k) 1 k E fN*}
2 2 ; 2

-k+ Z ;

On a 1.. = E:.:.!.. donc 1.. (II L- + 8 '11 2 + 11( 1 11 2) n-2
c n c ).li 2(n-I)

* 6
1

6
2

1 Ce alors les cal-Posons b = k-I. Alors k E fN et = 2(n-l) sont

culs precedents appliques au theoreme 1.8.
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PROPOSITION 11.9 : Les multiplicites des valeurs propres de 6su(n)

n-I (k2+k) 1 kn (kn+n-I)sont pour - -Z- +'2: n--J

n-I (kZ+k) + k + 1
(kn+l) (kn+n-2)pour - -2- '2 n-Z

n-I (l<2_k) - Zk
1 1 (kn+2) (kn-I)pour + - '2 (kn-el )Z 2 n-3

n-I (k2-k) - k +1.. (kn- l ) (kn-I)pour - -2- Z n-2

: La multiplicite d'une valeur propre a est egaIe au produit de la

multiplicite de P , representation irreductible de dans

et de la dimension de l'espace vectoriel de la representation P.

P . n-I (k2 k) 1 "- --2- + + '2 est

de poids dominant sa multiplicite est

k (kn+n-I)
n. n-' l .

a la representation de

n-I 2 1
De meme la multiplicite de - --Z- (k +k) + k + '2 est

La multiplicite de - n;1 (k2-k) Zk + -ZI est -21 (kn+I)(kn+Z) (kn-l)n-3

n-I (k 2-k) _ k 1La mul t i.p l.i ci t e de - --Z- + '2 est (kn+l) (kn-I)
n-2

III. Spectre du de Rham Roge sur les formes de degre 1 du plan projectif

complexe.

Les sections du fibre vectoriel

degre s sont en bijection avec

isomorphisme

AST(V)* c'est-a-dire
s *ou F1 = A -Pfl . On a

les formes de

alors dans cet

F =As.n*
1

alors B

Dans Ie cas ou G est un groupe de Lie unimodulaire, R un sous-groupe

compact, Jest calcule en terme de representations dans [6]. Si on identifie

a l'espace des applications s-lineaires antisymetriques,

JA est definie par

B(zl""'zs) = O(zl""'zs) {r (X.,z2'''·'z)}
i=1 s
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OU zl •.••• Zs appartiennent a . Xl.···. Xn est une base orthonormale

et ou o(zl ... zs) designe Itoperateur dtantisymetrisation relatif au s-uple

on a :

u est la representation En particulier pour s = I

q
B(z) - 1 A( [[z.xi .Xt ).

i=1

Calculons J pour s I .

PROPOSITION 111.1 a pour base orthonormale

{i [e. - e 'J n-I}I i.
2".n 2".n

Preuve On a

e. + eni( I +B(e. +e .)]- B
2 -'4[B(e .• e. )

I
e .) -2(n)

- '2 B(e i n• -n
2

e. - eni 2- B ( e .)2
+ '4 B(e i n• = n

e. + e
ni- B ( 0 si i j2

e. + eni e. e
- B ( In nj) 0 si i j2 2

e. - e
ni e. e

nj)- B ( In 0 si i j2 2

PROPOSITION 111.2 Pour G H S(U(n-l) x'U(J)) on a J I'2 Id.

Preuve Si A appartient a :f (.pIJ.' IJ.). C JA est tel que

C(z) I A([[z. Xi], Xi]) avec Xl···· • X base orthonormee de
i=1 q
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done C(z)
n-l

i=1
A([ [z, i

e. + e .
In nl]

Un
i.
e. + e .
10 01])

Un
n-l

- L A([ [z,
j=1

e. - e .
In nJ]

2.Tn

e. - e .
In nJ])

2;;;:

n-l
= 1- L A([[z, e'n + en']

4n i=1

1
e. + en']) - - A([[z,e. -e .1 ,e. ,-e;.]);
In 4n j=1 In nj' In nj

calculons C(e
kn)

et C(e
nk).

n-1 n-l
C(ekn)x4(n)= + LA([[e

k
,e. +e; .] ,e. + eniP- L A([ekn,i=1 n In m. In j=1

e.
In

e .], [ e. -e .})
nj In nj

n-l n-l
+ L A([ e

k i
- e

nn'
e. + e

n i]
) - A([ - e

k j
+ e

nn'
e. - e .])

i=1 1 In
j=1 J In nJ

n-l
ok

n-l
-= + L A(e - e + e. - e .) - I A(- e - e - .)

i=1
kn 1 ni i In 1 nl

j=1
kn J nj J In J nJ

n-l n-l
+ I A(L[e k,e. + e

n l·.],
e. +e .))- I A([[e k,e. -. e .] ,e. -e .])

i=1 n i.n In m. j=1 n In nj In nj

+ L e - e i k, e. + en']) - L A([e
nn

- e
J·k,

e. e.])
i=1 1 nn In j=1 J In nj

= +
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THEOREME : Sur les formes de degre 1 du plan projectif complexe, Ie spectre du

de Rham Hodge est

et les multiplicites respectives de ces valeurs propres sont

(kn+l) (kn+n-2)
n-2

(kn+l) (kn-l).
n-2

Preuve : Soit une forme propre associee a la valeur propre a. On a

f = of si et seulement si liG(fn) = - (a _ l) fn' c'est-ii-dire si et seule-Orr 'IT 2

ment si - a + lE Spectre !:I
G

en utilisant la formule de Weitzenbock. La mul-
2

tiplicite de a, valeur propre de 0, est egale a la multiplicite de

valeur propre de !:IG'

187
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THE GLOBAL DIMENSION OF RINGS OF

DIFFERENTIAL OPERATORS

J . C. McConne11

Introduction

Rings of differential operators arise naturally when one considers Lie alge

bras. In CIO) it was shown that certain localisations of quotient algebras of the

universal enveloping algebra of a solvable Lie algebra could be viewed as rings of

differential operators in which the multiplication is altered by a 2cocycle. Since

we are as yet just unable to determine when distinct cocycles give nonisomorphic

algebras, it is worthwhile to compute as many invariants of such an algebra as

possible, one such being its global homological dimension. This has been done by

lkNaughton tI 3) (extending work of Bjork [2) for a class of cocyc l e twisted rings

of differential operators which include those mentioned above. It is mainly these

results of Bjork and Hc Naughton which are expounded here. (See 3.11 and 3.12).

Throughout k is a field of characteristic zero which for clarity will also

be assumed to be algebraically closed. By "algebra" and "Lie algebra" we mean res

pectively "an associative kalgebra with 1" and "a kLie algebra". III denotes .

1. Cocycle twisted rings of differential operators

Throughout let R be a commutative algebra and a Lie algebra with a

given Lie algebra homomorphism e : Der(R) (the Lie algebra of kalgebra

derivations of R). Let Z2(Z,R) denote as usual the abelian group of 2cocycles

of ,S with coefficients in R, ([3J ch 13). For e: Iii. Z2(.!t"R) let R have its
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usual associated Lie algebra structure and let h be the Lie algebra

the extension of R by corresponding to I> . Thus if r l ' r Z l; R

xI,xZ 6,(l then in .!J '

R Xo- Z '
and

Let U(t) be the universal enveloping algebra of h

BQ"" or R lcFo- the ring of formal differential operators twisted by sr: ,

is U(b)/I, where I is the ideal of U(h) generated by the elements

where rI.r
Z

denotes the product of r
l
and r

Z
in U and r1r

Z
their product

in R. The image of U(R) in Bo- is isomorphic to R and one has a Poincare-

Birkhoff-Witt Theorem, viz that the standard manomials in (the images of) a basis

of Z are a basis for as a free left (or right) R-module.

Thus Bo- may be viewed as follows. As a k-module Bo- is isomorphic

to R U(g) with R 1 being a sub-algebra isomorphic to R. The multiplication
'"in Bo- is given by - for x,y . , r 6 R

(I x) (r 1) - (r 1) (1 x) (8x)r 1

(1 x) (1 y) - (1 y) (I x) 1 tx,yJ + a-(x,y) 1

Note that if e: = 0 , then is a subalgebra of Bo- isomorphic to U(g) .
'"

In view of the PBW theorem we shall often abbreviate R #Q""U(Z) to \.

and if tr= 0 to R Note that the definition still depends on the given homo-

morphism 8

If 8 o then R [ZJ is just the universal enveloping algebra of the R-Lie

is in a natural wayan R (g]- module via the homomorphism,....
given by : r . R ,rtJ(r) is left multiplication by rand

the derivation 8(x). Thus the image of rtJ is precisely the

rtJ : R __ EndkR

for x , rtJ(x) is

algebra R •

R

subalgebra of EndkR

and the derivations in

generated by the left multiplications by the elements of R

8(g). One should note that rtJ need not be injective. For
N

example, let R = k [yJ and g be the two dimentional non-abelien Lie algebra

spanned by xl = 'd/'d y and X z = /0 y . So (xl ,xZJ = xl . Then RX I + RXZCRCgJ
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is a free R-module of rank two while the R submodule of EndkR generated by

xI and x2 is RX I . (See also Theorem 2.4 part 3).

is any non singular alternating bilinear form

R"" where isR = k , g
'"

elements2n

R (§J, where

spanned by

is

Der R

can also be viewed asA
n

Examples - The Weyl algebra An is the algebra generated by

xl'YI , , xn'Yn subject to XiYj - yjxi = ,lijl . An

R = k(y l, ,yn1 and g is the (abelian) subalgebra of

_ 'd '()
YI n Yn

abelian wi th dim g = 2.1 and 0-
N'

on !. An example of an Ro- C§1 which cannot be regarded as an is the

following ((IIJ Ex 5.8).Let R be the commutative algebra k (YpYjl , y
2,y;I

J

and g be the abelian Lie algebra spanned by xI = YI and x2 = Y2
'V YI Y22 -I -I

Let o-EZ with ",,(x l,x2 ) Then k[YI'Y I ' Y2'Y2 ' x l,x2] with

the relations [x.,y.J x.y. - y.x. S. .y. and (x
l,x2J

= I .
i. J J J .i, J

2. Basic results

Proposition 2.1 - If R is left noetherian and dim < co then R"" [!J is left

noetherian. If R is an integral domain then t§J is a domain.

Proof. Same proof as for U(g), (8J ch V ••

Proposition 2.2 - If R is commutative and 0-, t::" are cohomologous then Ro-

is isomorphic to R1: C.Z] , In particular if 0- is a coboundary then Rcr- (.§p R C.§J'

ProoL(IIJ Thm , 3.1 \I

the commutative power series algebra

Corollary 2.3 - Let R be the commutative polynomial algebra k l;yI , ••• , Y
n
") or

vs I (/Y n
A if R is
n

R (gJ '" R Lg L, {which is the Weyl algebra
"... J

Then
2

o: E Z (g,R)....
, ... , YnJ)·

and

Proof. That 0- is a coboundary is an algebraic version of the Poincare Lemma.

(cf,(IJ)p. 164 Remark). II

Theorem 2.4 - Let R be commutative

I. R is a simple algebra if and only if R is a simple faithful
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2. R is a simple R(gl-module if and only if no proper ideals of R are stable
.J

under g.
'"

3. R is a faithful if and only if the subspace of RCg) acts
'"faithfully on R.

2
4. Let 0- Ii Z (Z,R). If R(j3l is a simple algebra then R.,.. [£l is a simple algebra.

Proof. 11 C93 Theorem 1.5

3. Global dimension questions

21 Obvious 3/(9J Thm 1.8 41 C9J Thm 1.5 II

The global dimension of rings of differential operators has been considered

in [1,2,4,5,6,7,14,15J .

(The difficulties that arise when the coefficient ring R is allowed to be

non commutative is well illustrated by the following result of R. Hart (7J.

Theorem 3.1 - Let D be a division ring, R = DCyl and e k ;y . Then

(= D AI) has global dimension if no non zero RCZJ-module has finite dimen-

sion over D and has global dimension 2 otherwise).

ASSUMPTION. For the remainder of this paper we impose the additional condition

that R be a (commutative) noetherian domain of finite global dimension such that

RIM is k for each maximal ideal M of R.

LelllDla 3.2 Let S be a subring of a ring B with ,e.g.Q, .dim. S': CIO and B
s

faithfully flat.

If either (0 S is .e .noetbe.rian and

or (ii) sB is projective

then j.g R, .dim. S "'£ .g.e. .dim. B.

B
s

is flat

See (12J for historical remarks on this lemma.

Proof of (ii) - Suppose .e. g,e .d i.m . S = nand

Consider the exact sequence

M satisfies
s
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B
s

is projective.

The proof of (i) is similar using flats instead of proj ectives. II
2

If o: E Z (R,g) then R(T' is a filtered algebra such that the associated

graded algebra is a commutative polynomial algebra over R.

Theorem 3.3 - Let R be a (commutative noetherian) ring of finite global dimension,

be a Lie algebra with <. co and <T' GO Z2(!,R). Then

g.e .di.m, R i. .gl.dim. Ro- L§J g..t .dim. R + 13 •

Proof. For the left hand inequality use 3.2 and for the right hand inequality use

the immediately preceding remark and (16J."

Following Bjork we relate the g.e .di.m , of Ro- to the gt .dim. of

certain localisations of R<r Let S be a multiplicatively closed subset of R

and consider the localisation R
s

. Each derivation of R may be extended uniquely

to a derivation of R and since R R , if o: 6 (g,R) then we may regard
s 2 s "

o: as an element of Z (Z,Rs)' Thus (Rs) o: [,Il:) is defined and it is easily seen

that this is a partial quotient ring of LjJ and hence

.e .got .dim.(R) [gJ .. t.g! .dim.R (gJ (cf (2) lemma 2.b.2).
5(1*'-- a-,.."

Theorem 3.4 - If dim <. co then

l.g.e .dim R (gJ = sup(..e .g£ .d i.m. (IL) _ [gJ)
N v N

where the supremum is taken over all M Maximal spectrum of R.

Proof. (2J Lemma 3.1 and (13J Corollary to Theorem 3.U
Having reduced to the local case we reduce further to the complete local case.

Proposition 3.5 - Let R' be a subalgebra of R,g be a Lie algebra and a a
N

homomorphism from g to Der R such that for x ! ' ax maps R' into R' and
2

...,
let erE Z (g,R) satisfy <T' (g x g) C R'

N - -
If R is a flat (respectively faithfully flat) extension of R' then Ro-tZ1

is a flat (respectively faithfully flat) extension of R' Cg).
<r,..

Proof. (131 Lemma 2 .U
Given a local ring R then its completion is a faithfully flat extension

of R. Thus by lemma 3.2 we have

193



-6-

Proposition 3.6 - If R is a local ring then

l.ge .dim , Ra-'!J..".e.g! .d i.m, Rcr C,eJ •

Note. It would be interesting to know whether this inequality is always an equality.

A

By Cohen's Theorem, R Z k((Y
1

, .•• , YnJJ so e(.e) acts as a Lie algebra of

k-derivations of kLLy\ "'" YnJJ.

Lemma 3.7 (Zariski) - Let d be a k-derivation of

that d(M) ¢ M , where M is the maximal ideal of

Then R = k(Cz I , ... , znJJ with d = ()/ ()zl •

Proof. (23 lemma 5.] II

R = k Ity , "'" Yn':lJ

k((y] , ... , Y
n
) ).

such

bra

k--module map

of (M/M2)*

Lemma 3.8 - Let be an abelian Lie algebra of k-derivations on

R = kL(YI , ... , YnJJ. Then there is an integer t and new generators zl "'" zn

can be chosen for R, R = kCtz l "", znJ3, such that

.. where for all h h and

where M is the maximal ideal of k((zt+] "'" znJJ .

Proof. (2J Proposition 5. l and lemma 5.211

If R is a commutative ring with a maximal ideal M and is a Lie alge-

of k-derivations of R then for d E g , d(M2)
C M giving an induced

- 2d : M/M R/M = k . Thus with we can associate the subspace

spanned by the d, d g . The dimension of this space is called
IV A

the rank of Z at M and is denoted rank M. If is the completion of
... 3 8then rank M rank M = t where t as as an Lemma . .

Theorem 3.9 - If R is the complete local ring kCLY I "", Yn1J and is the

abelian Lie algebra spanned by 'O/dy] , ... , 'i)/dY then 1. .g.e .dim. R (g'l = n .
n

Proof. (2) Theorem 4. I II

Theorem 3.10 - Let Z be an abelian Lie algebra with

t .gi, .d i.m . R (1'!J = sup(g£ .d i.m , + dim.e - rankg M)

taken over all maximal ideals M of R

1£ -c ClO • Then

where the supremum is

Proof. L2J Section 5 n
Theorem 3.11 (McNaughtontl3J) - Let ! be as in 3.10. If R L!J is a simple alge-

bra then -e.g t .dim, R L§J g t .dirn, R .
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Proof. If M is a maximal ideal of R then we have inclusions

R (g) \i (gJ C--..y (gJ and .e .g.e .d.ira.R CgJ 1, .g,e .d im, \i [gJ
N "" ,.., A ,.,

by Lemma 3.2 and the remark before Theorem 3.4. By Lemma 3.8, \i = k((zl"",znJJ

and g = k 't>/C>ZI + '" + k d/"i}z + h . Suppose h'" 0 . (z 1 , ... , z) is a
'" t fV N t+ n

proper (or zero) two-sided ideal of and since this ideal is stable under h
fZt+1 , ... , zn ' generates a proper left ideal I of B. Since is abelian,

1 is actually a two sided ideal of B . But I '" (R ::> 2 ". 01 thus I 1'1 R LJE)
is a proper ideal of R L£:I, contrary to hypothesis. Hence = 0 • By 3.10,

.e.g£ .dim, = gR. .di.m , gR .dim . \i . Thus by 3.4,

t.gt .d im, R e.g) sup g..e .di.m , \i = gR. .dim, Rand 3.3 gives the reverse implica-

tion. "

Theorem 3.12 (MacNaughton 1:13J) Let g be as in 3.10. If R is simple
2 .-

and cr"Z (g,R) then R...gl..dim. R CgJ= gJl.dim. R.
N 0- _

Proof. We proceed as in 3.11 but keeping track of

and completing, B= 0- where = kHz 1
g = k zl + ... + k <;/';) Z . But then, by 2.3,
fV t
proof goes through as in 3. 11 . /I

4. Related results and open problems

the cocycle. After localizing

, •.• , znJJ and
.... "B!l:: \i L§"3 and the rest of the

One would like to know the corresponding results to 3.11 and 3.12 in the

cases when the assumption that R C§1 is a simple algebra is dropped, or the

assumption that t is abelian is dropped or the assumption on R is weakened.

Goodearl L6J and Feldman [4J give formulae for the global dimension of R (in

Goodearl's case with g abelian) where the only assumption on R is that it is
'V

commutative, noetherian and of finite global dimension.

Bhatwadekar (IJ considers the global dimension of k (J" CZ:l, where g is nU-
N

potent and acts trivially on k His result is that g £ .d i m, k (g) = sup [dim 1-
as h ranges over the subalgebras of such that .,.. I h x h is a coboundary.

'" '"
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Sous-modules purs et modules de type cofini

Frangois COUCHOT

Dans (1) et (2), Vamos a introduit les notions de module de type cofini et

de "topologie Nous montrons dans Ie paragraphe 3, que si A est un

V-anneau a gauche, alors le complete 2 de A pour la topologie cofinie (a gauche)

est un anneau absolument plat et auto-injectif a droite, et A est un sous-A-module

pur (a droite) de A. Rappelons que si A commutatif, alors A est absolument

plat si et seulement si A est un V-anneau (Kaplansky). Dans (7) Cozzens a cons-

truit des V-anneaux a gauche qui ne sont pas absolument plats.

Nous donnons aussi quelques resultats sur la structure des modules pur-

injectifs lorsque l'anneau de base est cOIDIDutatif.

Tous les anneaux et modules consideres sont unitaires

A-module a gauche, EA(M) designe son enveloppe injective.

1 - Modules de type co£ini. Topologie cofiliie

si M est un

Definition 1.1 - Soient A un anneau , M un A-module a gauche. On dit que M est

de type cofini s'il a un socle essentiel de type fini. On pourra voir (1) pour les

principales proprietes de ces modules.

On peut munir tout A-module a gauche M de la topologie cofinie en prenant

pour base de voisinages de zero les sous-modules N de M tels que MIN est de
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type Voir (2) pour les proprietes de cette topologie.

Lorsque A est anneau commutatif semi-local, on a la proposition sui-

vante

Proposi tion 1-1 - Soient
n

ideaux maximaux, E = @
i=1

seulement si HomA(M,E)

A anneau commutatif semi-local, 'll1,1 , ••• , 'lYLn
EA(A/n.), M A-module. Alors M est de type fini si et

l --

est de type cofini.

Demonstration - Si M est de type fini, il existe un entier n et un epimorphisme

u : An ----7 M ---7 a . On en d edut. t la suite exacte

o HOIDA(M,E) _ HOIDA(An,E) En et HomA(M,E) est de type oofini.

la famille filtrante croissante des sous-ReciproqueIDent soit

modules de type fini de M M = Ij M. , on a HomA(M, E) lim HomA(Ml. ,E) •i6I l .

Si Ni est l'image de l'homomorphisme Hom
A
(MIMi ,E) ---7> M,E), la famille

est filtrante decroissante et i?r Ni fOJ. D'apres la proposition 1*

de (1) ,3iEI tel que N. = foj . Comme E est un cogenerateur on en d8duit
l

que M = M.•
l

Rappelons les definitions suivantes

Definition 1.2 - Soient A un anneau , M A-module a gauche. On dit que M est

lineairement compact (9), (resp. semi-compact) si toute famille filtrante decrois-

sante (x.+M.). I,oupourtout i,xl.E.M et estunsous-moduledeM
l l l E

(resp. l'annulateur dans M d'un ideal a gauche de A), a une intersection non

vide.

Definition 1.3 - On dit A-module a gauche M est absolument pur

fp-injectif) si pour tout A-module a gauche de presentation finie on a

= 0 (voir (6)).
Un A-module a gauche M est injectif si et seulement si M est fp-injectif

et semi-compact. Voir (6) et (4).

2 - Sous-modules purs

Definition 2.1 - Soient A un anneau , 0--,> N..-l4 M "'""""'l'P ---..,0 une suite exacte de

A-modules a gauche. On dit que cette suite est exacte (ou bien que
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u est universellement iniectif, ou bien que N est un sous-module pur de M) si

pour tout A-module a droi te Q la suite 0 Q Iil: N Q Iil: M Q @ P 0
A A A

est exacte.

Proposition 2.1 - Soient A un anneau cOillillutatif, E un cogenerateur pour la

categorie des A-modules, B A-algebre (non necessairement commutative),

(S) : 0 N M P 0 une sui te exacte de B-modules a gauche. Alors

les conditions suivantes sont equivalentes :

1) la suite (S) est universellement exacte

2) la suite HomA(P,E)--7 HomA(M,E) HomA(N,E) °
suite scindee de B-modules a droite

est une

3) Pour tout B-module a gauche F de presentation finie, la suite

o --'t HomB(F,M) HomB(F,P) --'t ° est exacte.

Demonstratjon - Voir la proposition 9.1 de (5) en rempla9ant Z par A et

Q/-Z par E.

Definition 2.2 - Soient A un anneau, N un A-module a gauche. On dit que Nest

pur iniectif, si pour toute suite universellement exacte 0---7 M_ M"---70 ,

HomA(u,N) est surjectif. Alors tout produit de modules pur-injectifs et tout fac-

teur direct d'un module pur-injectif est un module pur-injectif.

Proposition 2.2 - Soient A un anneau cOillillutatif, E un cogenerateur iniectif pour

la categorie des A-modules, B Ynf A-algebre, N yn B-module a gauche. Alors :

a) N est un sous-module pur de HomA(HomA(N,E) ,E)

b) N est pur-injegtif si et seulement si il existe un B-module a droite P

tel que N soit facteur direct de HomA(p,E).(Voir (5) proposition

Theoreme 2.3 - A un anneau cOillillutatif semi-local, M Yll A-module, N Yll

sous-module pur de M. Alors :

a) si 14 est de type fini, N l'est aussi

b) si M est de presentation finie, N est facteur direct de M.
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n

Demonstration - Soient les ideaux maximaux de A, E =
D'apres la proposition 2.1, HomA(N,E) est facteur direct de HomA(M,E). En appli-

quant la proposition 1.1, on en deduit que si M est de fini, N l'est aussi.

Si M est de presentation finie, alors MIN l'est aussi. D'apres la propo-

sition 2.1 3°), Nest facteur direct de M.

Theoreme 2.4 - Soit A un anneau commutatif. Alors tout A-module est un sous-

module pur d'un produit de modules de type cofini et pur-injectifs.

Pour montrer ce theoreme nous avons besoin du lemme suivant.

Lemme - Soient A un anneau, (M., 4'.. ). I un systeme inductif fil trant de
l Jl l;:;'

A-modules a gauche, (M,4'.). I sa limite inductive. Soit 4': @ M. M
- llE -- iEI l------

I' epimorphisme induit par les <Pi' Alors ker <.f est un sous-module pur de

@ M.
i I l

Demonstration du lemme - Si F est un A-module a gauche de presentation finie

alors l'homomorphisme canonique HomA(F, 1\) Hom
A
(F, M) est un isomorphisme.

Done pour tout A-homomorphisme f: F --..., M , il existe un i EO; I , tel que f se

factorise a travers • Par consequent 3g: F @
iEI

tel que f = c.{Io g •

Demonstration du theoreme - Soient M un A-module, Max A l'ensemble des ideaux

EA(A/tJrv). Alors
A
Soit (N.). I la

l lEo

HomA(M,E).

maximaux de A, E = lir
tm, Max

la categorie des A-modules.

sous-modules de type fini de

E est un cogenerateur injectif de

famille filtrante croissante des

D'apres Ie Lemmo la suite 0 --t Ker(jl I Ni 0

est universellement exacte. D'apres les propositions 2.1 et 2.2, l'homomorphisme

o M HomA(HomA(M,E) HomA( @ N.,E)!!1(" ry HOffiA(N"
i Ell llll\l)EI X Max A l

est universeUement injectif et 'tf(i,'lIlJ)E I x Max A, HOIDA(N
i,

E(A/M)) est pur-

injectif et de type cofini.

Corollaire 2.5 - Soient A un anne au commutatif, M un A-module. Les conditions

suivantes sont eguivalentes
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1) M est pur-injectif

2) M est facteur direct d'un produit de modules de type cofini et pur-

injectifs.

Corollaire 2.6 - Soit A un anneau commutatif. Alors tout A-module est un sous-

module pur de son complete pour la topologie cofinie.

Demonstration - Soient M un A-module, (M.). I Ie systeme projectif des quo-
1\ llE.

tients de type cofini de M, M= lim M. Ie complete pour la topologie cofinie
l

de M ,u l' injection canonique M M. D' apr-es Le theoreme il existe un homo-

morphisme V: M P , universellement injectif ou Pest isomorphe a un produit

'"de modules de type cofini. Alors V se factorise a travers M et done u est

universellement injectif.

Exemple de module de type cofini qui n'est pas pur-injectif

Soient A un anneau de valuation, son ideal maximal, K son corps de

fractions. Alors est de type cofini et absolurnent pur. Si est pur-

injectif, alors = D'apres (8) on en deduit que A est presque maxi-

mal. Or il existe des anneaux de valuation qui ne sont pas presque maximaux.

Exemple d'anneau non commutatit: pour leguel Ie theoreme 2.4 n'est pas verifie

Soit A un V-anneau a gauche (tout A-module a gauche simple est injectif).

Alors tout A-module de type cofini est injectif. Si Ie theoreme 2.4 est verifie,

alors tout A-module a gauche est absolument pur et A est absolurnent plat. Or

Cozzens (7) a construit des V-anneaux a gauche qui ne sont pas absolument plats.

3 - H-anneaux et topologie cofinie

Soient A un anneau, E et M des A modules a gauche. La

sur M est definie en prenant pour base de voisinages de. zero, les noyaux des

homomorphismes de Mdans ,k entier positif. Le groupe HomA(M,E) peut

muni de la topologie "finie" en prenant les sous-groupes ffEHomA(M,E) ,r(S) = 0

S partie finie de MJ comme base de voisinages de zeros.
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S'il n'existe qu'un nombre fini de classes d'isomorphisme de A-modules a
simples, si S1 , ... ,Sn sont des representants de ces classes, si

E EA(Si)' alors la E-topologie et la topologie cofinie

Proposi tion 3.1 - A un anneau, E clM A-mod)]] es B 'lallche, B = EndA E ,

N illl. B-modll]e a 'lauche, S Ie foncteur Hom
A
(. ,E), T Ie foncteur Hom

B(.
,E),

PM l'homomorphisme canoniglle de TS(M). Munissons A et M de la E-topologie

et TS(M) de la topologie finie. :

1) A est un anneau topologigue, Mcl TS(M) sont des A-modules topologi-

2) est continu et les topologies induites quotient et sous-module

coincident sur 1m ¢
M

3) TS(M) est complet

4) Si tout module quotient d'un nombre fini de copjes de E est separe

pour Ie E-topolode, la paire (VM' TS(M)) est une completion de M.

C'est la proposition 1.5 de (2).

Definition 3.1 -Soit A un anneau. On dit que A est un H-anneau a gauche,

si S et S' sont deux A-modules a gauche simples tels que HomA(EA(S),EA(S')) f[O] ,

alors S et S' sont isomorphes.

EndA EA(Si),

M. Ie A-module
l -

Theoreme 3.1 - Soient A un H-anneall a gauche, (S.). I des representants de
- - l l

toutes les classes d'isoillorphisme de A-modules a gauche simples, B
i

M 2:!£ A-module a gauche, M son complete pour la topologie cofinie,

M muni de la E(S.)-topologie.
l

l'homomorphisme diagonal U: 1T M. est continu et induit un
- - ----, i Eo I l

HomE (HomA(M,E(S.)), E(S.)). En particulier
ill

Alors

isomorphisme entre Ret n
1\ n .. - iEOI
A ElidE E(S.).

i6 I i l

Pour montrer ce theoreme nous avons besoin des 2 lemmes suivants

Lemme 1 - A 1!11 H-anneau a gauche. Alors pour tout A-module a gauche simple S,

tout quotient d,un nombre fini de copies de EA(S) est separe pour la

EA(S)-topologie.
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Lemme 2 - Soient A Jill H-anneau a gauche, M }ill A-module a gauche, N
1,

••• , des

sous-modules de M tels que

ni un entier

... p Si est un A-module simple

non isomorphe a S
j

P
Soit N = n

i=1
isomorphisme.

• Alors l'homomorphisme canonique de
p
@

i=1

Demonstration du lemme 1 - Soient N un sous-module de (EA(S»n, x un element

non nul de EA(S)n/N • Alors il existe un A-module simple S' et une application

f : EA(S)n/N EA(SI) telle que f(x) f 0 • Alors HomA(EA(S),EA(S'» f 0 •

Done S S' •

Demonstration du lemme 2 - Voir (3) Theoreme 4.26.

Demonstration du theoreme - Le complete de 11 M. pour Ill. topologie produit est
i6I l

isomorphe a IT M. , ou M. est Le separe complete de ;II. pour Ill. E(S . )-topologie.
i61 l l 1\ l l

D'apres Ie lemme 1 et Ill. proposition 3.1, on a Mi = (HomA(Mi,EA(Si»,EA(Si».

II est facile de montrer que U est continu, et Ie lemme 2 entraine que

1m U est dense dans 11 M.
i6I l

est un anneau absolument plat auto-injectif a droite.

Corollaire 1 - Soit

cOfinie. Alors A
A illl. V-anneau a gauche, "A son complete pour Ill. topologie

est un corps et doneK.
l

Alors

Demonstration - Soient (Si) i I des representants de toutes les classes d ' isomor-

phisme de A-modules a gauche simples, K
l
. = End

A
S .• Alors A=.l[rEndK

l le" i
Si est absolument plat et auto-injectif a

droi teo

Corollaire 2 -.§.Qil A Jill H-anneau a <raucbe. lli A est GompJet ;pour Ja topoJo 'ie

cofini e, alors il n 'exi ste q,ll'un nombre fini de classes d' i somorphismes de A-modules

a <rallche s impJes.

Demonstration - Si nous reprenons les notations du theoreme, on a
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A = ,TIr EndB EA(S,). Posons Al, EndB
l
, EA(Sl')' Alors 'VieI , est un

l . i· l .
Ai-module est infini, soi t rrn un ideal a gauehe maximal contenan t

et S = Alors S n'est isomorphe a aucun des S, Impossible.
l

@
iE-I

A. ,
l

Definition 3.2 - Soit A un anneau. On dit que A est classique a gauche, si tout

A-module a gauche de type cofini est lineairement compact.

Theoreme 3.2 - Soit A un anneau classique a gauche. On suppose que l'une des

hypotheses suivantes est verifiee

a) II n'existe qu'un nombre fini de classes d'isomorphisme de A-modules a
gauche simples

b) A H-anneau a gauche.

Alors les conditions suivantes sont verifiees :

1) Ie foncteur comp18tion (pour la topologie cofinie) est exact

2) pour tout A-module a gauche de presentation finie M, 21l....iL M

1\ '"A et M

3) A

4) si

sont les completes respectifs de A M pour la topologie cofinie.

est un sons-module pur a droUe de

A est coherent a gauche, 1 est un A-module a droite fidelement

Pour montrer ce theoreme nous avons besoin des lemmes suivants

Lemme 3 - A un anneau , E !ill A-module a gauche injectif, B =

On slmpose qne tont <J,JlOtjent d'lJU nombre finj de copjes de E est separe pour la

E-topologie.

E B-module a gauche absolwnent pur.

Lemme 4 - Memes hypotheses que Ie lemme precedent. Alors E est un B-module injec-

tif si et seulement si E est un A-module lineairement compact. Dans ces conditions

E est un cogenerateur pour la categorie des B-modules a gauche si et seulement si E

est de type cofini sur A.

Demonstration du lemme 3 - Soient N un B-module a gauche : N --7 ST(N)

l'homomorphisme canonique (on reprend les notations de la proposition 3.1). On
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montre d'ahord que si N est de presentation finie, alors est un isomor

phisme, et si N est de type fini, "'N est un epimorphisme.

Soient 1 un Bmodule a gauche libre de type fini, K un sousmodule de

type fini de 1. On a la suite exacte

On a le diagramme commutatif suivant :

a ) K u
)

o

J
1

On en deduit que "I'K est un isomorphisme et S'J: (u) est injectif.

Done HomA(Ext1(L/K,E),E) = 0 K etant de type fini sur B , Ext1(L/K,E) est un

sous Amodule d'un module quotient d'un nombre fini de copies de E On done

= 0 .

Demonstration du lemme 4 Comme l'annulateur dans E d 'un ideal a gauche de B

est un sousAmodule de E et comme tout sousAmodule de E est l'annulateur

d'un ideal a gauche de B, E est un Bmodule semicompact si et seulement si E

est un Amodule lineairement compact.

Demonstration du Theoreme 3.2 

1) a) Soient S1"",Sn des representants des classes d'isomorphisme de
n

Amodules a gauche simples, E = 0 ). D'apres la proposition 3.1, Ie foncteur
i=1

completion est HomB(HomA(,E),E), ou B = EndAE , et ce foncteur est exact d'apres

Ie lemme 4

b) Reprenons les notations du theoreme 3.1. Alors Ie foncteur completion est

exact d'apres le lemme 4.
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2) a) Considerons l'homomorphisme canonique

HomB(E,E) M--" HomB(HomA(M,E),E), ou M est un A-module 8. gauche, defini

p1J.I' G: x)(.. ) = f(cdx», f .HomB(E,E), x6M et (l( EaHOmA(M,E). Comme E est

un B-module injectif, est un isomorphisme pour tout A-module M de presentation

finie.

b) De meme, pour tout A-module de presentation finie M, on a un isomor-

phisme (EndB. E) G: M HomB (HomA(M,EA(S.», EA(S.». Cemme M est de presen-
l Ail l

tation finie, l'homomorphisme canonique A @ ,TT (EndB E) @ 14) est un
" A lEI i A

isomorphisme, et on a done A 2M •

3) et 4) sont des consequences de 1) et 2).

Corollaire 1 - Soit A un V-anneau 8. gauche. Alors A est un anneau absolument

plat et auto-injectif 8. gauche et A est un sous-A-module l:llJJ:..8. droite de 'A .

Theoreme 3.3 - Tout V-anneau 8. gauche la topologie cofinie est semi-

= EndK S. ; S. est un A.-module injectif.
ill l

lineairement compact, et par consequent

Demonstration - On a

D'apres Ie lemme 4,

A

est un anneauA.
l

done que

n
IT A, , ou
i=1 L

est un K.-module
l

Ki-espace vectoriel de dimension finie. On aS. est
l

simple.

4 - Modules pur-injectifs et anneaux classigues

Theoreme 4.1 - A un anneau commutatif classigue, M .1!ll A-module. Les

conditions suivantes sont eguivalentes

1 ) M est pur-injectif

2) M est facteur direct de M, son complete pour la topologie cofinie

3) M est facteur direct d/un produi t de modules de type cofini.

Demonstration - II reste 8. montrer que si S est un A-module simple, si
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B = EndA EA(S), si N est un B-module a gauche alors RomB(N,E) est un A-module

pur-injectif. On utilise alors l'isomorphisme canonique

RomB(N M,E) RomA(M,HomB(N,E» ou M est un A-module.

A

On en deduit que si M est un A-module, M est pur injectif. En particulier

tout module de type cofini est pur-injectif.

Remarque - Dans (10), Warfield a montre que sur tout anneau commutatif A, tout

A-module lineairement compact est pur injectif.
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SOME RECENT DEVELOPMENTS IN THE THEORY

OF NOETHERIAN RINGS

Gunter KRAUSE

O. INTRODUCTION

The purpose of this survey is to report on some recent progress in trying to

u;!derstand the structure of noetherian rings, Le. not: necQssarily commutative rings

maximum condition for left and right ideals. The emphasis will be on two par

ticular questions :

i) Jacobson's conjecture, i.e. is

with Jacobson radical J?

<P

Jc.> = ()

n=l
o in a noetherian ring

ii) If R is a noetherian right Macaulay ring, i.e. =

for all nonzero right ideals A of R ,does R have a classical quotient ring

which is artinian ?

Both these problems can be viewed as test questions for the effectiveness of the

methods developed for a particular class of noetherian rings. The validity of

Jacobson's conjecture is generally of limited practical value. Even in the cases

where J
W

= 0 assures that the Jadic topology is Hausdorff, very little is known

about the completion of R when R is not commutative. But whenever = 0 can be

proved, the methods leading to this turn out to be useful for many other things.

The quotient ring problem (ii) actually asks for much deeper insight into the struc

ture of the ring ; it is almost always proved by establishing = and

then using SMALL's theorem t19J.

We note that for both problems the assumption of R being left and right

noetherian is absolutely vital. HERSTEIN's example in (9J,
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Z
(2)

is a right (but not left) noetherian ring with r.K-dim(R)

ring, hence fully bounded. GORDON's example in (7],

] , it is even a P.I.

R

k tx'YJ/(Y»)

k (x]

k any field, N' r:
is a right (but not left) noetherian, fully bounded ring with r.K-dim(R)

right Macaulay, but R is not an order in an artinian ring as

] , it is

k [X,YJ/(Y»)

o
o

The starting point for our discussion is the affirmative answer to both

questions (i) and (ii) for the case of a fully bounded noetherian ring.

DEFINITION - A ring R is right bounded if every essential right ideal of R

contains a non-zero two-sided ideal. R is right fully bounded if Rip is right

bounded for every prime ideal P of R . R is fully bounded, if it is right and

left fully bounded.

Right noetherian right fully bounded rings have been characterized in many ways,

their most useful properties are listed in the following theorem.

THEOREM 0.] - The following properties of the right noetherian ring R are equi-

valent :

]) R is right fully bounded.

2) GABRIEL's correspondence tEJ Ass(E) between isomorphism classes of

injective indecomposable right R-modules E and their associated prime ideals is

bijective.

3) For every finitely generated right R-module M there is a finite set

tm] ,mZ , ••• , M such that the right annihilator reM) .2f. M is the intersec-

tion of the right annihilators r(m
i),

i ] , ..• , k .

210



-3-

Proof - For (2) see (13J, (3) --+ (2) is in [4J, and (l) (3) is

due to CAUCHON (3).

NOTATIONS

i) N = prime radical = intersection of all prime ideals.

ii) For an ideal I set e'(I)=f,cE.RlcrEI implies rEI],

= ic ER I r c E-I implies r" 11 ' = (I) n

iii) K-dim(M)R = Krull dimension of the right R-module M (see (8) for defini-

tions and basic properties).

iv) r.K-dim(R) = K-dim(R)R ' J.K-dim(R) =

v) cl.K-dim(R) = classical Krull dimension (see [8] or (13] for definition).

vi) For a right ideal A of R , bd(A) = r(R/A) = largest ideal contained

in A •

1. JACOBSON'S CONJECTURE

In (12) JATEGAONKAR has proved the following theorem

THEOREM 1.1 - 1Jl R is a fully bounded noetherian ring, then every finitely

genera ted essential extension of an artinian right R - module is artinian.

Proof - See (12J , Theorem 3.5 and Corollary 3.6.

Using the facts that then annihilates injective hulls of simple modules and

that the direct sum of the injective hulls of a set of representatives of all

isomorphism classes of simple modules is faithful, 0 follows immediately.

It turns out that Theorem 1.1 remains true if the assumption of R being

left fully bounded is dropped, and this is due to SCHELTER (18]. Subsequently,

more elegant proofs of 0 alone have been obtained by CAUCHON C1J and

LENAGAN (163. We present a proof which is due to GOLDIE (6J.

THEOREM 1.2 - If R is a noetherian right fully bounded ring, 0 .

Proof - For a ER let V
a

not containing a . Clearly

denote a right ideal which is maximal with respect to

o n V () bd(V), so it is sufficient to
a e R a aE.R a
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assume 0 = bd(A) for a right ideal A for which R/A is uniform with nonzero

socle, and to establish the nilpotence of J. Using Theorem 0.1 (3), we get elements

xi in R/A, i = I, ... , n , such that

n
R/ n

i=I
r(x

i
) R/A

n copies

Thus = Ass(R/A) = P , say. Since R/A has a socle, R/P is a right primi-

tive ring and hence simple artinian as it is right bounded. Thus has an essen-

tial socle S But SR is artinian because R is right noetherian, so the chain

S ::> JS :>J2 S :>• •• becomes s ta tionary and IS JnS for some n. NAKAYAMA's

lemma applied to the left R-module yields JnS = 0 , so the sin-

gular right ideal of R. The result now follows because in a right noetherian ring

is nilpotent.

As was pointed out JACOBSON's conjecture is no longer valid when R

is assumed to be only right noetherian. But by NAKAYAMA's lemma some transfinite

power of J is always zero, and the question arises how to obtain an ordinal 0/...

from the other invariants of R for which = 0 . In (II], JATEGAONKAR showed

that there exists for any ordinal 0/... a local principal right ideal domain R whose

right ideals are all two-sided and linearly ordered of type w . In these rings J

is the first power of J which is zero, so for right noetherian rings there is not

even a universal ordinal bound c such that JE. o for all these rings. We cons i-

der the following two types of transfinite powers of J

for limit ordinals

b) J,J{)+I

con
n=I

for limit ordinals d

ol
LEMMA I.3 - Jo( J"'" for each ordinal '" •

Proof - See Lemma 6 in lJ 5] .

LEMMA 1.4 - 11 R is a right noetherian and M is a finitely generated
ol

ol. -critical right R-module, then MJ"" O.

Proof - It was shown in [I4, Theorem 4.6J that the supremum oeM) of the ordinal

types of descending chains of non-zero submodules of M is at most Thus, if

the claim was false, then 'f MJ ;"+1 for all by NAKAYAMA's lemma.
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But then

M = MJo o MJ o MJ2 :> ••• :> MJc.o"" 'f 0

is a descending chain of submodules 'f 0 of order type w'" + 1 , contradiction !

THEOREM 1.5 - If R is a right noetherian ring with r.K-dim(R)

is nilpotent.

0( J"'c(, 1h!ill.

Proof - Obviously, we may assume that R is prime and establish J"'''' 0 Let A

be a right ideal such that R/A is 0( -critical. By Lennna 1.4, J"'''' "A If

'f 0 then JwcI. is an essential right ideal of R , so it contains a regular

element c . But then
01

0( = K-dim(R/A) K-dim(R/Jw ) K-dim(R/cR) " c(

contradiction

COROLLARY 1.6 - If R is a right noetherian ring with r.K-dim(R) 0(,

then J c( +I = 0

Proof - Clear by Lemma 1.3 and Theorem 1.5.

We remark that Theorem 1.5 and Corollary 1.6 cannot be improved. For

JATEGAONKAR's example of a local principal right ideal domain S whose right

ideals are two-sided and linearly ordered of type ",,5 shows that if we take S = ol + I
c(

and take R to be the proper homomorphic image with lattice of ideals of type n

for some positive integer n, then JwoJ. 'f 0 • Since the powers Jwf!l for are

the prime ideals of R, it follows- easily from Lemma 1.3 that Jfl> = for all

, so Jd, 'f 0 ,so Ja(+1 is indeed the first transfinite power of type b)

which is zero. In contrast, we mention that HERSTEIN and SMALL have proved in rIO)

that for a left noetherian P.I.-rin&-J
m

= 0 for some natural number m. This has

been improved to m = 2 by CAUCHON in [2], and in view of HERSTEIN's example (9)

this is best possible.

Finally, we mention that J W = 0 has been established for noetherian rings

with right Krull dimension one by LENAGAN tI7, Theorem 4.4J. Unfortunately,

LENAGAN's proof does not seem to give any clues as to how one might proceed by

induction in order to settle the question for higher Krull dimensions. One cnn

only say that is nilpotent for noetherian rings of Krull dimension two,

but this comes as a consequence of NAKAYAMA's lemma; more generally, if 0

is known for rings with Krull dimension , then is nilp0tent for rings

with Krull dimension + 1 •
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2. ARTINIAN QUOTIENT RINGS

In (7J , GORDON proved the following result.

THEOREM 2. I - A noetherian fully bounded right Macaulay ring has an artinian

classical quotient ring.

Proof - (7J, Theorem I

GORDON's proof depends heavily on both the left and right-handed versions and their

consequences of a result of JATEGAONKAR L12J, which asserts that for a bimodule

sMR which is finitely generated over the right noetherian right fully bounded ring

R the Krull dimension of the partially ordered set of (S,R)-bisubmodules of M

equals K-dim(M)R' In order to obtain a one-sided version of GORDON's theorem,

this dependency must be at least partly removed, and this is done by the following

considerations.

DEFINITION - Let sMR be a (S,R)-bimodule. The Krull dimension of the lattice of

(S,R)-bisubmodules is denoted by p(sMR) .

LEMMA 2.2 - Let S be a ring with left Krull dimension, R any ring, and let sMR
be a bimodule such that

a) MR = mJR + m
2R

+ .•. + .

b) "S(M) 0

c) SM has Krull dimension

K-dimS(M) .e.K-dim(S) .

Proof - We have

S S/O
k

S / () ,t,S(mi) lC Ql SM
i=J k copies

Thus K-dimS(M) The reverse inequality follows from Corollary 4.4

of [8J.

PROPOSITION 2.3 - Let S be a left noetherian ring, R any ring, and let sMR be

e bimodule such that

a) MR is noetherian
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b) K-dims(M)

c1.K-dim(S)

Proof - If false, we assume by noetherian induction that the statement is true for

every proper factor ring of S Assume S is not a prime ring, let AB = 0 for

non-zero ideals A and B . Then we get for every (S,R)-bimodule

= max til (M/BM) , Il(BM)! '* max tcl.K-dim(S/B),

cl.K-dim(S/A)] .So cl.K-dim(S) ,

and this contradiction shows that S is prime. Let now

be a descending chain of (S,R)-bisubmodules of M. If for some i the left

S-module Mi/Mi +1 is faithful, then

by our Lemma 2.2 and Corollary 4.4 of C8J. By definition of K-dimS(M) this can

happen only finitely many times, so we assume without loss of generality it does

not happen at all, and we set

for all i

T.
1

S is prime we get

by induction hypothesis. The claim now follows from the definition of .

We will achieve our goal of obtaining a one-sided version of GORDON's theorem

by proving it actually for a different class of rings, the ideal invariant rings

defined below. It will be seen that noetherian right fully bounded rings form a

subclass of this class of rings.

DEFINITION - A ring R with right Krull dimension is right ideal invariant if

K-dim(T/AT)R K-dim(R/A)R for every right ideal A and every two-sided ideal T.

Right ideal invariant rings were first considered by STAFFORD in (20J. He showed

that a fully bounded noetherian ring is ideal invariant, and the following is the

one-sided version of this result.
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invariant.
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A noetherian right fully bounded ring R is right ideal

Proof - Let T be an ideal, A a right ideal, and set B bd(A). By Theorem 0.1(3)

we have K-dim(R/A)R; K-dim(R/B)R ' by Lemma 2.2 of (12J we also have

f(R/BT/BTR) ; K-dim(T/BT)R . Together with Proposition 2.3 we thus get

K-dim(T/AT)R K-dim(T/BT)R f(R/BT/BTR) cl.K-dim(R/B)

r.K-dim(R/B) K-dim(R/A)

The one-sided version of GORDON's theorem we are aiming for was first proved

by WARFIELD C21J who derived it from the following general theorem.

THEOREM 2.5 - The following properties of the noetherian ring R are equivalent

I) R has an artinian classical quotient

2) The sets

prime ideals.

k
Ass(R)R AssR(R/r(N » k; 0,1, ... , consist of minimal

Proof - See WARFIELD (21), Theorem 3.

With the use of this theorem and Proposition 2.3, WARFIELD actually obtained an

artinian classical quotient ring for a larger class of noetherian rings than right

ideal invariant ones.

DEFINITION - A ring R with right Krull dimension is right prime ideal invariant

if K-dim(T/PT)R K-dim(R/P)R for every ideal T and every prime ideal P of R .

Using the fact that in a right noetherian ring every ideal T contains a product

of primes 2 T , it is easy to see that right prime ideal invariance is equivalent

with the condition that K-dim(T/BT)R 4 K-dim(R/B)R for any two ideals Band T

of R.

LEMMA 2.6 - Let R be a right noetherian ring, let I be an ideal of

0 t TIr(I) be an ideal of R/r(I). Then R has an ideal T' t 0

r(T') reT) and K-dim(T')R K-dim(TIr(I»R .

Proof (cf. (16), Lemma 2.3) Set T' ; IT . For any i in I with iT t 0 we have

a non-zero epimorphism iT, so the result follows because IR is
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finitely generated.

THEOREM 2.7 - A noetherian right prime ideal invariant right Macaulay ring has an

artinian classical quotient ring.

Proof - The proof follows essentially along the same lines as that of WARFIELD's

theorem (Theorem 2.5). Let c e(N) and assume cx 0 for some x f 0 •

Then x E r (Nk+ I) - r(Nk) for some k, so the left R/N-module r(Nk+ I) /r(Nk) has

a nonzero singular submodule Z Z/r(Nk). Clearly Z is a two-sided ideal, and

since R is right noetherian, ZR is finitely generated. From this it follows that

there is an element d e such that dZ 0 . Using the right prime ideal

invariance of R (or rather its consequence mentioned after the definition), we

obtain

K-dim(Z)R K-dim(Z/(RdR + N)Z)R K-dim(R/RdR + N)R

K-dim(R/RdR + N)R K-dim(R/dR + N)R

< K-dim(R/N)R K-dim(R)R'

which cannot be because of Lemma 2.6 and the Macaulay condition. Thus r(c) 0

and 'seN) (0), and it follows from the general theory of noetherian rings

(Theorem 2.5 of GOLDIE l5J) that (0) and that this set is a right Ore

set. Thus I [y Eo R I yc 0 for some c 's(N)] is an ideal of R . Assume I f- 0;

then j (N) (\ I f- 0 since .e(N) is an essential submodule of Thus the right

R/N-module teN) has a nonzero singular submodule Y which is a two-sided ideal.

since RY is finitely generated, we obtain an element eEC(N) with Ye 0 •

Since Y(ReR + N) 0 ,Y is a right R/(ReR + N)-module, so

K-dim(Y)R K-dim(R/ReR + N)R K-dim(R/eR + N)R < K-dim(R/N)R K-dim(R)R'

a direct violation of the Macaulay condition. Therefore, we must have I(c) 0

as well, whence e(N) e(o). The theorem now follows from SMALL's theorem [19J.

To date, no example of a noetherian ring has been found which is not right

ideal invariant. In fact, LENAGAN has proved in (17J that every noetherian ring

with right Krull dimension one is right ideal invariant. We present a slightly

different proof of this fact ; the main work is done by the following lemma of

LENAGAN's.
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LEMMA 2.8 - Let R be a noetherian ring with r.K-dim(R) = 1 , and assume R has

no artinian right ideals. RIA is a cyclic artinian right R-module, A

contains a regular element.

Proof - See LENAGAN (16, Corollary 3.7J.

THEOREM 2.9 (LENAGAN (17J) - A noetherian ring R with right Krull dimension one

is right ideal invariant.

Proof - Let T be an ideal, A a right ideal. Obviously, we only have to consider

the case K-dim(R/A)R = 0 , and a standard reduction allows us to assume that R has

no artinian right ideals. By Lemma 2.8, A contains a regular element c

As T/cT ciT/ci+IT for all i, it follows from K-dim(R)R = I that

K-dim(T! cT)R 0 . Thus K-dim(T!AT)R K-dim(T!cT)R -s 0 = K-dim(T/A)R .
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CONDITIONS NOETHERIENNES DANS L'ANNEAU

DE POLYNOMES DE ORE A(X,cr ,$J

par

Leonce LESIEUR

1 - Anneau de polynomes de Ore A(X ,0- ,d J .

Rappelons la definition. A est un anneau unitaire non necessairement commuta-

tif cr est un endomorphisme injectif de l'anneau unitaire A (on a done

<1'"( 1) = 1), et S une IT" -derivation de A:

S(a+b) &(ab) = o-(a) h + b

EA+ ... + a
n

L' anneau B = A(X ,0-, dJest def'Lni. par I' ensemble des po Lynomes

n n-1
aoX + a1X

avec les lois usuelles pour l'egalite, l'addition, la multiplication a gauche par

un element a e A , tandis que La multiplication a droi te de X par a 6 A est

definie par

Xa = 0- (a) X + S (a) .

B A(X ,a- ,dJ devient alors un anneau de polynomes non commutatif comme l'avait

deja remarque O. ORE des 1933 (4J. II se trouve que les developpements de l'algebre

non commutative depuis une quinzaine d'annees, et en particulier ceux de l'algebre

noetherienne, donnent l'occasion de revenir assez souvent sur les anneaux de poly-

names de Ore, au moins a titre d'exemples ou d'illustration de la theorie. Dans

les resultats connus, on suppose Ie plus souvent que a- est un automorphisme de

l'anneau unitaire A. On a par exemple Ie theoreme suivant si A est un anneau

nce ther-ien a gauche et si sr: est un automorphisme de A, alors A[X, t::r ,JJ est

noetherien a gauche. Les resultats qui suivent s'appliquent par contre a un endo-

morphisme injectif quelconque 0- de A , et leur interet principal porte donc sur

Ie Cas ou n'est pas surjectif. Ce n'est pas un cas totalement pathologique,
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comme Ie montrent les exemples suivants

A = il existe des morphismes injectifs a- de dans lui-meme

A k (Y], k corps commutatif cr: f(Y) f(y2)

A k (Y], k corps commutatif de caracteristique p: a- est l'endomorphisme

de Frobenius u r--+ uP

2 - Conditions noetheriennes et <r -noetheriennes a gauche dans A

Nous alIens considerer les conditions suivantes dans l'anneau A

(N) La condition neetherienne a gauche sur A

La condition -noetherienne a gauche sur A

Pour l'enoncer, nous appellerons A o-(r) l'ideal a gauche engendre par

dans A ,r etant un ideal a gauche de A Alers o-(r) est un ideal a

k
u o-(i) ; i r 1

p=1 P P P
A 0- (r)

gauche dans <r (A), mais pas dans A en general si 0- n ' est pas surjectif.

On a :

Appelons suite cr -croissante une suite d'idenux a gauche

telle que, pour tout n 6 , on ait :

sr (r ) c r 1n n+

On di t alors que la suite rr -croissante (1) est stationnaire a partir du rang m ,

si : Vn;;,. m

A er (r ) = r 1n n+

La condition cr -noetherienne a gauche sur A exprime que toute suite

(J' -croissante est stationnaire a partir d'un certain rang.

Nous aurons egalement a considerer la propriete suivante

r et J etant deux ideaux a gauche de type fini de A,

e: (J) C A a: (r) J C r

Cette propriete s'exprime au moyen des elements de l'anneau A par

cr (a)
q

j=1

q
L:

J j=1
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Afin de montrer que ces conditions 0- -noetheriennes ne sont pas sans objet,

signalons deux exemples.

morphisme de A, A

noetherien Ii gauche uni taire et (T" un auto-

(N) et (po-) sont immediats. Pour etablir (No-)' on considere la suite

croissante d'ideaux Ii gauche

Propriete 2.2 - Si A est un anneau artinien simple, au semi-simple, ou guasi-

frobeniusien, £1 0- un endomorphisme injectif de A, A verifie les conditions

(N), (No-) et (po-)'

Rappelons qu'un anneau quasi-frobeniusien peut etre defini comme un anneau

unitaire artinien Ii gauche et auto-injectif Ii droite, (cf. G. RENAULT (5J p. 102).

Les anneaux artiniens simples ou semi-simples etant quasi-frobeniusiens, il suffit

de demontrer la propriete 2.2 dans ce dernier cas.

1° (N) est verifie

2° Nous allons demontrer (PO"') et meme une propriete plus forte qui sera

utile dans la suite pour Ie theoreme 5.3 de transfert du paragraphe 5.

(Pa-)' On a dans l'anneau A

a: (a. )
l

q

L: \ 0'"
j=1

i
q
2:¥J.b .. i=l, .•.• p.
j=l lJ

Cette propriete va resulter du lemme suivant

Lemme 2.1 - Soit A guasi-frobeniusien. Les relations de dependance lineaire

condition suivante :

a.
l

entre Ie vecteur

q
"h j b .. i

j=1 lJ

(a
i)

de AP

1, .•• ,P

q vecteurs (b
i j)

equivalent Ii la

Quels que soient U.
l

p

:E
i=l

U.
l
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p

:E
i=1

a. u ,
l l

o .

II est clair que (3) (4), mais c'est la reciproque qui est interessante.

Pour q=1 , la condition (4) prend la forme:

p

i=1
b. u.
l l

o
p

a. u.
i=1 l l

o

et on doit demontrer que cette condition entraine l'existence de 0 A tel que

a.Ob.;i=1, ... ,p.
l l

Pour cela, on considere Ie A-homomorphisme a droite defini par

p

E
i=1

a. u
l l

il peut etre etendu, puisque A est auto-injectif a droite, a un .A.-endomorphisme

de A (pour sa structure de A-module a droite) dans lequel 1 .

Mais bl.1----# a
l
. ; done b. = 1.b. d'ou a. = 'l\ b .•

l l l l

Supposons alors la propriete vraie pour q et demontrons-la pour q+1 • Nous

avons donc d'apres (4) :

p

E b .. u. 0
i=1 lJ l

Mettons a. part la derniere

A-homomorphisme x

b. 1 u. = 0 , et considerons les autres
l,q+ l

sont remplies, on peut definir un
p

L-..-..>. a. u , • Or x va decrire un
.-----7 i=1 l l

1 , ••• , q+1 .jou.
l

m

implique L:
i=1

relation t
i=1

1, ••• ,q • Si elles
p
E b.
i=1 l,q+1

j

f

u = 0
i

E
i=1

ideal a droite I dans A ,et f peut etre etendu a un A_endomorphisme a droite

de A dans lequel 1 1 • On a alors
p+

x
P

i=1
u.
l

II
q+1

p

i=1
1
u.) .

,q+ l

L'hypothese de recurrence faite sur q demontre

o , j = 1, ••• ,q entrainent
p

Done les egali tes !:' b. u.
P i=1 lJ l

E (a. 1 b. 1)u. =0i=1 l q+ l,q+ l

alors l' existence de 111' ••• ' 'Oq

i = 1, •.• , P , d ' oji l' egali te (3)

tels que : a.
l

pour l'entier

-)
q+1

q+l , et

q

1 Li 'fl. b.
,q+ j=1 J J
Ie lemme 2.1 est demontre.
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La demonstration de est alors tres simple. Supposons qu'on ait l'ega-

lite

o-(a.)
1.

q

t:
J=1

i 1, ••• ,p

D'apres Ie lemme, les relations a demontrer

proviendront de :

pr:: <r(b.) o-(u.) = 0 ; j = 1 , •••,q,
i=1 1.J l

q

L: J1 b ..
j=1 j 1.J

p
j = 1, ••• ,q L: b ..

i=1 1.J

P
Mais E b ..

i=1 1.J

o

o

p

i=1
a. U.
1. 1.

o .

i 1, ... ,p ,

t o-(a.) o:'.u. ) = 0 , c'est-a-dire, puisque cr:
i=1 .i. 1.

La propriete est done demontree pour un

et il en resulte d'apres (5)
p

est injectif : a. u. = 0
i=1 1. l

anneau quasi-frobeniusien et un endomorphisme injectif quelconque 0- de cet

anneau. en resulte dans Ie cas particulier i=1 .

3°) II reste a demontrer c'est-a-dire la condition or -noetherienne

ment dite. Supposons :

Dans l' anneau A , qui est artinien a gauche, done qui est un A-module a gauche

de longueur,finie t(A), les ideaux a gauche I sont des A_modules a gauche de
n

longueur Hnie .£(1 )E.£(A). Je dis que 1(1 0-(1 ». En effet, on peut
n n n

choisir une suite de generateurs (a
1,a

, ... ,a) de I tels que la suite
2 p n

d'ideaux Aa1, Aa1 + Aa2 ' Aa
1
+ Aa

2
+ Aa

3
, ... , soit une suite maximale dans In

Elle aura done pour longueur ...e (I ) = p , et l'on a : a. + Aa
2
+.••+ Aa. 1

n 'L l-

L'ideal a gauche A<r(In) aura pour suite de generateurs (0- (a1), <r(a2 ) , •.• , <r(a p»'
avec la propriete

En effet, l'egalite

propriete (Pl7'..) :

sr (a) ¢ Acr(a
1)

+ Acr(a
2
) + ... + A<r(a

i_1)
i-1

0" (a.) = 'h. 0- (a.) entrainerai t d ' aprcs la propriete
l j=1 J J

a.
l

ce qui est contraire a l'hypothese. II existe done une chaine de longueur
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p dans A(7"(I ), ce qui demontre ,t (A(7" (I » ;lo- .2 (I ).
n n n

Cela etant, la suite (1) implique :

t(l ..• »"".e(Io 0 n n n+

d ' ou l' egeli te a partir du rang

termes. Pour n m , l'egalite

Jordan-Holder.

m puisque t (A) est un majorant de tous les

Aq-(I ) = I 1 resulte alors du theoreme de
n n+

3 - Conditions suffisantes pour que A (X,cr- ,J] soit noetherien a gauche

Theoreme 3.1 - A un anneau unitaire, cr- un endomorphisme iniectif de

l'anneau A, 0 0- -derivation de A Si A verifie les conditions noethe-

riennes et a- -noetheriennes (N) et (N".) , l' anneau de polyn5mes B = A [X,a- ,J'J
est noetherien a gauche.

Demonstration - Soit I un ideal a gauche de l' anneau B = A (X,er ,d] . Si
n n-1

f = an X + a
n_1

X + .•. + a
o

15 I , l'ensemble des coefficients an des poly-

names de degre n appertenant a l'ideal I forme avec 0 un ideal a gauche

dans A que nous appellerons P (1). Comme Xf = (7" (a ) xn+1 + ... I , il
n n

est clair que :

cr (p (I» C P 1(1)
n n+

On a le lemme suivant :

3.1 - J etant deux ideaux a gauche de B tels que Ie J , l'egalite

P (I) = P (J) supposee valable pour tout n, entraine I = Jn n

La demonstration est classique : Cf. C. FAITH (2), p. 341. On considere un poly-

nome f de degre minimum m appartenant a J et n'appartenant pas a I ,
soi t f = rn + ••• .:;: J Comme p(J)=P(I), il existe g = a rn+ 151

m m m

On aurait alors f_g E J , avec dO(f_g) <m , d'ou f-g E I , et f I , ce qui

est impossible, et le lemme est demontre.

Considerons alors la suite croissante d'ideaux a gauche de B

C ••• C.I C •••
n

225



-7-

On en deduit Ie tableau a double entree d'ideaux a gauche de l'anneau A

P (I ) Po (11) P (1.)
o 0 o J

fe- lu- [a-
..:.I

P1 (I) P
1
(1

1
) P1(I)

10- Ia- [0-
.q

(I ) Pi (11) P.(I.)
0 l J

dans lequel les ideaux d'une meme ligne forment une suite croissante d'apres la

definition de P (I), et les ideaux d'une meme colonne forment une suite
n

Ci" -croissante en raison de l' inclusion (6).

D'apres la conditicn noetherienne (N), les ideaux a gauche de la 1ere ligne

sont stationnaires a partir du rang no

n
o

0-

Considerons alors les ideaux a gauche

de la 2e ligne a partir de la

colonne no; ils sont stationnaires

a partir du rang n1 . Comme P (In )
o 0

est injecte par cr dans P1(In)o
et que P (In )c. P

1
(In ), on a aussi

1 0 1
P (In ) P1(In) et on forme
o 0 1
ainsi la suite 0- -croissante

D' apr-s s la condition 0- -noetherienne

partir du rang m et on a done pour

Or on a les inclusions

cette suite est _croissante a
k m : A <:r = Pk+1 (Ink+1).

(I ) C. (I ) c. ... C. P
k

1 (I ).
+

L'egalite des termes extremes entraine celIe des termes intermediaires on en

deduit par consequent = et par suite :

n
k

= m des que k m .

On peut alors appliquer Ie lemme 3.1, d'ou

= Im+1 =
et Ie theoreme 3.1 est demontre.
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Corollaire 3.1 - Si A est noetherien a gauche, .§.i e: un automorphisme de A,

B = A [X ,0-, dJ est noetherien a gauche. Consequence de la propriete 2.1 .

Corollaire 3.2 - Si A est artinien simple, ou semi-simple, ou guasi-frobeniusien,

B = A (X,<T",6J est noetherien a gauche guel que soit l'endomorphisme injectif 0-

de l'anneau A et la o: -derivation d Consequence de la propriete 2.2.

Remarque. Lorsque A est artinien simple, G. CAUCHON et J.C. ROBSON (1J ont

demontz-e tout recemment que A [X,.,.. ,JJ est principal a gauche.

4 - Transfert de la propriete d'anneau premier

Theoreme 4.1 - Soit A un anneau unitaire, <T" un endomorphisme injectif de

l' anneau A, d 0- -derivation de A. Si A est premier et verifie les con-

ditions e: -noetheriennes (N), (Ncr) et (po-), l'anneau de polynl)mes A (X,er,dJ

est premier et noetherien a gauche.

Nous utilisons le lemme suivant, qui a son interet propre.

Lemme 4.1 - Soit A un ar.neau unitaire noetherien a gauche verifiant la condition

pour l' endomorphisme injectif e: de A . Si s est regulier a droite, il en

est de meme de <T" (s) .

Supposons u <:r (s) o , ufO. L'anneau A etant noetherien a gauche, il existe

un entier minimum n tel que :

+ cr(u) +'ho u

On an> 1 , car sr: (u) 1'1
0

u t:r (us) fr (u) sr (s) 'no u <res) = 0 ,

done us = 0 et u = 0 . En multipliant l'egalite (7) par cr (s), on obtient

... 1 _n-1 (u ) () .... () ()11 IT S + ... + 01 fr u cr Sn_

d'oll, en appliquant la

n-2( )e: u S + ••• +)11 us
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et, comme s est regulier a droite

n-1 ( )
tr u "'ll 1n-

ce qui est contraire au choix de, n minimum pour (7).

Demonstration du theoreme 4.1 - Soit B'" A(X,o-,cl) , A noetherien a gauche

premier satisfaisant la condition On verifie aisement que l'endomorphisme

injectif a- de A peut s' etendre a l' anneau de fractions a gauche A' de A , qui
_1

est artinien simple d'apres le theoreme de Goldie. Si s a e A', on pose

0-(s-1 a) '" (0- (s))_1 cr- (a), ce qui est legitime puisque e: (s) est regulier

d'apres le lemme 4.1, et on effectue les verifications de routine necessaires.

Supposons alors

On a done a 0 ,b 0 • L'hypothese "" B f1Jp q
prenant le terme de plus haut degre :

o entraine "" Af3 o , et, en

o

(N) et (N\S").

B = A (X,crJ

Dans l'anneau de fractions a gauche A' , qui est quasi-simple, on a
h -1 1..

h
1::. 0<. b '" 1 , avec ..r.. s , s regulier, droll £. b s
i",1 l q l

h
l l i=1 l q

et, en appliquant <rP r: (T"P (JI.) <r P(,t ) a-P(s).
i=1 l q

En multipliant a gauche par a
p'

il vient: .,..p(s) = 0 , ce qui entrainerait

a = 0 puisque o-P(s) est regulier. L'anneau B est bien premier.
p

C'est Ie cas si A est noetherien a gauche premier, .,.. etant un automorphisme

de A et S une 0- -derivation quelconque, ou bien encore :

Corollaire 4.1 - Si A est artinien simple, A [X,o-,clJ est noetherien a gauche

premier quel que soit 0- , endomorphisme injectif de A,.£.i rf, (S" -derivation

de A.

5 - Transfert des conditions .,.. -noetheriennes (N), lorsque dO.

Soit A un anneau unitaire verifiant les conditions noetheriennes

Lorsque d '" 0 , il existe un endomorphisme injectif de l'anneau
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prolongeant 0- de fagon naturelle, et defini par (X) = X , donc :

On dementre alers Ie theoreme de transfert suivant

Theoreme 5.1 (de transfert des conditions 0- -noetheriennes).

Soit A un anneau verifiant les conditions noetheriennes (N) et (N,) pour un

endomorphisme injectif sr: • Alors l' anneau B = A (X,erJ verifie aussi les con-

ditions c- -noetherienn8s (N)

Le transfert de la condition noetherienne a gauche (N) a ete demontre au theo-

reme 3. 1 sans supposer 6 o.

La demonstration de la condition t:r -eicether-i.enne (N.,..) est analogue. On adapte

les lemmes de la fagon suivante :

Lemme 5.1 - r J ideaux a gauche de B tels que 0- (r) C J ,

l'egalite A a- (p (r»
n

supposee valable pour tout n entraine Bo- (r) = J.

La demonstration est analogue a celIe du lemme 3.1. Considerons un polynome f de

; soit

a P (J)
m m

f. = b .x" + •.. "r . On en
l l

g ¢ B (r), ce qui est

J et n'appartenant pas a B o: (r)

Pm (J) = A.,- (p (r», Ie coefficient
p m

= ;E, 'h. a: (u) avec
i=1 l l

g " J ,avec dOg <. m , e td8duit

degre minimum m appartenant a
f = a r + ••. " J . Comme on a

m
peut s'ecrire sous la forme

contraire au choix de m

Demonstration du theoreme _ Soit La suite .,- -croissante d ' ideaux a gauche

dans B:

On en deduit Ie tableau a double entree d'ideaux a gauche de A

po(r o) po(r1 ) p (r.)o J

Ir [r
P
1
(r.) ... p (1 ) ".1 j

f.er- }- lr-.u
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dans lequel les lignes et les colonnes forment des suites o--croissantes d'ideaux

a gauche de A. D'apres la condition a- -noetherienne dans A , la 1ere

0- -stationnaire a partir du rangligne est n . On considere la suite
o

constituee par la 2eme ligne a partir de no ; elle sera

o--stationnaire a partir du rang n1 ' et ainsi de suite. Considerons alors la

suite <T' -croissante : P (I ) P (11) c.....!!:-.,... c.......sc...-.,
o 0 0

D'apres la condition <T' -noetherienne (Nr ) , cette suite est

partir d'un certain rang h. On choisit l'entier m tel que

or -stationnaire a

P (I ) se place
m n

m

n
o

dans la suite precedente au dela de ce rang h. On aura done la suite partielle

P (I ) 1(1 ) •.• 1(1 )m nm m+ nm m m+ nm+1

avec les proprietes

A<r(P(1))
m n

m
P 1(I )m+ n

m
A<r(P 1(1 ))m+ n

m

Cela prouve que: nm+1 = n
m

' et on voit de meme que nm des que k .

On peut alors appliquer Ie lemme 5.1, qui demontre

= 1
m
+1 = ...

c'est-a-dire Ie theoreme 5.1.
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Toujours dans Ie cas J = 0 ,on peut completer Ie theoreme 5.1 en demontrant

que les conditions noetheriennes (N) et dans A sont necessaires pour que

I' anneau B = A (X ,tr J soi t noe ther-Len a gauche.

Theoreme 5.2 - Si l'anneau B = ALX ,o-J est noetherien a gauche, l'anneau A

verifie les conditions noetheriennes (N)

Demonstration - Pour (N) il suffit de deIDontrer que, si I est un ideal a gauche

de A, l'ideal a gauche BI engendre par I dans B verifie

BI f'\ A I

En effet, B etant noetherien a gauche, l'ideal BI est engendre par un nombre

fini de generateurs i
1

, ••. , i
p
E. I . Soit alors x = f

1
+ ••. + f

p
i
p
E BII"\ A,

avec f , E B , j = 1, •.. ,p . En prenant Le terme de degre zero du second membre,
J

on obtient

a
1

i
1
+ .•. + a

p
i
p
E. I •

(Cette egalite ne serait plus vraie si J 0).

Pour (Ncr) , on cons i.der-e La suite d'ideaux a gauche de A IT"-croissante:

Ioc..R:-) 11 ..• , et, dans B = A (X ,tr] ,la suite croissante avec n

d'ideaux a gauche:

B1 +
o

+ •.• + BI x"
n

La condition neetherienne a gauche dans B implique l'existence de m tel que,

pour n> m , on ait

I Xn+1 C.
n+1

X
n+1 t I' t'Donc , quel que soit i n+1 E. I n+1 ' on a en prenant Le terme i n+1 / ,I ega l e:

i 1 = L: 'h o-n+1 (i ) + o-n(i
1)

+ ••• + II <r(i) ,
n+ 0 0 n n

les 2: designant des sommes finies. Or Ie 2eme membre appartient par hypothese

a A ), ce qui demontre
n

A 0-(1 )
n

des que n > m .

Corollaire 5.1 - Si B = A [X ,<r] est noetherien a gauche, B est egalement

0- -noetherien a gauche.
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Corollaire 5.2 - Si A est noetherien et cr- -noetherien a gauche, il en est de

meme pour ACXi' X2 , ••. , Xn' fr J .

Enfin, on peut noter egalement la propriete de transfert de la condition

du paragraphe 2 .

il en est de meme de l'anneau

Theoreme 5.3 (Transfert de - Si l'anneau

B = A (X ,fr]

A verifie la propriete ,

Ecrivons en effet dans l'anneau B les egalites

(8)
q

0- (A.) = L: .A. cr(B . .)
l j=1 J lJ

i 1 , ••• , p

Explicitons les polynomes

n n n
A. l: a. X

r
B.. b X

r s: 2: '>I.l lr lJ ijr J Jr
=0 =1 =1

n etant le degre maximum, certains des coefficients pouvant etre nuls. Les

egalites (8) donnent dans A:

o-(a. )
lr

j=1, ••. ,q

s=O, ••• ,r

i 1, ... ,p r 0, ... , n .

La condition (p;) valable dans l'anneau A peut

tions (9) pour remplacer les q(n+1) coefficients

On obtient ainsi :

s'appliquer aux p(n+1) equa-

11 . par des termes o-(p.. ).
JS JS

i 1 , ••• , p

ou Ie polynome r
j

dans B.

est
n

=0
Jl. X

r.
La propriete

Jr
) est done demontree

Corollaire 5.3 - Si A est un anneau artinien simple, ou semi-simple, ou quasi-

frobeniusien, et si 0- est un endomorphisme injectif de A, l'anneau de polyno-

mes de Ore A(X1, X
2

, •.. , Xn,o-J verifie les conditions noetheriennes (N)

et la condition .
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6 - Remargues et problemes

1. Si l'on suppose d = 0 et A artinien simple (resp. semi-simple), l'anneau

B = AeX ,<rJ est noe ther-i.en a gauche (Corollaire 3.1) et l'ideal BX = <P est

bilatere premier (resp. semi-premier). J'ai demontre [3J que la condition de Ore

a gauche est verifiee dans B pour les elements reguliers modulo (P . Cette

demonstration est meme a l'origine de ce travail, car les conditions (N),

et y jouent un role.

2. Sans avoir etudie systematiquement l'independance des conditions (N),

je peux noter Ie resultat suivant :

(N) !Li (P\7") n' impliquent pas Il suffit de prendre I' anne au A = k ( YJ,

k corps commutatif, et l'endomorphisme er: fey) f(y2) • On cons.i.dez-e l'ideal

a gauche I = AY pour lequel <r (I) C I ; si (N\7") etait verifiee la suite

<T -croissante :

I c----, I ... 1e....-.:, ...
r r r

serait -stationnaire, ce qui donnerait I A a-(I). Or on a A er(1) = A y
2

2
et I AY AY . De plus, Ie lecteur pourra verifier facilement que les condi-

tions (Pr ) et sont satisfaites. Par contre, si A est artinien a gauche,

implique (N.,J comme on I' a vu au paragraphe 2.

3. Enfin, il reste a etudier Ie cas ou d 0 , et d'abord les extensions possibles

de o: et J', qui sont def'Lni.s sur A, a l'anneau B = A(X,o-,J'J . J'ai des

resultats dans cette voie dans deux cas interessants : Ie cas ou er = 1d , et Ie

cas ou 0- et S sont permutables.
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PROPRIETES DE TRANSFERT DES EXTENSIONS D'ORE

par

Elena WEXLER-KREINDLER

§1 - Introduction

Dans toute la suite tous les anneaux seront supposes associatifs et unitaires.

Nous dirons gu'un anneau A est muni d'un couPle differentiel si

est un endomorphisme injectif de A, '" 1 et si Jest une I:-derivation

de A, i.e. un endomorphisme du groupe abelien soue-jacent a A, qui verifie

'Va e A, Vb e A, S(ab) '" or(a) S(b) + S' (a) b

Si "2: est l'identite, d est une derivation usuelle de A.

Un sur anneau R de A , ayant unite que A, s'appelle extension d'Ore

de A associee aupouple di[ferentiel si R contient un element t, tel

que l' ensemble t t n6 R I soit une base du A-module a gauche AR at tel que

pour tout aG'A, ta '" +d(a). Notation: R '" A[t Les elements
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de R sont des polynemes en t a coefficients dans A et ces derniers ne commut-

tent pas avec t. Le degre et Ie coefficient directeur d'un element non nul

f de A It ; -e:,dJ ont leur signification usuelle dans un anrieau de poLynbmes ,

Notation: deg (f) et c(f). Nous allons designer par U(A) Ie groupe des elements

inversibles de A, par Z(A) son centre et par l'ensemble

[aEA /?:(a) "" aJ.

Ces "anneaux de polyn8mes" ont ete introduits par O. Ore (14), qui a morrtr-e

que si K est un corps, alors K It ; ?:,d] est principal a gauche et que si en

plus?: est surjectif, alors c'est aussi un a=eau principal a droite. La theorie

des extensions d'Ore appara1t comme une bonne source de "mauvais exemples" en

algebre non-commutative, specialement lorsque n'est pas surjectif. C'est la

qu'on trouve des a=eaux admettant des corps de fractions seulement d'un seul cete,

ou bien des anneaux hereditaires a gauche et dont la dimension globale a droite

est un entier positif quelconque ou bien infinie (v. (10) et (11 )). On peut

trouver un apergu des resultats les plus connus dans (4), (6) et (7).

Dans ce qui suit nous presentons une classification des extensions d'Ore (§2),

une etude de certains cas ou la quasi-simplicite de l'anneau A entratne la

propriete pour son extension d'Ore (§3), ainsi que certains resultats de

A.V. Jategaonkar ((12) et (13)) sur les extensions d'Ore d'anneaux semi-simples

et d'ordres dans des anneaux artiniens a gauche, associees a un endomorphisme

injectif, dont Ie theoreme final est Ie theoreme 7 du §4. Le choix de reunir dans

un expose ces proprietes permet entre autres de prouver par des

moins co=us, l'existence des differents types d'extensions d'Ore.

§2 - Classification

1 - Pour une extension d' Ore R "" A t t ; 'l:', $) de I' a=eau A,.il...:L...ii

equivalence entre

i) s "" xt + Y ,avec (x,y) U(A) x A ;

ii) R"" A [s et les elements de R ont degre par rapport aux

t
n

; nE-IN) isn ; •

Si ces conditions sont remplies; alors on a :

ya - -e' (a)y + x S(a)
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Nous dirons que les couples ('1:,$) et (-d, $') de A son t equivalents, s'ils

verifient la condition (*) du lemme 1 C'est une relation d'equivalence dans l'en-

semble des couples differentiels sur A Si est un endomorphisme injectif de

l'anneau A et x6.A , alors l'application _'1:'(a)x est une 'l:-derivation

de A, appelee interieure definie par x •

Soit R = A [t ; 1: , S); 1: est un automorphisme interieur de A si et seule-

ment si toute la classe d'equivalence de A contient seulement des automorphismes

interieurs ; dans ce cas cette classe contient Ie couple (l,S') ,S' etant une

derivation usuelle. De mllme, S est si et aou'Lernerrt si toute la

classe de contient seulement des derivations interieures, auquel cas

cette classe contient Ie couple (t', 0) ou 0 est la derivation nulle.

Lorsque A est un corps, 'teA) = A et si ni "1::: ni J ne sont interieurs, on

a l'inclusion Z(A)EKerS"nFix(t:!A). Dans (4) P.M. Cohn pose Le pr-obLsme d'etendre

ce resultat lorsque n'est pas surjectif. Nous allons montrer que Ie resultat

reste valable dans les cas suivants

a) A corps et t:(A) -! A

b) A quasi-simple et = A • C'est une consequence du theoreme

suivant (17) :

Theor8me 1 - Toute extension d'Ore R, associee a un couple differ8ntiel

de l'anneau A, verifie une des conditions sujvantes

HZ(AJ)I'\ U(A) = ¢
ZeAl §1

ACxJ ;

R

R

10) il existe xE. R , tel que R

2°) il existe xE.R et une derivation usuelle s' A , tels que

A[t;S'J;

3°) il existe xE: R et un endomorphisme injectif '7::' A , iels que

ACt; '2:'1 ;

4°) t:' laisse fixes les elements du centre ZeAl .§.i

50) Z' ne laisse pas fixes les elements du centre

(1-'r) (Z(A» f\ U(A) = ¢ .

La demonstration s'obtient a partir des lemmes suivants, ou A est un anneau,

sur lequel est defini un couple differentiel

Lemme 2 - §i. z e ZeAl §1

S(z), alors pour tout

?:-derivation interieure de A definie

JS(z) (a) = (z - ?:(z) Sea)
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Lemme 3 - Si ne laisse pas fixes les elements du centre Z(A) et s'il existe

zEZ(A) z U(A), a est interieure, definie par

Lemme 4 - Si 1:: laisse fixes les elements du centre et si celui-ci contient un

element z dont la derivee est inversible, alors t est interieur et defini

.PiilL a(z).

Lorsque A est un corps, la condition 5° du theoreme 1 est contradictoire

et par consequent, si ni t ni J' ne sont interieurs, alors Z(A).sFix (?:/A) et

S(Z(A») = 0 • Lorsque A est un corps commutatif, la condition 4° coincide avec 1°

et par consequent ou bien "t:, ou bien S sont interieurs. Dans ce cas, si .;, A,

alors S est interieure.

Corollaire - §Qi1 un couple differentiel defini sur l'anneau quasi-simple A

et soit t(A) = A Si ni t: ni a ne sont interieurs, alors Z(A)S Fix(e-/A)

.!U d(Z(A)) = [OJ.

En effet, dans ce cas Z(A) est un corps commutatif, t (Z(A)) = Z(A) et par

consequent 5° est contradietoire. II reste que A [t ; t ,JJ verifie 4°.

Dans Ie paragraphe suivant on va exposer un exemple, dft a P.M. Cohn (3),

d'extension d'Ore du type 4° d'un corps, ou c: n'est pas surjectif et J n'est pas

interieure. Dans Ie dernier paragraphe nous allons construire un exemple d'extension

d'Ore d'un anneau semi-simple A qui verifie la condition 5°, ou 1::(A) .;, A et d
n'est pas interieure.

§3 - Extensions d'Ore d'anneaux quasi-simples

Lorsque A est un anneau quasi-simple de caracteristique 0 et 5 est une

derivation non interieure de A, l'extension R = A [t ; $J est quasi-simple et

Z(R) = KerS n Z(A), cf. (1). Ce theoreme peut obtenu a partir d'un resultat

quelque peu plus general, qu'on va etablir plus loin.

Donnons d'abord quelques resultats techniques, pour un couple differentiel

de l'anneau A, avec = A •
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n

5 - Pour tout entier n;;l>O , l'apulication S = -r:;k $ "C'-k est une
n k=o

t:' -aerivation A • .§.i S est interieure et denilie par x, d
n

est inte-
n k

rieure et dennie par l: <:: (x},
k=o

Lemme 6 - Pour tout element a de A et tout entier n 1 , il existe

p EO A Ct ; -r::,c>] de degre 4 n-2, tel que
na

Dans ce qui suit nous allons supposer que A est quasi-simple, que -r::(A) = A

et nous allons etablir quelques resultats concernant les ideaux bilateres des exten-

sions d' Ore A (, t ; , J J • Une partie de ces resultats sont analogues a ceux presen-

tes, pour Ie cas d'un corps A de coefficients, par G. Cauchon dans son expose au

Colloque d'algebre qui a eu lieu en juin 1976 a Orsay en l'honneur du professeur

L. Lesieur.

Propositj on 1 - Tout ideal bilatere non nJJl I d 'Jille extension d' Ore R = A (t

d'un anneau quasi-simple A est principal a gauche et a droite et il est engendre
n-1 .

par un polvneme uni taire f t
n + l20 a

i
, tel que pour tout a e A , fa = tn(a)f

et il existe cEA, tel que tf = f(t+c).

Preuve - Soit I un ideal non nul de R de degre minimum n ,

Le. n min [deg(f) 10';' fEi1J • On d.es i.gn.e par C (1) = [03" [aeAJliIf 1
n

f = at
n

+ f 1 ' deg(f1)<.n}. Cn(I) est un ideal a gauche non nul de A et, puisque

est surjectif, c'est aussi un ideal a droite, par consequent C (1) = A et il
n

existe fE 1 , tel que f t
n

+ g , au n • II est immediat que fest

unique avec ces proprietes. On utilise Ie lemme 6 et on montre que tout element non

nul de I est divisible a gauche et a droite par f d'ou

pour tout aEA , faE I et il existe beA , tel que fa = bf

d'ou b = tn(a). De meme tfE. 1 et il existe gER de degre

puasque f est unitaire g = t+c , c A •

Rf = fR • Alors

Or c(fa) = tn(a),

,avec tf = fg et

Soit un automorphisme non interieur d'un anneau quelconque A. Nous desi-

gnons par l':i.rnage de t:: dans Aut(A)/Int(A) par la surjection canorri.que et par

1nte(A) l'ensemble des automorphismes interieurs de A qui sont definis par des

elements inversibles de A et laisses fixes par t:: • Int1:(A) est un sous-groupe

de 1nt(A) et un sous-groupe normal du eous--groupe c tr > de Aut(A), car <::
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cormnute avec tout element de lntt:(A). Nous designons par -r:* l'image de 't:. par la

surjection canonique de <. lntt:(A) sur Le groupe cyclique<. "t: ... lntt:(A)/lnt'l;'(A)

engendre exactement par • Dans ces conditions on a Ie resultat suivant.

a) 1e grollpe <. est fj ni sj et sell] ement si <.-r; est fini

b) s =1<.t>lti. m =1 <.'C'*>l s divise

m .§.i m/s = lnt(A) :< n lntJA))
u

c).§.Q.;i..t u61N, tel que -euelnte-(A). m divise u et a-'iii YlSZ(A) ,

ou a y sont des elements inversibles de A, laisses fixes

qui definissent , respectivement.

a) Notons que l'ordre de est Ie plus petit entier positif s , tel que

-t:seInt(A), s'il en existe, sinon!<1::>1 est infini. Soit b .U(A), tel que 1;:s soit

interieur et def'Lrri. par b • Posons c = -cs - 1 (b) ••• • Alors

'!:l(c) = be b-
1

= eS(c). Or tS(c) = e 2s - 1 (b) ... = c , car 'C'S(b) = b

On en deduit c .Fix (e/U(A)). On verifie que 'C's2(x) cxc-
1

pour tout xEA, et
2

.Int't;;(A) , 1;;* d'ordre fini. La reciproque est evidente.

b) Les isomorphismes

<1;*,. =<t'>Intt:(A)/Int"t:(A) <7::7/<7:.>(\ lnt (A)

A.
< > =(t:> lnt(A)/lnt(A) -c 'C'>}:1::'7 f"\ lnt(A)

(<.1:: '> /<'C',. n Intt:(A) )/«'2::? () Int(A)/<C7{)

prouvent l'assertion.

c) Soient a et y deux elements de

on ai t tm(x) = axa-1 et "l:U(x) = yxy-1

tout x .A, on a

Fix(t::/U(A) ),

Alors t*u

tels que pour tout xE A

et m divise u • Pour

ce qui prouve
u

-iii
a

-1ft -1
a y x y

yEZ(A).

.ll
m

a x

1) La demonstration du fait de '/::S . lnt(A)
2

entraine e's Int.,jA) nous a ete

communiquee par G. Cauchon. Nous l'en remercions.
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1e lemme precedent permet de determiner les ideaux bilateres de llextension

dlOre A(t dlun anneau quasi-simple. Par la suite A est de nouveau suppose

quasi-simple.

8 - L' element non nul f6 R

bilatere Rf si §t seul§ment si

n-1
A[t f = t n + 'E a. t i engendre un ideal

i=o
tf ft et pour tout x A et tout entier

iE. (O,n-U, ai 1::
i
(x) = -Jl(x) ai • Dans ce cas, les coefficients non nuls de f sont

inversibles et laisses fixes par •

Preuve - On utilise la proposition 1 et on note que tnx = t n , pour

tout x6A. Alors ViE(0,n-1J , 'VxEA , a. l'i(x) = 't;;n(x) a .• Si a. t- 0 ,

alors aiA = Aai et c'est un ideal bilatere non nul de A, par consequent aiA = A

et ai est inversible. De tf = f(t+c) on deduit

n-1
t n+1 + z: -Z:(a.) t i+1

i=o

n-1
t
n+1 + L::

i=o

aoc = 0 , on deduit c = 0 •

On deduit de 0 = a. e-i(c)

Si t- 0 , alors de

j E. (O,i-1] et a. t- 0
a,

IE (O,n-1J, = a.

Soit

que

a =0 , pour tout
j

c=O et pour tout

Dans l'enonce suivant on utilise les notations du lemme 7.

Proposition 2 - L'§xtension

ideaux bilateres R t n pour

R = A(t ;"t"] n' §st pas quasi-simple. R aamet les
"-

tout §ntier positifs n. 3i est d'orare infini,

f

alors ce sont les seuls ideaux de R. §i 1? est d'ordre fini, les ideaux bilateres

Rf • fR autres qu§ les R t n spnt de degre minimum superieur ou egal a l'ordre

*m §t spnt §ng§nares par des polyn8mes unitaires :

h-1
+2:

j=o

k [O,m-1j ,c.EFix(e-/Z(A»), a ayant la signification du lemme 7.
J

- Puisque tna = t n , Rt n = est un ideal bilatere non nul de R.

Par Le lemme 8, si Rf = fR et si est un coefficient non nul de f, 1::
n
- i
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n = mh + k ,

a. = 0 •
l

sioc!
J..

et

f et soit i6:(0,n-1J, tel que

Posons j=h-R. ,j [0,h-1J et
n-i.

, alors::...:.J. = h-j et, mi

0

Alors

Si

un ideal bilatere de degre minimum

a =0
i
c':
lj

I

par Ie polyn8me unitaire

i = n-m! , ,hJ

c .• Soit
l

i i. , alors
J

ou on pose c
j

A

est interieur, ce qui entratne que 'l:' est d'ordre fini, Dans ce cas, pour les

0 , -z:?1-i 6. Int't'J(A). Par Ie lemme 7,

On dedu.i t n'.J'm,

entiers i (0 ,n-1J, pour lesquels a.
n-d, l

m divise n-d, et c. = a---nr a. Z(A).
. l l

n-;L
c ! = a-Ill a. e Fix(1:jZ(A)n U(A)) si
J.. l.

Posons a = a m
i

k < m , engendre

m divise n-i. Alors

i. = mj+k • Si
J h-j

a i = a c j '
j

h-1
f t

mh
+
k + L c .

j=o J

oii a. e a e Fix (t:'jU(A) ) avec -c:;fl(x) axa_1 , pour tout xf:..A et m
J *

Itordre de • Reciproquement, un tel polyn8me engendre un ideal bilatere Rf=fR,

car il verifie les hypotheses du lemme 8. En effet, ft=tf, puisque les coeffi-

cients de f sont Lajs s es fixes par 1: D'autre part, l'egalite, pour tout xeA,

C , ah- j _mj+k(x) = mh+k(x) c . h-J', ,mh-mj() h-j j-h.... a, equivaut a t:: y = a y a pour
J J
tout y 6. A , qui est vraie d' apres La definition de m et de a et d ' apr-as Le fait

que c.£Z(A).
J

Corollaire - Si est d'ordre infini, alors Z(R) Fix(ejZ(A)). Si est d'ordre

fini, Z(R) = F[a-
1tmJ , au F = Fix(e-jZ(A)), m l'ordre de e et-

a EO Fix (-ejU(A) ), tel que "t:m(x) = axa-1 pour tout xE A ,

Dans ce qui suit on suppose que Jest une derivation non interieure de

l'anneau quasi-simple A • On utilise la proposition 1 pour verifier Ie resultat

suivant.

Proposition 3 - Le polyn8me unitaire fEi R = A (t ;dJ engendre un ideal bilatere

Rf = fR si et seulement si f6 Z(R). R est quasi-simple si et seulement si

Z(R) = Ker d() Z(A).

Le resultat dlAmitsur montre que, en caracteristique nulle, Z(R) = Kerdl\Z(A).

Remargue - Soit A un anneau quasi-simple de caracteristique p ,. 0 et soit

R = A (t ;dJ, ou $ nlest pas interieure. Tout' polyn8me f Z(R) est de degre

n =0 (mod p) et ses coefficients sont de derivee nulle.
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Theoreme 2 - §Qii un automorphisme non interieur de l'anneau quasi-simple A

et soit R = ACt ;'l:',d'J. 3i, pour tout entier ni'oO , la 1::'-aerivation

= i::. tlr-r:-k n'est pas interieure, R est quasi-simple.
n k=o

Preuve - 30it I un ideal bilatere non nul de R et soit f = t
n

+ a. t
i

Ie
i=o 1

polyn8me unitaire de R, tel que I = Rf • On suppose n > 0 • On utilise la propo-

sition 1 et on dedui t que pour tout a A ,

Sn_1 + 'l;n-1 (a) _ 't!(a) a
n-1 = 0

car c'est Ie coefficient de
n-1

dans fa en(a)f • Alors s est interieure,t
ri--!

ce qui contredit l'hypothese. II reste n=O , f=1 et I=R •

Remarque - 3i 1:: est l' identite, alors J n d • 3i A est de caracteristique 0,
n

alors n S n' est pas interieure si S ne l' est pas et on retrouve Le resul tat

d'Amitsur (1).

Nous terminons ce paragraphe par un resultat dfi a J.H. Cozzens (5) concer-

nant la quasi-simplicite de l'extension d'Ore d'nu corps de caracteristique 0,

aasocf.ee a un couple (1::,$), ou 'Z: n'est pas surjectif.

Theoreme 3 -.§.Q;jj;, A un corps de caracteristique 0 et soi t R = A I: t ;"t.,dJ ,

Oll 't:.§.i J ne sont pas interieures et verifient les conditions suivantes :

sn n'estpas la restriction a "l:'m(A)

...n-j(a)x... pour toutb)& XEA verifie xen(a)

j EO [1 ,r:(J, alors x=O ;

c) quel que soit l'entier

d'une -en-derivation interieure de A , ou. n 1,2 ;

aEA et pour un

d) quel que soit I' entier n 1 ,$n

de A, definie par un element de J).

?n-derivation interieure

Alors R est un armeau quasi-simple, principal a gauche et integre.

Preuve - 30it I un ideal bilatere non nul de R. Puisque I est principal a
gauche, il existe un poLynome fEiR unitaire, tel que 1= Rf • Puisque IRS. I

ft = (t+b)f. 3i deg(f) Zn > 0 , alors on d edut.t f

(/ $) 82n(a ) +b=O et a
o
E. Fix t:: Ker • Par consequent

on dedui t que pour tout a E A fa = 'tf(a)f et qu'il existe bE A , tel que

t
m

+ a ,ce qui entraine
2 0
n(a)a ,pour tout a E. A,

o
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ce qui contredit d). Si deg(f) = 2n+1 ,alors fa

contredit c). On deduf, t deg f = 0 et I=R.

t::n(a)f , pour tout ae A ,

1 - Si est surjectif Ie resultat precedent ne s'obtient pas du

theoreme 2, car la condition a) signifie S1 nulle. Si A est un anneau que lcon-

que, un endomorphisme injectif et si S (A) contient des non-diviseurs de zero

a droite, alors la condition a) est equivalente a la condition suivante :

a') J2 est une "1::
2
-derivation de A.

Remargue 2 - Si est un automorphisme non interieur de quasi-simple A

et si Ie couple verifie les hypotheses du theoreme 3, alers R A It

est quasi-simple.

Exemple (cf. (3) et (5)) - Soit k un corps cormnutatif de caraeteristique 0 et

deK

. Soito": k k un endomorphisme

et tel que 0-( t. ) = t. l' pourIn l,n+
; crJ l' extension d ' Ore de k aaeo c i.ec

qui laisse fixes les elements de k

iGIN et tout nElN* . Soit D = k (ytout

de k

soit A l'algebre associative libre sur k, engendree par l'ensemble

B =Lxo,x1,
••• j, A k<x

o'x1
, ••• '> .11 existe un endomorphisrne injectif

unique t: A __ A , -e:(x ) = -x , -e:(x.) = , i .. 1 • On pose
o 0 l

(x.,x J = t(x.h - x x . = y. et on d ef'Lna t par recurrence
l 0 l 0 0 l lO

y .• +1 = Ly .• ,x J t:' (Y. J x -x y .•.. On plonge A dans un corps gauchel,JII l... 0 l.,. 0 0 IN
la man i.e r'e suivante. Soi t k = k( t. ; iE IN , n61N*) Lo corps des fractions

In
rationnelles sur k en les indeterminees

a a- • D admet un corps de fractions a gauche, soit K. On plonge A dans K

on associe t i 1 Y a et a tout element de k Ie element dans K,

cf. (8). On identifie a t
i 1

Y et on definit un monornorphisme d'anneaux

't:: K qui prolonge celui de A , en posant e-(a) = a pour tout aek,

oz:(t ) =- t pour tout n>:-1 , 't:'(t. ) = pour tout et t:'(r) =r
on on In ,n

pour tout n • On a ?:cr = 0- e ,t:(K) t K , car x
1

e-(K). Sur K on definit

la t:'-derivation interieure S(y) = , pour tout yE.K. Soit E Le
o

plus petit sous-corps de K, contenant k , les xi ' i 1 , les LXi ' 1

et les [YiR,'xo'J pour tout et tout . Alors 0 , S(E)s.E,

'l:(E)s.E et J' n'est pas interieure, car ,s E (voir (3)).

Les lemmes suivants permettent de montrer que Ie couple verifie les

hypotheses du theoreme 3 sur Le corps E et que par ccneequentEl: t :'l:,SJ est

quasi-simple.
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Lemme 9 - Soit aEi:K . On suppose qu'il existe un entier N>O , tel que pour tout

entier , at 1Y=t' 1 Ya , ou j = a et aEk .
n n-J,

10 -lll. aEoE verifie t:(a) a et S (a) a , alors a6 k .

Remarque - Le centre de E est k, puisque ni d ne sont interieurs et par

le tMoreme 1, Z(E)e.Fix(e/KerC» d'ou l'egalite k = Z(E).

§4 - Extensions d'Ore d'ordres dans des anneaux artiniens a gauche

On sait qu'un anneau de polyn8mes sur un ordre dans un anneau artinien est un

ordre dans un anneau artinien (16). Nous allons exposer quelques resultats dfis a
A.V. et (13» qui montrent que ce reste vrai lorsqu'il

s'agit des extensions A tt ou A est un anneau semi-simple ou plus genera-

lement un ordre dans un anneau artinien a gauche et un endomorphisme injectif

de A. A la fin du paragraphe nous donnons un exemple d'extension d'Ore d'anneau

semi-simple, qui verifie la condition 5° du theoreme de classification.

On considere un anneau semi-simple A, qu'on decompose en somme directe

d'ideaux bilateres minimaux. (Pour les questions concernant ces anneaux, voir (2».

Soi t !J?> l' eriaembLe fini, de cardinal m, des Ld eaux bilateres maru.maux de A

On designe par l'intervalle (1 ,m1 dans rn • Une numeration de jB est une
m m

bijection q: d3. Posons Cf(i) = B. alors A B. = <.t(i). On
1 1= 1 i=1

designe par l'idempotent de A, tel que = Ag
i

•

Proposition 4 -.§.ill un endomorphisme inieotif de l'anpeall semi-sjmple A.

Pour toute numeration des composantes simples de A, il exjste exactement JUle

permutation 1T' ..g ,telle que (B.) S B (.) pour tout entier i e I • Les compo-
m 1 TTl m

santes simples et BV(i) ont meme longueur et (gi) = grr(i) • Soient

E
1,·

.. ,E
k

les orbites de 11" dans I
m

. Alors, pour ohaque ..eel
k

, l'ideal

bilatere An B. est ne depend pas de la numeration choisie et
$> i .. E,t 1 -- '"'

admet dans R A Ct ;"t:J l' extension d' are Rt 'e'.eJ, ou f.t = gi

et t..e k est la restriction de t: 1 At. R1, est un ideal bilatere de R et

R = Re
1 =1 '"
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j E 1 , A -C(e.) est un ideal
n J

sont isomorphes si et seule-

ment si sont

tion
m

n
Preuve - Soit A = .W

l
Ae. la d ecomp osi tio n de Aen somme directe d' ideaux a gauche

--- J= J

minimaux. Alors t t:(e.) =1 , ?J'(A) 't:(A) et
j=1 J j=1 J J J

est un ensemble d'idempotents orthogonaux. On deduit que.)}1 - .
J
n

A = W A 1:(e.) et que par consequent pour chaque
j=1 J

a gauche minimal. En plus les A-modules Ae. et
J

isomorphes A1::(e.) et A't:o(e.,). Par consequent il existe une permuta-
J J

, telle que pour tout iE-1
m,

t'(B
i)

oS B'lT(i) . Soit n
i

la longueur
m m

de la composante simple B. Alors Z; n = L:;' n (.) = n et puisque n
lf(l')l i=1 i i=1 l

est

en ideaux

L: e.
e &B J

At. On verifie sans

Ae. la decomposition de
J

W
B

Ae(e.) etsi gi
e j i J

L'element unite de

que 't(fj/,) = f.e. et il s'en suit que Ai, est

nume.ra tion de @, alors il existe ere:J , tel
-1 m

= .,.11' G"" , dontIes

on deduit

tel que = Bigi = Agi ' alors

etant f B g on dedui t
R, i \ i'

't:-stable. Si 41 1 est une autre

que q=<f
1
<T" et la permutation a aaoc i ee a <P

1
est V

1
orbites sont exactement O-(E

1
), ••• , L'egalite

An = .W E = . 4J (E ) 1f 1 (j) prouve l'independance de
"" l .t JE;.,- l

difficulte les autres affirmations.

minimaux isomorphes. On obtient

Proposition 5 - un endomorphisme iniectif de l'anneau semi-simple A

tel que Is permutation 11" 6O.g associee a t soit circulaire. 11 existe un
m

endomorphisme iniectif If de l'anneau A, equivalent a t et pour chaque iE

un corps DiS. Bi avant m&me Hement unite que , tels que :

le sous-anneau semi-simple D
m
W D. soit '(I-stable

i=1 l

b) la permutation associee a la restriction If'D de If' 1i D est egale a v ;

c) R = A [t ;tJ!l:: A Ls (D t:« ; IV J).
m D

- On que pour i E I
m_1

' 1T(i) = i+1 et que V(m) = 1 •

Soit B1 B1e j la decomposition de la composante simple B1 de A en somme

directe d'ideaux minimaux a gauche. Par la proposition 4 tous les B
i

ont meme

longueur et admettent les decompositions en somme directe d'ideaux minimaux
n . 1 n . 1

= B. -c.l - (e.) par consequent B
1

= ¥ B
1
t::m(e.), g. = B 'tf-- (e.) et

J= a J j=1 J l j=1 J
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la restriction de

(t ; 't'DJ) de

a=j] a. ,a. B.,
i=1 J. l J.

?:D

dans

Soit

Cf est un isomorphisme d'anneaux.

aE A , avec

que

suivante : c.p (t) = diag (t) ; si
n

m

E cp. (a.). On verifie
i=1 J. J.

Cf (a)

la maniere

on pose

ils sont les composantes simples at

n
2: e. . On suppose d' abard que '1;:'m laisse fixes tous les elements
j=J J

du s ys t erae d l un i t es matricielles L:: = tejk ' (j,k) de l'anneau simple B
J

'

avec e .. = e., j61 • Pour tout iE-1m, soit D
1
. Le centralisateur dans B

1
. du sys t ane

JJ J m '-J
d'unites matricielles 1?- (Z) de Bi . Di un corps LncIus dans B

i
' ayant meme

element unite gi que , et il existe un isomorphisme d'anneaux de B
i

sur

vt'n(Di) • Pour tout i et t:'(Dm).s.D1 • Par consequent les

corps Di engendrent dans A le sous-anneau t-stable et semi-simple D, dont
m

D = Ii! D
i",1 i

aD. On construit une application Cf de A [t ; tJ

Si

inversible

L'element

pour tout

ne laisse pas fixes les elements de , il existe un element

v de B
1

' tel que cft(e'k) =v e. v-
1

, pour tout (j,k)E..I; (c f . (8».
m ,1 J Jk 1

u = v + E (g1) est inversible dans A. Posons 4'(x) u- "t"(x)u,
i=2 m-1

x A • Alors 'l'm(x) = w-1 e-m(x)w , ou w L: -2(v) et ",m laisse
i=o

fixes les e
j k•

On applique ce qui precede a
cf , le lemme 1 •

-1
A I: s ; IjIJ = A(t ; 1::J, s = u t,

Par La suite si R = A r. t ; t'J • on designe par 'd:> (R) I' ensemble des poly-

names de R ayant pour coefficients directeurs les elements inversibles de A.

Theoreme 4 - A un anneau semi-simple dont les m composantes simples sont

des corps et soi t un endomorphisme injeetif e- i!.fl. A , tel que la permutation

associee soit circulaire. Alors :

a) R = A [t ; t] est isomorphe a un sous-anneau de (B I: z ; 't
m
] ) , ou B

m
est l'une des composantes simples de A

b) R est un anneau premier hereditaire et noetherien a gauehe

c) R est un ordre dans l'anneau simple •

Preuve -

a) Soit
m

A = Ii!
i=1

la decomposition de A en somme directe de composantes
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K.

pour
t ..

h
i j

z ,

et la

.. = 1 •
lJ

i,j
ou

e. R e.
J

'" . = i-j

On pose t (f) =

(i,j)e I x I et
m m

: R Jt. (B [ z
2 m

e. = • Alors R =
l

est f = h t
ij ij km

L: q.. km e. t .
k l-J-

et G.. 0 si i , sinon
lJ

Ae.
l

P , comme suit. Soit

telles que d .. D.

On definit un monomorphisme d'anneaux

est

projection de f 6 R dans e. R e.
l J

i , sinon .... = m+i-j et h ..
lJ

ou h = L: eJll-i (q. . km e.) ED.
k l-J-

est un D-module

s' iden tifie a

z EDm • Puisque Dm admet

et e I e f 0 , ce qui
m m

le sous-anneau des matrices

,i .

un element non nul de la

gauche, R

1 l'ensemble des unites matricielles

D

f
k j

Z

m
D.

i=1 l

principal aest

est un anneau premier. Soit

P • Puisque chaque

Rprouve que

diagonales de

matrice non nulle f6 I . Alors e
mk

f e. Z'" I
Jm

un corps de fractions a gauche on deduit que

b et c) On designe par ie .. I (i,j)e
lJ

de d
m
(Dm). On identifie RaP. Pour tout i 1

m
' e

i
Soit I un ideal bilatere non nul de R et soit

a gauche de type fini et noetherien. On deduit que Rest noetherien a gauche et

c'est un ordre a gauche dans un anneau simple. contient l'ensemble E des

matrices diagonales f 0 , ayant sur la diagonale des polynBmes de meme degre.

D est un ordre dans l'anneau de fractions DE qui est semi-simple et puisque E

verifie la condition d' Ore a gauche dans R, on plonge DE So R
E

•

DE-module de type fini, done artinien et puisque R est premier,

On deduit cf. (16) que est l'anneau total de fractions de R

quent RE = Rgo(R)

R
E
est un

R
E

est simple.

et par conse-

Soit 0 f I un ideal a gauche de R, So R e
1

• On montre qu ' il existe kEi.1m,

tel que I acR ek ,done I est projectif. D' autre part, pour tout i Elm
R ei R ei 1S R e1 et tout ideal de R, S: R e

i
est encore projectif ce qui prouve

que Rest hereditaire a gauche.

Les resultats precedents permettent de prouver sans difficulte le

Theoreme 5 - Soi t 't: un endomorphisme injectif de l' anne au semi-simple A

L'extension d'Ore R A Lt est un anneau semi-premier, hereditaire et noethe-

rien a gauche et c'est un ordre a gauche dans l'anneau semi-simple •

Ce theoreme permet essentiellement de prouver les deux resultats suivants de (12).
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Th80reme 6 - lli. A est artj nien a gauche, R

l' anneau artinien a gauche Rt,;!) (R)

A[t ;1:'J est un ordre dans

Theoreme 7 -.ful.il A un ord re a gauche dans I' anneau artinien a gauche Q.

R = A L t ; 1:'J est un ordre a gauche dans un anneau artinien a gauche Q••

Q* est semi-simple si et seulement si A est semi-premier. Q* est simple si et

seulement si tout ideal bilatere de A est un ideal a gauche essentiel

de A.

Nous terminons ce paragraphe par une remarque concernant les couples diffe-

rentiels (1:',S) definis sur des anneaux semi-simples A, qui permet de retrouver

un analogue du theoreme 5 pour les extensions d'Ore A [t ;1:',dJ . En plus nous

donnons un exemple d'une telle extension qui verifie la condition 5° du theoreme

de classification.

Soit (1:',0) un couple differentiel defini sur l'anneau semi-simple A.

Nous utilisons les notations et les

position en composantes simples de

resultats de la proposition 4. On a la decom-
m

A : A = (j) B.
i=1 l

A.. = (j) B. et
l(, i E> E,e l

tout X6 A , on a

Proposition 5 - Les iMaux bilateres -stables Ai de A sont S -stables.

La -derivation J est interieure si et seulement si pour tout .e 6I
k

la

restriction d.2 de S l!. At est une 1:'.£ -derivation interieure de At Si At
n'est pas une composante simple de A, alors a:e est interieure. At admet

dans R = A Lt ;'t,dJ une extfnsion d'Ore Rt = \ (tf,£ ;'t.e,djJ. R,e est un

ideal bilatere de R et R = (j) RR
£ =1

Preuve - 'Soient E
1
, ••• ,E

k
les orbites de la permutation 1T associee a .

soit gi l'idempotent central, tel que Bi = Bigi = Agi • Pour

S(xg.) = "t(x) J(g.) + = + $(g.)x • On
l l l l l

deduit d(Bi),SBi (j) Blr(i)SA
t

et par consequent 6(A.e)£A.e Si S est inte-

rieure definie par Iy , alors St est interieure et definie par yft ' ou

At = AI. :fi = Af;, Reciproquement si eft est interieure def'Lrri,e par YR. e A.t

alors S est interieure definie par Yi fg, • Si AJ- n'est pas un ideal

bilatere minimal, alors l'orbite Et a plus d'un element. Soit Sty une

'C'-derivation interieure de Ai, , definie par y At • Alors pour tout i E..e '
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zune -derivation quelconque de

ce qui entra1ne y = L: (g.).
i 6 Ex. Y l

E $.(g.).SifJ/..=2:g.,
i6E. AI l l

"" AI , l .. :.t-
on a (fo) = 0 , par consequent z = - L..J K-I.) d.e(g.). Soit 51, =S.t .. $,h .

JII 'II i 6 E,& ,1\ l l

On remarque que pour tout i 6E.e ' Sj,(g) dt z (gi)' par consequent Ji.(gi) 0

pour tout i 6 Ell et puisque Ej, a plus d tun element, ceci entriHne cl£(A.e,) O.

On deduit que J.e est interieure et definie par z = St(gi)' On verifie
i Etsans difficulte les autres affirmations.

Corollaire - Soit un endomorphisme injectif de l'anneau semi-simple A. Si la

permutation 11" associee a n'admet pas de points fixes, alors toute1:-derivation

de A est interieure.

Exemple-Soit K uncorpsmunid'uncoupledifferentiel (1::"1,$1)' ou 1:
1

ntest

pas surjectif et d
1

ntest pas interieure. Soit A un anneau semi-simple ayant

trois composantes simples, A = B
1

@ B
2

, telles que B
1

= K
1

' , i 2,3

et soient 'Ii : B
i

les isomorphismes respectifs. On definit A

comme suit: pour x6B1 ' = "Z:1(x). Pour XEBi ' =<f;(i) 1:1 <.fi(x)

cu i 2,3 et )J est la transposition (2,3). 11 est evident que est injectif,

-e:-(A) f A et que la permutation 11' 6 '!3 ' as socLee a , est '({ . Soi t S une

application additive de A dans lui-meme qui coIncide avec 51 sur B
1

et nulle

sur B
2

(j) B
3

. S est une e -derivation de A qui n'est pas interieure. D'autre

part 1: ne laisse pas fixes les elements du centre Z(A). Si u A est inversible,
3 3

u=,E ,u.EU(B.).Soit z .Z(A),z "i:Z.,Zl.E Alors
i=1 l l i=1 l

= z1 + 'P;1 1:1 <f'2(z) + <r;1 ?:, Cl'3(z3)' Soient z2 f 0 , z3 f 0

Alors 0;' z-1:(z) . Ann(B
1)

par consequent (1- "l:) (Z(A)) () U(A) = ¢ , ce qui

prouve que A [t ; "Z:,SJ verifie la condition 5° du theoreme de classification.
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Cohomologie locale des algebres enveloppantes

d'Algebres de Lie nilpotentes

par Genevieve Barou

Soit une algebre de Lie nilpotente de dimension finie sur un corps k de

carac t e r i s t i.que 0 et soit H( Le -module des formes k -Linea.i rcs sur I' alge-

bre enveloppante U( de , formes qui s ' annulent sur une puissance de I' ideal

d ' augmentation j = , U( il a ete demorrt r e (13J (J 4J que la cohomologie de

a valeur dans , IV(q )), est nulle en degre > 0 • D'autre part, on

ver i f i,e que coincide avec ,

r -11'
Si R est un anneau (commutatif) local noetherien, d'ideal maximal les

-) sont les foncteurs de cohomologie locale, relativement a tm,
r lilt,

Dans Ie but de generaliser, tout au moins dans certaines situations, les resultats

de (13J et (14J nous avons ete conduite a introduire les foncteurs de cohomologie

locale pour des algebres enveloppantes (et leurs localises) d'algebres de Lie

nilpotentes , . Ces r es ul t a t s devel oppent; les deux notes aux CRAS (I] et (2]

Rappelons que, si est une algebre de Lie nilpotente de dimension finie

sur un corps de caracteristique 0, son algebre enveloppante est integre,

noetherienne a droite et a gauche; chaque ideal de peut etre engendre par

une famille centralisante et chaque ideal premier Pest completement premier. De

Pl us , on peut construire l'anneau de fractions A = U a denominateurs dans U-Pp ,

Cet anneau est local au sens que son radical de Jacobson est un ideal maximal

(a droite et a gauche) ; on a = 0 . L'anneau A herite des proprietes
n=o

de a savoir : il est Lnteg r e , noe t.her i en a droite et a gauche, chacun de

ses ideaux peut etre engendre par une famille centralisante et tout ideal premier

de A est completement premier. De plus A est regulier (223 (23] dans Ie sens

que le radical peut etre engendre par une A-suite centralisante reguliere de

longueur egale a la K-dimension de A et a la dimension homologique globale

(a droite ou a gauche) de A. Par "ideal" on entendra toujours ideal bilatere.
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1 - Ideaux centraux premiers

Definition I. I - On appelle systeme centralisant un ensemble d'elements

r
1,r2

, •.• ,rm d'un anneau A tel que pour tout

au centre de A modulo (r
l

, ••• , r i- 1) .

i 1 , • • • , m , r.
i,

appartienne

Definition 1.2 - Un ideal a gauche I d'un anneau A sera dit central premier,

s'il est propre et si pour tout systeme centralisant

on a : (I : rio) I si i o = Min l t t : = 1 , ••• , m

r
1

, ••• , r
m

, r
i

¢ r ]

d'elements de A

Signalons quelques proprietes des ideaux centraux premiers.

Proposition 1.3 - Soit A un anneau noetherien des deux cotes. On suppose que

chaque ideal bilatere de A admet un systeme centralisant de generateurs. Alors,

pour un ideal a gauche propre I de A , les proprietes suivantes sont equivalentes

1) L'ideal I est central-premier ;

2) si aAb ,51 a et b EA alors AaA.$ I ou bEl

3) Si aAb .EI a et bEA , alors a 61 ou bEl

Preuve

systeme centralisant de generateurs de

Puisque I est un ideal a gauche, on a

I) 2) Supposons que aAb SO I et AaA 1= 1 . Soit

AaA et soit i
o

Aa .Ab Si I ; done

r I' r 2' ... , rm un

Min{i

b IS. I • D' ou d' apres I)

b 1:1 •

L'implication 2) 3) est evidente.

3) I) Soit r
l,r 2

, ... ,rm, r
m+ 1

un s y s t eme centralisant d'elements de A tel

que: r
l,r2

, ••• ,rmEI et rm+ l
I . Soit bEA tel que brm+I£I . Alors quelque

soit l'element x de A, on a xb r
m+ 1

- r
m+ 1

xbc{(r
l
, ... ,rm) S l . Done, puisque I

est un ideal a gauche, on a r
m
+
1
xbEI pour tout xEA et, dapre s 3), bEIR

La condition 3) de la proposition 1.3 a ete etudiee en (17).

Proposition 1.4 - Soit A un anneau, M

maximal de la famille des ideaux a gauche de A

x # 0 • Alors I est central premier.

1 un element

ou xEM

b un element de A

une famille centrali-Preuve - Posons I = AnnA Z , zEM , Z # 0 . Soit r l, ... ,

sante d'elements de A non contenue dans 1 et soit i o Min ti I r i ¢; I}.

Si aEI, alors ario - rioaEI et done (ario a) Z O. Puisque az = 0

on a arioz 0; d'ou aeAnnA(rioz) et IS:AnnA(rioz), Du fait du car-ac t.er e

maximal de I on a l'egalite I = AnnA(ri z). Soit done
o
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et bEl. Done
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Puisque ri b - bri e I
o 0

I est central premier.O

on a bri E. I . Done
o

Definition 1.5 - Soient A un anneau, M un A-module a gauche, et I un ideal a

gauche central premier. Alors M contient un sous-module isomorphe a A/I si et

seulement s l i L existe un element non nul x6M tel que AnnAx I. On dira alors

que I est un ideal central-associe aM. On notera C-AssAM l'ensemble des

ideaux a gauche cent raux associes a M

On obtient un certain nombre de proprietes analogues a celles du cas commu-

tatif.

Lemme 1.6 - Soit A un anneau, M un A-module a gauche, J un element maximal de

l' ensemble des ideaux a gauche de A de la forme AnnAx , oil x E; 11

alors J E.C-AssAM
x " 0 ,

Lemme 1.7 - A est un anneau noetherien a _gauche, A-module a gauche M est

nul si et seulement si

diviseurs de zero dans

C-AssAM

M est

est vide l'ensemble des elements de A

M" --l> 0 une suite exacte de A-modules a gauche.

I 4& C-AssAl1} es t contenu dans la reunion des ens em-

£InZ(A), IEC-ASSAH"}

Lemme 1.8 - Soit A un anneau noetherien a
--f

soit 0 --')M' H

Alors l' ensemble f I II Z(A) ,

bles fIn Z(A), I EC-AsSAM' }

gauche, Z(A) son centre et

Preuve - So it I un ideal a gauche central-premier associe aM. 11 existe donc

un sous-module N de H isomorphe a A/I . st N i\ f (11') = (0), Nest isomorphe a

un sous-rmod ul.e de M"; done IEC-AsSAH" Supposons Nof(H')" 0 et soit

xC; Nil f(M'), X" 0 , un element tel que AnnA x soit maximal dans l'ensemble des

annulateurs d ' elements non nuls de N 1'\ f (M'). Alors JAnnA(x) est un ideal a

gauche central-premier et central-associe a M' et on verifie que

I "Z (A) = J" Z(A) •

Lemme 1.9 - Soit A un anneau noetherien a gauche, M un A-module de type fininon

nul. Alors il existe une suite de sous-A-modules de M: (0) = M
o
S M

l
S •.•=M

m
= M ,

telle que Mi/Mi- l A/J
i

' , oil J
i

est un ideal a gauche central-premier

de A. De plus, si Z{A) designe Ie centre de A, lfensemble

tlnZ{A), IEC-AsSAM] est contenu dans fJ
i
"Z{A) i = 1 , .•• , m] • En parti-

culier l'ensemble !InZ(A), I EC-ASSAM] est f i.n i ,

254



-4-

Preuve - L'existence des J
i

resulte du lemme 6 de (15J. D'apres 1.6,

I' ensemble [111 Z(A) IE c-AssAI1J es t contenu dans la reunion des ensembles

tI"Z(A), IEC-AssA A/Jd pour i 1, .•. ,m. Or JiE:C-Ass
A

A/J
i

' puisque

J. est l'annulateur de la classe de 1 dans A/J .. Inversement si J est un
1. 1.

ideal a gauche central-premier associe a A/J i ' il existe un element

x J i tel que J AnnA(x) ou x designe la classe de x modulo J i • Pour

tout element a du centre de A, on a : aEJ
i

si et seulement si axE J i '

done s i et seulement s i, aEAnnAx J On a done fI" Z(A), A/JJ

fJ i 1"\ Z(A)J, d'ou Ie r esu.l t.a.t ,

Proposition 1.10 - Soit I un ideal a gauche central premier d'un anneau A

Min [i , r
i
¢ IJ . Alors la multiplication a gauche par

A-homomorphisme injectif.

une famille centralisante d'elements deet r
1,r2

, ••• ,r
m

dans I. i
o

ri dans A/I est un
o

A non contenue

Preuve - On a pour a, bE A : (ario

par rio est un A-homomorphisme. si

precedent est injectif.

-ria)bEI
o

ri bE;I on a
o

Done la multiplication

b : I ; done I' homomorphisme

Proposition 1. 11 - Soit A un anneau noetherien a gauche et M un

gauche. M est injectif si et seulement si il verifie la condition sui-

vante : quel que soit l'ideal a gauche central-premier I de A et l'homomor

phisme de A-modules <f: I __'>M , il exis te x M tel que Cf' (a) ax pour

tout a EO I •

Preuve - II suffit de reprendre la demonstration du theoreme 3.2 (Chapitre 1.(6).

est central-

f'
o

premier. Soit

La condition est evidemment necessaire. Montrons qu'elle est suffisante et

soit M un A-module la verifiant: Soit N un A-module a gauche, N' un sous-

module de N, f : N' M un A-homomorphisme. On considere l'ensemble

des couples (Nil,fll) ou Nil est un sous-module de N , N' Nil et f": N"_M

est un A-homomorphisme prolongeant f. On ordonne e::t: par prolongement, de la

habituelle. Cet ensemble est indu2tif et on note (N,f) un element maxi-o 0

N par I' absurde. Supposons qu' i L exis te y IS N Y ¢ No'

et designons par J y un element maximal de
o

J ,y"N,y¢,N .L'ideal J yy 0 0

J y ---+ l1 I' application definie par :
o

mal. On demontre que No

Posons J y faEA aYENo 1
l'ensemble des ideaux a gauche
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qui prolonge

Posant alors f'(z + ayo) = fo(z) + ax

A-homomorphi sme , f ' : No + Ay0 M

choix de (No,fo)'

aEA

Par hypothese, il existe tel que f' (a)
o

pour

ax = fo(ayo)

z E No ' on

f o ' ce qui

pour tout a E J y .
o

obtient un

contredit Ie

II - Foncteur de cohomologie locale

Definition 2. I - Soit Ov un ideal bilatere d'un anneau A. Considerons le fonc-

teur L{i de la categorie des A-modules a gauche vers c l Le -meme , defini par :

I) Lv., (M) V k
&, )

k>,.1
2) si f est un A-homomorphisme, Lu., (0 est la restriction de f

Le foncteur (additif) Lu- est appele foncteur de cohomologie local relatif a

bilatere de A. Le foncteur

LQ., ; il est, ainsi que Le".,

Proposition 2.2 - A un anneau noetherien

lim. HomA -)
k >.> I_&;
, exact a gauche.

des deux cotes et G, un ideal

est naturellement equivalent a

Preuve - La demonstration est la meme que dans le cas commutatif [18J.

On notera EA(M) l'enveloppe injective d'un A-module (a gauche) M .

Proposition 2.3 - A un anneau noetherien des deux cotes, un ideal

bilatere de A et I un ideal a gauche central premier de A. On suppose

que G- est engendre par une famille centralisante et que I . On a alors

LG., [EA(A/I)] = (0) et Lu., (A/I) (0).

Preuve - II suffit de prouver que si xE E
A
(A/I) et G.x o alors x=O.

ri yE I
o

Y .

ri.j ri ax = 5 ; d'ou
o 0

qui contredit Ie choix de

Si l'on avait x f 0 • on pourrait trouver, puisque l'extension

All C EA(A/I) est essentielle, des elements y, a A tels que ax = y fa,
ou y est la classe de y modulo I . Sait r1, ... ,rm un systeme de genera-

teurs centralisant de Q, et soi t i Hin i I Il . Puisque r . a E 6, on ao
o .

et y I , car I es t central p r enu er , ce

Proposition 2.4 - Q, un ideal bilatere d'un anneau noetherien A et

14 A-module a gauche de type fini. On suppose que est engendre par un

systeme centralisant et que M est annule par . Alors l'enveloppe injec-
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tive de M est reunion de sous-modules annules par les ideaux &.,n , n > 0 •

Preuve - Il suf f it de reprendre la demonstration de CIOl (page 84).

Proposition 2.5 - Soit A un anneau noetherien, Go un ideal bilatere de A

engendre par une famille centralisante. Alors :

I) Pour tout entier k > a , l'ideal G.,k possede un systeme de generateurs

centralisant

2) Si M est un A-module a gauche tel que (M) M , on a Lei, (EA (M) )

uEAet soitI et n

II reste a verifier que,-r. r .

forment un systeme centralisant. Soit

r·

y""

d'entiers compris entre

y .... =

les

Preuve- I) Soit r
l,r2

, ••. ,r
n

un systeme de generateurs de

Considerons, sur l'ensemble (r 1,2, ... ,n]) des k-uples d'entiers compris

entre I et n , l'ordre lexicographique ; c'est un ordre total. On notera
-,-, Jl k
1,2 , ... , n la suite croissante des elements de (rl,2, ... ,n]) . A tout i,

1 . k . --:' (. . )<f. n , correspond donc un urn.que k-upLe : i = I" .• , et on pose

y.... = ri ri ••• ri . On va montrer, par recurrence sur k, que Yl"Y-Z"" 'Yl?
12k k n

est un systeme de generateurs centralisant de Gv • Lorsque k=l , Ie resultat

est vrai par hypothese. Supposons k > 1 et Le r es ul.ta t demout r e pour Gv k-l .

II est bien evidemment que l'ideal a gauche Gvk est engendre par les

pour l'ordre lexicographique,
-.,
i = (i1, ... ,ik) un k-uple

. Posons

A= r· u - u r. ... r. On a :
I 1

6.= r· (r· u - ur, ) + (r'
I

D'ou par hypothese de recurrence

v-o r ....
I) J J I

pour certains elements V.E A
J

de recurrence on a, pour tout

et v.,.,EA. D'autre part, toujours par hypothese
J

j < i
k

:

Finalement
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r. r .
J k- I J

+ v. r . . . . r. 'r • +
J 1 J

v_) r .. ".r.
J J I Jk - I

tel

un tel sous-module ; on a :NSoit(N) N

No MSN !:E
A
(N):: EA(M)

N f (0), on a

2) Pour mon t re r que, pour tout x EA(M), il existe un en t i e r

que Gvk x 0, il suffit de verifier que pour tout sous-module de type fini

N de EA(M),

Puisque NoM est de type fini et que L"",(M) M, Le module NI'\M est

annul.e par une puissance de G" • D' ap res 2.4, EA(N0 M) es t reunion de sous-

modules armul.es par des i3-1. Done Lo.-(EA(N()M» EA(N()M) et, puisque

l'extension NnI1CE
A(N)

est essentielle on a: EA(NnM) EA(N) ; d'oil Ie

r esul t a t cf

Corollaire 2.6 - Soit A un anneau noetherien dont Ie radical de Jacobson

est un ideal maximal a droite et a gauche et est engendre'par un systeme cen-

tralisant. Soit I un ideal a gauche central premier de A. Alors

I) st I on a: L"",(A!I) LilII,(EA(A!I»

2) On a: L'!l'l.(EA(A!IJn.» EA(A!'l\'\) f (0) .

(0) ;

Preuve - 11 suffit d'appliquer 2.3 et 2.511

Theoreme 2.7 - Soit A un anneau noetherien dont Ie radical de Jacobson

est un ideal maximal a droite et a gauche et est engendre par un systeme centra-

lisant. Pour tout A-module a gauche de type fini M, Ie module est de

longueur finie.

Preuve - D'apres 1.9, il existe une suite de modules

(0) M
o
CHI C ••• C H

oil Mi/Mi_ 1 A/Ii' i I, ••. ,k , et

premier de A. D'apres 2.6,

recurrence sur k, supposons demontre

Ii etant un ideal a gauche central

est de longueur finie. En raisonnant par

que est de longueur finie.

On a, puisque est exact a gauche, la suite exacte :
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categorie des A-modules a gauche dans elle-meme)
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a __ Lilli< -;> Lilli. (M) L/)II.

Donc L/lII.(M) est de longueur finie.

Corollaire 2.8 - On suppose que l'anneau A verifie les hypotheses 2.7

1) si M est un A-module a gauche de longueur finie, on a M

pour tout ideal bilatere de A ;

2) Si M est un A-module a gauche de type fini, alors est Ie

plus grand sous-module de M de longueur finie.

Preuve - 1) r es ul t e de : M = LI1l\.(M)SLG.,(M):H

2) resulte de 1) et de 2.7."

Definition 2.9 - Soit A un anneau noetherien et Gv un ideal bilatere de A

engendre par une famille centralisante ; on appelle i-erne foncteur de cohomolo-
igie locale relativement a Q, , et on note H&" Le i-erne foncteur de r i ve e droit

de

On demontre comme dans Ie cas commutatif (18J, a l'aide de (6J et [II)

et de 2.2, les theoremes suivants

Theoreme 2. 10 - Soit A un anneau noetherien, un ideal bilatere engendre

par un systeme centralisant. Alors pour tout entier les foncteurs (de la
m m A

et ExtA sont

Theoreme 2. II - Soit A un anneau noetherien, un ideal bilatere engendre

par un systeme centralisant, N la limite inductive d'un systeme preordonne

fi ltrant a droi te de A-modules a gauche (No(, ff3
al
) ' Alors pour tout entier m:,o ,

les A-homomorphismes naturels : __ (N) sont des isomorphismes.

III - Enveloppe injective du corps residuel d'un anneau local regulier

Definition 3.1 - On appellera anneau local un anneau A noetherien a droite et

a gauche dont Ie radical de Jacobson est un ideal (a droite et a gauche)

maximal. Si, de plus, peut etre engendre par une suite centralisante reguliere

on dira que l'anneau local A est regulier.

259



-9-

i # n et les A-modules a gauche A/trrI e t

Proposition 3.2 - Soit A un anneau local regulier de dimension n

Il7l. son radical. Alors

iI) ExtA(A/1n ,A) = (0)

sont isomorphes.

«(23J) e t

M de longueur finie et tout entier2) Pour tout A-moudule a
i -""---

i#n , on a : ExtA(M,A) = 0 .

n
3) ExtA(-,A) est un foncteur exact de la categorie des A-modules a

gauche de longueur finie dans celle des groupes abeliens.

Preuve - I) Pu i s que n est la dimension homologique globale de A (cf. (23J)
--- i A

A) i > n Si i si une A-suiteon a ExtA('iii' = 0 pour "- n et a l , · · · ,an
est

"" ""reguliere centralisante qui engendre IlTl , on a :

o

isomorphes [15];

si les modules a gauche n
ExtA(Alrm., A) et (AiffTt , A) ';t AI,,", sont

2) s'obtient a partir de I) a l'aide d'une recurrence sur la longueur

de M

3) Si 0 __;> M' H --;> M" --?,>O est une suite exac t e de A-modules a
gauche de longueur finie, la suite de groupes abeliens :

0= Extn-I(M',A)_ Extn(M",A) _Extn(M,A) --;>Extn(M',A) _;:.0

est exac t e ; d'ou I.e r es ul t a t c ll

f
A
Mod

gueur

Dans la suite, on notera AMod la categorie des A-modules a gauche,

(resp. AMOdlf) celle des A-modules a gauche de type fini (resp. de lon-

finie) et Ab la categorie des groupes abeliens.

Lemme 3.3 - A un anneau, un ideal bilatere de A et M un A-module

a gauche annule par tr Si m6M , on definit A-homomorphisme

s;: Alk--.+ M en posant <of n (a) = am , au a est la classe modulo L
= Extl(-. A)

-
de aeA T A

Mod ==='l> Ab , Alors, pour tout mEM , aeA

xET(M) on a

[T( tfam) ] (x) a [(T(tfm» (x) ]

ou T(A/jj) = est muni de la structure de A-module a gauche pro-

venant de la structure de A-module a droite de
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par des A-modules a gauche injec-Preuve - On considere une resolution de A
d d

tifs : 0---+ A 1
0

0) II Pour un indice fixe, posons

la classe de bSoit

If = HomA(<.f
m,

idr.)
J

IV = HomA( <fam' idr.)
J

modulo . On a

( 'ii' (g)] (1)

fa \t'(g)) (b)

g (b a m)

If(g) (ba) = (g 0 <.f ) (ba) = g(b a m)
m

I

Done IV (g) = a \jI (g) e t Les applications

dans E:ctl (A/£, ,A) ve r i f i cn t [T( <.f am)] (x)

x ExJ
A
(N,A) 0

T( 4'm) e t T( I.fam) de Extl (N,A)

a ((T( If' ) I (x)] pour tout
m

Lemme 3.4 - i.t- un ideal bilatere d'un anneau A, on a :to Ext:(A/£"A)=0

pour tout entier i U.

Lemme 3.5 - A un anneau, T un foncteur additif contravariant de

ANod vers Ab 0 On suppose

satisfaisant a la condition

T(A) muni d'une structure de A-module a gauche

(P",,) suivante :

(P oo ) Pour tout A-module a gauche N et tout mE:N

T( l.f'a.m) (y) = a ((T(lfl m» (y)] quel que soit YEOT(M) et aEA, oil '1
m

designe Ie morphisme A --1> N, Ifm(b) = bm s i b EO A 0

Alors, posant (x)] (m) = T( lfl
m)

(x) pour tout A-module a gauche M,

mEM et XE:T(N) on definit un morphisme fonctoriel T =*HomA(-,T(A»o

Preuve - Pour tout A-module a gauche M e t tout XEOT(M) la formule

($ (M) (x») (m) T( <.f ) (x )
m

i (M') 1

On verifie facilement que

definit, grace a la condition

g :

(P Q> ), un element ¢ (M) (x) de Hom
A
(N, T(A» 0

est un homomorphisme de groupeso Verifions la

M -;> W un morphisme de AMod Le diagramme

s i, h6Hom
A(N',T(A»,

est commutatif

T(g) > T(M)

11(M)

T(N' )

fonctorialite de V ; soit

suivant, oil g*(h) = hog

Hom
A
(N' , T(A»
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Eneffet, so i t y6T(M') xEM ; on a

(qJ(M) 0 T(g» (y») (x) = (T(g) (y»J (x)

= (T(<.f'x» (T(g) (y» = (T(g 0 l.f)] (y)

(i' 0 (y)] (x) = (y»J (x)

= [($(M') (y» 0 g] (x) (¢(M') (y» (g(x»

= T(<j'g(X» (y)

Or pour tout

c'est-a-dire

aEA, on a <fg(x)(a) = ag(x) = g(ax) = (g 0 l.f) (a)

= g 0 <fx ; d'ofr cherchfie."
gCx)

Lemme 3.6 - Soit A un anneau a gauche. On suppose vfirifiees les

hypotheses de 3.5. Alors :

I) Les conditions suivantes sont

i) La restriction de T
f

est un foncteur exact a gauche de AMod vers Ab

ii) Pour tout A-module a gauche M de type fini est un isomor-

phisme, qJ etant Ie morphisme fonctoriel en 3.5

2) Si les conditions de I) sont remplies, alors T: AMOdf ===+ Ab est exact

si et seulement si T(A) est un A-module a gauche injectif.

Preuve - I) Puisque Ie foncteur :

est exact a gauche, il est evident que ii) entraine i). Reciproquement, suppo-

sons i) verifiee. Alors T(A) HomA(A, T(A» est, en raison de la

condition l'isomorphisme canonique ; en effet :

(x)) (y) = CT(<t )J (x) pour xET(A) et yeA; et
y

[T( l.f y)] (x) = y (T( l.f I) (x)] yx puisque T( <.f'1) T(idA) idT(A)·

On en dedui t que pour tout r 1 , ¢(Ar) est un i scmorph i sme, puisque ¢(A
r)

est somme directe des isomorphismes Soit M un A-module a gauche de

type fini ; comme l'anneau A est noetherien a gauche il existe une suite

exacte :

AS Ar __ M 0
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d'ou un diagramme commutatif

0_-"7 T(H) ----------> T(A
r)

1 1
r so _?> Hom

A
(M,T(A» Hom

A
(A , T(A» HomA(A , T(A»

ou les deux dernieres fleches verticales sont des isomorphismes. 11 en resulte

que est un isomorphisme.

2) Supposons les conditions du 1) remplies. si T(A) est un A-module a
gauche injectif, le foncteur Hom

A(-,
T(A» est exact; il en est donc de meme

du foncteur: T: Ab. Reciproquement si T: AMOdf ==* Ab est exact,
falors Hom

A(-,
T(A» : AMod aussi et, puisque l'anneau A est no e t.he-:

rien a gauche, le module T(A) est injectif.

Lemme 3.7 - Soit A
Q,f

un anneau local regulier, fl'I1t son radical, T : ,!f0d } Ab

un foncteur additif et contravariant, verifiant les conditions suivantes

a) Pour tout k 1 , T(AI 'II\,k) es t muni d' une s truc ture de A-module a
gauche de sorte que si k '* k ' , l' image par T du morphisme canonique

A/l1l\.k' __ A!tmk est A-lineaire ;

o ,IJl1,k MPour tout A-module a gauche de longueur finie M, tel que

2) Pour ces structures, et pour tout entier k, T verifie la propriete

(P
k)

suivante:

on a

[T( -:» (x) = a [(T( -: (x)]am

(a) = am

quel que soit mEM, aEA, xET(H), oil

defini par

k k'f m : AI lint M es t Ie morphisme

(a designant la classe de a modulo

Dans ces conditions, il existe un morphisme fonctoriel

ou I = lim!) T(AI ""'k)
k k

que i11\. M = (0), on a

f'YlV: T HomA(-, I)

de sorte que si M es t un A-module de longueur finie tel

quels que soient xE;M, y T(M) et oii jk designe le morphisme canonique

T(A! tm
k
) _'> I .
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Preuve - Soit M un A-module a gauche de longueur finie ; il existe un entier

'l1\,k H=(O).Pour xGM y T(M),onpose:

(jk 0 (y)

Cette expression est independante du k choisi verifiant M = (0). D'autre

part, en raison de la propriete (P
k)

, (H) (y) est un element de HomA(H,1).

Ceci permet de verifier que est un morphisme fonctoriel : T HomA(-,1).11

Lemme 3.8 - Soit A un anneau local regulier, son radical, T un foncteur

additif contravariant : AMOdf . On suppose que la restriction de T a
verifie les hypotheses de 3.7 et est un foncteur exact a gauche. Si pour

k ktout entier k 1 , on a Illl. T(A/"", ) = (0), alors pour tout A-module a gauche

de longueur finie M, Ie morphisme (H) defini en 3.7 est un isomorphisme.

Preuve - Soit k un entier 1 . Pour tout a gauche de type fini

N , on peut definir T(N). On obtient ainsi un foncteur, additif contravariant,

T Modf qui, pu i s que T veri fie la p r cp r i.e te (P k) , verifie la
A/'Il\,k- --,

propriete (Pm) de 3.5. On en deduit un isomorphisme fonetoriel

;p : T __ Hom k (-, T(AI cmk». Hais tout A-module a gauche 11 de longueur

f i n i _. f i A/l'flI,k H () . d' - AI""k d 1 - h1n1e ver1 1ant 'Il\,. = 0, peut etre eonS1 ere eomme un". -mo u e a gaue e

de type fini on peut done rlefinir

$(M) : T(N)
k

T(M)__':> Hom k (N, T(AI """ »
A/tm,

k
HomA(M,T(A/ '"" »

On ver i f i e faci lement que pour tout x E T(M) et y611 on a

(x)] (y) (jk 0 T( (x )

jk [(¢(M) (x ) (y)J = [jk 0 f(M) (x)] (y)

HPuisque T est exact a gauche sur AHod , Ie morphisme jk est injectif par

consequent est injectif. Verifions que est surjectif

soit g Hom
A
(M,I) ; puisque Le module M est de type fini e t que les morph i smes

canoniques sont injectifs (car T est exact a gauche

sur AMOdif), il existe un entier tel que geM) est contenu dans

et g se decompose en :

comme precedemment. Puisque est un isomorphisme, il existe

tel que (x ) h; d'ou (x) = jk 0 h = g .11

on peut

nit ;r
x e.T(H)

choisir k assez grand pour

k
hE Hom

A
(M, T(A/ClIl »

que = (0) • Pour un
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Lemme 3.9 - Sous les hypotheses de 3.8, les conditions suivantes sont equiva-

lentes

i) Ie foncteur T H: Al10d est exact ;

ii) Ie A-module a gauche I est injectif.
k

2fPreuve - Puisque T: AMod Ab est naturellement equivalent a HomA(-,I),

il suffit de demontrer : i) ii) et pour cela il suffit de verifier que si I

tel que = I et que Hom
A(-,

I) est exact

est un module injectif. L'ideal IlIl, ver i f i.ant; la pro-

est un A-module a gauche
Hsur AMod ,alors I

priete d'Artin-Rees, la demonstration de la proposition 4.7 de (12J, s'adapte

a notre cas. Soit J un ideal a gauche de A et f: J un A-homomor-

phisme. Alors le module f(J) est de type fini et on a : = feJ),

puisque f(J) 5 I et que L<m (I) = I . 11 existe done un entier k:.J I tel que

1nk f(J) = 0 . D'ou, par la propriete d'Artin-Rees, l'existence d'un entier r
r Jtel que f (ilYL () J) = (0). Soit f 1 : -r-- _) I l' application ded u.i, te de f;

11\ I\J r
on a donc f floP ou P J ---l> J/'ll1. 1\ Jest la surjection canonique.

Puisque, par i), Ie foncteur Hom
A(-,

I) est exact sur AMod£f , l'application

f 1 se decompose en f
2

0 g oii g: -+-- _> A/ linr vers I. Soit q : A -7 A/'ffl,r
'llI. fl J

la surjection canonique on a :

(£2 0 q ) (a) = f(a) pour tout a oSJ

et f
2

0 q est un prolongement de f a A .11

Proposition 3.10 - Soit A un anneau local regulier de dimension n et de

radical rm
Alors

Soit EA(A/<m) l'enveloppe injective du A-module a gauche

tion de

I) (A) = (A! /)'I\;k ,A) est isomorphe a EA(A/"fYI.) ; l'injec-
n k n

A!'T(l, dans H'\Ii (A) .::e.::s.::t,-=d.::o.::n.::n.::e.::e----"p.::a.::.r.......::.l_'.::.i:s_o.::m:::o.::r.::pc..h:::.1..::.·s.::m:::e.::. A/tm !l<Lx" H'lIl. (A)

<m x 0 j

2) Pour tout A-module a gauche de longueur finie 11 les groupes
n

ExtA(M,A) et HomA(M, sont isomorphes.

f
de AMod

verifie,est additif contravariant etAbvers

nPreuve - On raisonne comme en (12]. Le foncteur T = ExtA(.,A)
. . , d.tfsa restr1.ct1.on a

d'apres 3.2, 3.3 et 3.4, les hypotheses de 3.8.
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IV Propriete artinienne des foncteurs de cohomologie locale

Les demonstrations de ce paragraphe sont inspires de (41 et de l'expose du

Seminaire de Caen 1969/70, d'apres (41. Rappelons d'abord les definitions et

resultats de (161 suivants

Definition 4.1 - Un A-module a gauche est indecomposable s'il ne peut

s'ecrire sous forme d'une somme directe de deux sous-modules propres.

Definition 4.2 - Un ideal a gauche J d'un anneau A est

s'il n'est pas intersection de deux ideaux a gauche de A Ie contenant

strictement.

Theoreme 4.3 - Un A-module a gauche M est injectif indecomposable si et

seulement s'il est isomorphe a l'enveloppe injectif d'un A-module a gauche de

la forme A/J ou J est un ideal a gauche inter-irreductible de A et, dans

pour tout x/i.M x F 0 , l'ideal a gauche AnnA x est i.nt er--Lr-reduc-

tible et M est isomorphe a EA(A/Ann
A
x).

Proposition 4.4 - Soit A un anneau local dont le radical est engendre par

une famille centralisante et soit M un A-module a gauche injectif. Alors

I) Le module M admet une decomposition en somme directe

ou V est la somme directe de V-copies de l'enveloppe injective

a gauche de et ou N est Bomme directe de modules du type EA(A/I),

ou I est un ideal a gauche de A, central-premier, inter-irreductible

strictement contenu dans 1lI'/,;

2) Si M = N' est une autre decomposition de M,

alors V V'· On posera = V

Preuve - 1) D'apres Ie theoreme 2.5 de [16), Ie module M admet une decomposi-

tion en somme directe d'injectifs indecomposables. Soit E un A-module injectif

i.ndecomposab l.e non nul et x E , x F 0 , un element tel que J = AnnA(x) soit

maximal parmi les annulateurs d'elements non nuls de E • D'apres 1.4, l'ideal

a gauche J est central-premier et d'apres 4.3, Jest inter-irreductible et E

est isomorphe a EA(A/J) ;

266



-16-

2) D'apres la proposition 2.7 de (16J la decomposition de M est unique,

a permutations et a isomorphismes pres. D'apres 2.6, les modules et

EA(A/I) ou I est un ideal a gauche central premier f , ne sont pas isomor-

phes ; d'ou p = p'.

Notation - On posera desormais, pour tout module a gauche M, sur un anneau A

local dont Ie radical famille centralisante A =2J(E i) ,est engendre par une , Pi (M)

iElN , si : 0 -+ __ --,> .•• , est une resolution injective maxima Ie

et au }I (E
i) est de f i.ni.e en 4.4.

Rappelons Ie resultat de [3] suivant

Proposition 4.5 - Soit un ideal bilatere d'un anneau noetherien A; alors

Ie foncteur exact a gauche HomA(A/6, ,-) : AMod AMod

phismes essentiels et les modules injectifs.q

conserve les monomor-

Proposition 4.6 - Soit A un anneau local, son radical et M une A-module

a gauche. Soit
d

o ---'J> E
o

une resolution injective minimale de M et x £ un element du centre de A,

non diviseur de zero dans H ni dans A
"!'t' d 1('I) o --'> HomA(A/Ax, do(Eo» E1) > ... est une resolu-

tion injective du A/xA-module HomA(A/Ax, do(E o»
lequel est isomorphe a

M/xH

Preuve La demonstration est la meme que dans Ie cas commutatif [4J.

iPuisque Ext
A
(A/Ax, M) 0 pour i , la suite (x) est exacte en

HomA(A/Ax, Ej) pour D'autre part la suite

etant exacte, il en est de meme de : 0 E1)
_HomA(A/Ax, E2). D'ou l'exactitude de la suite (x). Puisque, pour ,

Ei est l'enveloppe injective de di- 1 (E
i_ 1

) , il resulte de 4.5 que

HomA(A/Ax, Ei) est enveloppe injective du A/Ax-module HomA(A/Ax, 1m di- 1).
Verifions que Ie morphisme nature I de A/Ax-modules :

Cf: di - 1 (HomA(AJAx, HomA(A/Ax, 1(Ei- 1» est un isomorphisme

If est evidemment injectif ; montrons qu'il est surjectif. Soit

gE Hom
A
(A/Ax, di- 1(Ei- 1»

; alors g de f i.ni.t un element g,,-HomA(AJAx, Ei) et

on a : di(g) = di a g = 0 car 1m g S di- 1(Ei- J) = ker di . Par suite

gEker di = Lm di - 1 et il existe fEHomA(A/Ax, Ei_ J) tel que: g = di_J(f)
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d'ou \.f(di_l(f) = g. Par consequent (;0) est une resolution injective minimal

de son premier terme. Enfin, puisque x est non diviseur de zero dans M, il

est non diviseur de zero dans l'enveloppe injective de M . De plus, Eo etant

un A-module divisible et x etant non diviseur de zero dans A, on a : Eo xE
o

et la multiplication par x est un automorphisme de E
o

Considerons Ie diagramme du serpent dans la categorie des A-modules

0 0 Hom
A
(A/Ax , do(Eo»

1 d_ l
1 d il

0 --'l> M E 0 d (E ) --':> 0
0 o 0

xl xl xl
w d_

1 -b d
0 --'l> M

0
do(E o)'> E l> --;:>

0

pl 1
M/x11 '> 0

1
0

oil i es t l'isomorphisme d ' identification : HomA do (Eo» Ann
do

(Eo) (x) ,

II en resulte un isomorphisme de A (et done de A/Ax)-module

'I' : HomA(A/Ax, d (E » ';f M/xM .11
o 0

Corollaire 4.7 - Soit A un anneau local dont Ie radical est engendre par

une famille centralisante, M un A-module a gauche, x un element du centre

de A non diviseur de zero dans A ni dans M. On a alors :

A/xA A
Pi (M/xM) = Pi+l (M).

Preuve - Soit

o ----'.l> M Eo E1

une resolution injective minimal de M; alors :

6l N.
l

ou Ni est somme directe de module du type EA(A/I) ou I est un ideal a
gauche de A, central-premier, inter-irreductible et distinct de . Soit I

un ideal a gauche central premier; si x I , alors x n'est pas diviseur de

zero dans A/I ni dans EA(A/I) et par suite: HomA(A/Ax, EA(A/I» 0; si

x eI alors par 4.5, HomA(A/Ax, EA(A/I» EA/Ax (A/I). Enfin, toujours par 4.5,
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HomA(A!Ax, EA(A!'lJ1,» EA/Ax (A!'ll\,). On a done pour

A A
HomA(A/Ax, Ei) = AnnE. (x) = [(jj Pi(M) HomA(Ax' EA(A!'lIt»)J (jj Mi

1.

ou M
i

est somme directe de A/Ax-modules de la forme HomA(A/Ax, EA(A/I» ou I

est un ideal a gauche de A, central-premier i.n t.er-rLr r educ t.Lb Le , tel que x s, I

et I f ; pour conclure que = (M/xM) il suffit done de verifier
""1. '1.-1

que I/Ax est un ideal a gauche de A/Ax central-premier, inter-irreductible et

distinct de et d'appliquer 4.6. II est evident que I/Ax est inter-

irreductible si I l'est et que I/Ax f si I f Verifions que I/Ax

est central-premier. Soit rI, ,r
p

une famille d'elements de A dont les

classes modulo Ax, soit r
I
, ,r

p
, forment une famille centralisante. Suppo-

sons que [r
1

, ••• , rpJ $: I = I/Ax e t; posons 1.
0
= ti, i=l, ... ,p , r

i
rt 13 .

Puisque x E:I , on a r. E i si et seulement si r. E I . Done la famille centra-
1. 1.

lisante x, r
l

, ... , r
p

n'est pas contenue dans

Soit a EA , et a la classe de a modulo Ax. Si

done aEI etparsuite -aE>I.1I

I et i o = Min [i , r i .s Ii
r i -a E I , on a ria e I ;

o 0

Remarque - Dans Ie cas ou tout ideal bilatere de l'anneau A admet un systeme

de generateur centralisant, on peut dans la demonstration precedente simplifier

la preuve du fait que I/Ax est central-premier. En utilisant la caracterisation

donnee en 1.3. En effet A A/Ax possede la meme propriete que A Si

done aoubSI e t aoubEI

Proposition 4.8 - Soit A un anneau local regulier de dimension n et de

radical et M un A-module a gauche. Alors :

1) Quelque soit i: V1(M) = , M), dimension du
i

A/m -espace vectoriel a gauche Ext
A
(A/'lI1., M) ;

2) Si M est de type fini, p1 (M) est fini pour tout i

Preuve - La demonstration est une adaptation du cas commutatif (4) . Considerons

une resolution injective minimale de M

d
o

A
ou Ei = [(jj Pi(M) (jj N

i
et ou N

i
est somme directe de modules de

type EA(A/I), I etant un ideal a gauche de A I central-premier inter-irreduc-

tible et distinct de m ; pour un tel ideal I on a: txEA/I I 'lI\x = oJ = (0)
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estA

en effet, soit r
l

, ... , r p une famille centralisante de generateurs de et,

puisque I" Ill\, , on peut poser i = Min t i , i = I, ... , P , r. J, I] ; alorso IT
aEI; d'ou, pu i sque I est central-premier,s i a E A et 'In a.: I on a r i

o
a E I ; (remarquons que, dans Le cas oil tout ideal b i l at.e r e de l' anneau

engendre par un systeme centralisant, on peut pour demontrer la precedente

assertion utiliser la caracterisation 1.3). II resulte de ce qui precede, que,

si l'ideal a gauche central-premier I est distinct de Ill\, , alors :

canonique RomA(A/Iln,

resulte aisement que

tx/;EA(A!I) I\ll.x = OJ = (0). On a done RomA(A/m, = [XEEi tm. x = 03

= ffi \li !xEEA(A/trrj,) IlII.x = 0]. Par consequent HomA(A/trn., Ei) est somme

directe de \li copies de RomA(A//ln, qui est, d'apres 4.5, isomorphe

a A/trn, Done J-li = dimA!'l1I. HomA(A!IlI\, Ei). Posons E_1 = H et demont rons

que, pour tout l'application di : HomA(A!'ln, Ei) HomA(A/'Il\, I)

de t i n i e a l'aide de di, est nulle. Soit xEiROm
A(A/'l1\,

Ei). Puisque est

l'enveloppe injective de d
i_ 1

I) il resulte de 4.5, que l'injection
Adi_ 1(Ei_ I

» RomA(;m' Ei) est un isomorphisme. 11 en

d. (x) = 0 Considerons la suite de A/on - espaces
l

vectoriels

o HomA(A/'M" H)

r.Pour i 1 , les A/ "m. -espaces vee toriels Ext
A
(A/rm., H) et

(ker d) / (Lm I) = HomA(A!1Jn, , sont isomorphes.

Pour i =0 , Le fait que d = 0
o

entraine que est un isomorphisme.

2) D'apres la proposition 2 de [153, les A-modules a gauche

et Tor
A.

(A/I\ll., M) sont isomorphes. Soit :n-l

iExt
A
(A!1f'II, ,M)

une resolution projective de type fini de M. Alors pour tout i les

A-modules A/I\ll. CilA Pi

M) et des
l

sont de type fini et il en est done de meme des

(A!",.. , 11).11

Definition 4.9 - Un A-module a gauche M est cofini si son enveloppe injective

est somme directe fini d'enveloppes injectives de modules simples.

La proposition suivante est la proposition 3.19 de (21J •

Proposition 4.10 - Soit H un a gauche. Les conditions suivantes sont

equivalentes :
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i) le module M est cofini ;

ii) tout systeme inverse de sous-module non nuls de M admet une inter-

section non nulle.

La proposition suivante est Ie theoreme 3.21 de [21) .

Proposition 4.11

equivalentes :

i) Le module M est artinien

ii) Tout quotient de M est cofini.

Theoreme 4.12 - Soit A un anneau local dont Ie radical est engendre par

un systeme centralisant. Alors l'enveloppe injective du A-module a gauche

est artinienne.

Preuve - On adapte la demonstration du theoreme 4.3 de [2IJ. Notons E l'enve-

loppe injective du A-module a gauche . On supposera que E n'est pas

artinien et on en deduira une contradiction. Soit l'ensemble des ideaux

bilateres Gv de A tels que AnnE(0v) n'est pas artinien ; cet ensemble n'est

pas vide puisque AnnE(O) E est suppose non artinien. L'anneau A etant

noetherien a gauche, l'ensemble un element maximal, soit 10.
Comme E est extension essentielle du module simple

done 'Itt (; ef. e t f Ilfl, •

AI rrrv , on a

es t un AIl' -module

Alf et f: J _AnnE l'
A-modules f: J E se

. Mais si x cAlf on a

I) Montrons que EAI,p (Aj'YYlt) est isomorphe au A/'P -module AnnE l'
L'extension de A/1P -modules

est evidemment essentielle. D'autre part AnnE f
injectif ; en effet soit J un ideal a gauche de

un A/f -homomorphisme. Alors l'homomorphisme de

prolonge en un A-homomorphisme : g : A/f --;> E

done g(x)"AnnEf> . Par suite g: A/f --4AnnEf'

qui prolonge f

est un A/1P -homomorphisme

2) Soit <f
bilatere non nul de

et f'1 Q, . D'apres

artinien. Posons E'

A __ A/f la surjection canonique et soit ;fr un ideal

A/f ; alors e,-I(£,) G, est un ideal b i l a t e re de A

la maxi.maLi t e de f dans ef. le module AnnE«(i,) est

AnnE<.p) EA!.r (AI IJYI. ). On a AnnE' t.r AnnEG, e t
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done pour tout ideal b i.La.te r e non nul ;fJ de AIf
est artinien.

Ie A!f -module AnnE' ;;fr

et"" (0)

(\ N" = N
Jl6/\" \l

N I ( (\ N.,,)
P 'lI (;/\ '1

tel queAu cas ou il existe

3) Montrons que Ie AIl' -module E' est artinien. Supposons qu'il n'en

soit pas ainsi et notons l'ensemble des souS-A/1P -module N de E' tel

que E'/N ne soit pas cofini. D'apres 4. I] et l'hypothese faite sur E'

I 'ensemble 'j n'est pas vide. D'autre part, l'ensemble est inductif pour

I' ordre decroissant. En effet soi t (Nl\) '? EO" une famille d ' elements de i}
totalement ordonnee pour l'inclusion. Verifions que n N appartient a

>. IJ
Ie resultat est evidemment

vrai. Sinon, pour tout p E , on a

(l (N I (\ \) = (0).
pc/\ \l '?I£I\

Done, d' ap r es 4. 11, Le AI.c -module : E' InN.. n' est pas cofini
1 '?I" A "

par suite N1I E dans tous les cas. Par consequent, l'ensemble est

inductif et possede done un element minimal, soit No' Pour tout Ali' -module

propre N] de No ' Ie sous-module No/N
j

du module cofini E'/N
I

est lui-meme

cofini. Ceci implique que No est un A/f -module artinien. L'anneau A/f= A'

etant local et son radical 111\,' = 1l'n/1> etant engendr e par un sy s t eme central i-

sant, Ie A/f -module E
A/f

(E'/No) admet une decomposition en somme directe

du type :

(;,) [ 6l P EA!f (A!'lI'\.)] $ N

ou N est somme directe de AI f -modules du type EA/..p (A'II) ou I est un,
ideal a gauche central-premier inter-irreductible de A' et I ""m On va

montrer que N = (0) en effet sinon il exis terait ye E' don t la classe

modulo No ' soit Y , serait un element non nul de A'II . Puisque

, 'I ' ,yEE EA, (A 'In) et que LIlII-(E') E' il existe d ap r es 2.6, un entier

tel que Il'n
k y = (0) ; d'ou m:(k) y "0 dans E

A,
(E'/N

o
) et y appar-

tiendrait a L ,(A'II) qui est nul d'apres 2.6. Par consequent y =0 contrai-
'!II.

rement a l'hypothese.

La decomposition (;,) s'ecrit done:

et Ie socle du A/1>

EA/,.p (E' INa)

-module E'/N
o

$ P EA/f (Aim)

est

Soc [EA!f (A!tm,)J = $ p . A/lIfl..

Alors un tel element r annule

,
est engendre par une famille

,
Par consequent . Soc(E'/N

o)
= 0 . Puisque

centralisante et que f "" , on peut trouver

que r appartient au centre de l'anneau A/f

SOC(E'/No) ; d'ou :

,
un element r E mt r "" 0 tel
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Soc(E'/N
O
) £ AnnE'/N (r)

o
est un ideal, r.A/.p

est artinien. Posons :

appartient au centre de A/f

D'apres Ie point 2) de la demonstration, Ie

r

A/f
(r.A/ f )A/1> -rnodul.e

D'autre part, puisque

bilatere non nul de

N : r =fXE<E'
o E'

r XG N "\o

etsi xt;N: r,notons If/(x) l'imagedans N/rN del'elementrxdeN.
o E' 0 0 0

Alors Y-' est un A/f> -homomorphisme : N : r N IrN ,de noyau egal a
o E' 0 0

No + AnnE,(r.AI1')' Par suite ker If/ est artinien comme somme de deux modules

artiniens. L'image de If' ' etant contenue dans N IrN ,est aussi un -module
o 0 "T

artinien. Par consequent Ie module (N : r)/ker est artinien. Done (N : r)
o E' 0 E'

est artinien et AnD-'/N (r) (N : r)/N est artinien. Puisque Soc(E'/No )r; 0 0 E' 0

est contenu dans AnnE'/N
o
(r), il est artinien et pest fini. On obtient ainsi

ainsi :

EAlf
ou pest fini. Done E'/N

o
Par suite Ie module E' est

(E'/N
o
) = ED J1 • E

Alf
(A/trrlJ)

est cofini, ce qui contredit le fait que

artinien.

4) II en resulte que

contredit Ie fait que fecj;
AnnE-p = E' = E

AI
", (AI,",,) est artinien, ce qui

Done le module E est artinien.

Proposition 4.13 - Soit A un anneau local regulier de dimension n et de

radical M est un A-module a gauche de type fini alors, pour tout

i >-0 , le A-module (M) est artinien.

Preuve - Soit

o ----7 M ---'J>E0 E I --'> ...

une resolution injective minimal de M. Alors :

A
= [ED Pi (M) EA(AI'!r.)] ED Ni

ou Ni est somme directe de modules du type EA(A/I) ou I est un ideal a
gauche de A, inter-irreductible, central-premier et distinct de . Puisque,

pour un tel I on a = (0) et que =

d'apres 2.6, on en deduit que:

AD'apres 4.8, Pi (M) est fini et d'apres 4.12, Ie module

Done est artinien pour tout i et il en est de meme de

est artinien.
i

H'!Y\,(M) •
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v - Annulation des foncteurs

Defini tion 5.1 - Soi t A un anneau local r egu l i.er de radical 'WI- , M un

A-module a gauche. On appelle profondeur de M (en. notation: profA M) Ie

plus petit entier s'il existe, tel que M) # 0; sinon on

dira que la profondeur de M est infinie.

Lemme 5.2 - Soit A un anneau local regulier de radical et de dimension n

et M un A-module a gauche

1) Si M)

gauche N de longueur finie

o , i
ExtA(N,M) o pour tout A-module a

2) Si M est de type fini, la profondeur de M est infinie si et s eu l.e-:

ment si M; (0)

3) Si M est de type fini non nul on a n .

Preuve 1) II suffit de proceder par recurrence sur la longueur de

2) D'apres la proposition 2 de (15], Ie A-module a gauche

est isomorphe a . Si ,M) ; 0 , il resulte du lemme de

M; (0).

N •
n

ExtA(A!%,M)

Nakayama que

. D'apres la proposi-
A

et Torn-p+

3) Posons p; profA (M). D'apres 2), on a
p-]

tion 2 de [15J les A-modules a gauche Ext
A

M) ; (0)

sont isomorphes. Considerons une suite exacte de A-modules :

o --l> S --;> Pn-p-] ... __ Po --i> M __,>0

A
ou les Pi sont projectifs de type fini. Alors TorI (A!rm. ,S) ; (0) e t d ' apr es

Ie corollaire 2 de la proposition 5, nO 2, §3 chapitre II de [5J, Ie A-module S

est libre ; d'ou dh
A

MoE-n-p . Pour prouver l'egalite dh
A

M ; n-p on raisonne

par l'absurde et on suppose que dh
A

. II existe done une resolution pro-

jective de type fini de M:

o -----';> Pn-p-I -;. ...

Puisque Tor
A]
(A!1lI1 ,P 1) 0 on a Tor

A
(A!fIr< ,M)n-rp-r n-p

M) 0 ce qui contredit la definition de

profA M + dhA M n".
p

o d'ou (loc.cit)

On a done

Theoreme 5.3 - A un anneau local regulier de radical my et M un

A-module a gauche. On a
(M)profA(M) Inf p , # 0

Ie second membre etant i
ico ; 0 pour tout
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- II suffi t de prouver, pour un entier m 0 , I' equivalence des condi-

tions suivantes :

i) (M) o pour tout i *m

ii) profA .

Pour prouver i) ii) on procede par recurrence sur m. Si m=O, il n'y a

rien a demontrer. Supposons m>] et Ie resultat prouve pour m-I . Alors de

l'hypothese : (M) = 0 pour i < m , on de dui.t que profA (M)" m-r l . Par suite

= 0 si i< m-I e t si N est de longueur finie. Soit k-s k ' ;

I , 1" m-' l (/ k) m-' l (/ k ' ) dedui d I .app i c a t i.on : ExtA A lilt , M A IlJl , M e u i.te e a sur j ec-:
. . / k' / k ... .t i.on c anorn.que : A rm __ A lln- , est t nj ec t i ve . Pu i sq ue
m-I m-I k nr-I

H'lllo (M) = Itm.ExtA (A!trn-, M) on a: ExtA (A/trfl" M) = 0 ;.d'ou profA

Verifions que On a done d'ou = 0 pour

i m et tout A-module de longueur finie N . En particulier = (0)

pour i m et pour tout entier k z-O . Done (M) = M) (0)
k

si i<: mil.

La fin du paragraphe est consacree a la demonstration d'un theoreme

tendant a comparer la K-dimension de Gabriel-Rentschler (cf.(9J) d'un A-module

M et Ie plus grand indice d'annulation du foncteur de cohomologie locale (1).

Proposition 5.4 - Soit A un anneau noetherien (a droite et a gauche) Gvun ideal

bilatere de A engendre par une famille centralisante et M un A-module a
gauche tel que iLa,(N) = M. Alors on a: Ha,(M) = 0 pour i".l

Preuve - Considerons une resolution injective minimale de M

pour tout D'ou Le resultat.n

Corollaire 5.5 - Soit A un anneau local de radical lin , G\.. un ideal bilatere

de A engendre par une famille centralisante et M un A-module a gauche de
ilongueur finie. Alors HCt, (M) = 0 pour i I

Preuve - Puisque M est de longueur finie, il est annule par une puissance

de /Ill, et done aussi par une puissance de 6- D'ou LQ, (M) 11 et par 5.4,

on a (M) = (0) pour .11
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Proposition 5.6 - Soit A un anneau local, un ideal bilatere de A engendre

par une famille centralisante et M un A-module a gauche artinien. On a pour

tout i > 0 , (M) = 0 •

Preuve - Le module M est reunion de la famille de ses sous-modules de type

fini, lesquels sont de longueur finie. D'oi) Ie resultat par 5.5 et 2.IJ.n

Dans l'enonce et la demonstration des lemmes 5.7 et 5.8 on conservera

les hypotheses et notations suivantes : soit A un anneau local de radical

x un element du centre de A, x£ , x # 0 , et I un ideal a gauche

central premier de A. Notons Z(A) Le centre de A; alors It) ZeAl est un

ideal premier de Z(A). On notera S Le comp l.ementa i r e dans Z(A) de II'lZ(A).

Alors A/I est un Z(A)-module a gauche, S-I(A/I) est un A-module a gauche

et l.e morphisme canonique: If: A/I ---" J (A/I) est un A-homomorphisme

injectif. On notera K Ie conoyau de

Lemme 5.7 - N est un sous-A-module de type fini de K , la dimension de

Krull de N est strictement inferieure a celIe de A/I

Preuve - On peut supposer Ie module N moriogene . On a done N = Ae oil e Eo K
-I

Soit p: A A/I et r: S (A/I) les surjections canoniques. On a

alors e = r(g) oil gES-1(A!I) g = t- I p Ib ) oil bEA t Z(A) t to I

l' element w t -I P (J) de S-I (A/I)) oil es t I' element uni t e de A) ve r i.f i.e

bw = g . Soit z un element de N; alors z = ae oil a EA . Done

z = ar(g) = abr(w) = (ab) v en posant V = r(w). On a done NS;A.v. D'autre

part on verifie que I + At est contenu dans AnnAv. Par suite Av

est isomorphe a un quotient de A/I + At et on obtient les inegalites :

K- dim N .:$ K-dim Av X-dim __A__
I + At

et, puisque I est central-premier et que ttl on a

K-dim--
A-- < K-dl·m!::. III + At I .

Lemme 5.8 - La multiplication par x dans S-J(A/I) est un A-isomorphisme.

Preuve - Ceci r es ul te du fait que I est central-premier et que XES .11

Lemme 5.9 -

a)

A un anneau noetherien

T un foncteur additif contravariant de AMod vers Ab
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soit un systeme projectif de A-modules a gauche.

On suppose que pour tout entier k, il existe 1;(k) k tel que

Cf k. 0
Alors lim T(K )

-1<
o

b) En particulier, GL un ideal bilatere de A, engendre par une

famille centralisante et z un element du centre de A non diviseur de zero

dans A. Pour tout A-module a-"'---- M annule par z et tout j 0 , on a

lim Extj
(i,k Az

M) 0
"""i("> A ( k

zA
&;

ou a,k Az [aE A za b

Preuve - a) Soi t k k ' on a "Ifkk ' : --l> un A-homomorphisme. Il en

resulte un homomorphisme de groupes abeliens

D'ou un systeme inductif de groupes abeliens,; on notera '¥k Ie morphisme

canonique :

--'l> lim!;> T(Mr )
r

Soit x e lim::> T(Mr ) ; il existe un entier et un element Xk 6 1\ tel
r

que x = "'I'k Cornme on a 'lfk?:(k) = 0 il en resulte que If -e(k).k = 0
d'ou x "ilk = ("\ 0 'I' t:(k) k) 0

Q,k : Az

Q,k
Ie

et au foncteurA
zA

--;>
k'

(j., : Az
k'a.

b) On applique Ie resultat precedent a l'anneau
j

ExtA/ zA(-' M).

Si , on note Y'kk'

A/zA-morphisme canonique :

L'ideal verifie la propriete d'Artin-Rees. Done, si m est un
] k]

. '>0 'I'd ' k k tels que '. r- m- z "(A, Co_roment i.e r , t. exa s t e es ent i ers l ' 2"'" w
....m-2 k 2 m-] C
"" z fI &, S G" z, •..• Notons 'l:; (m) = Sup 'l.m , k] ,k2 , ..• !.
On a, alors A z () Go G.Jm • z . Done, six" (j,?::(m) : Az , on a

x Az !:;(i,m • z e t , puisque z est non diviseur de zero dans A, xA £a..m ,

d ' oii x e G"m D' oii 0 .11"Jm't;(m)

.. z,

Theoreme 5.]0 - Soit A un anneau local r egu l i e r , de dimension n , on,

radical, x],x2, .•• ,xn une suite centralisante A-reguliere engendrant qn et
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l'ideal b i.Lat.ere de A engendre par xI ,_ .. , x ,m
Soit M un A-module Ii gauche de K-dimension finie

entier i > s on a 0

"

s . Alors pour tout

Preuve - On raisonne par recurrence sur m. Si m 0 , on a G, (0) d' oil

(0) pour ; d'oille resultat. Supposons et Le resultat

demontre pour m-j et raisonnons par recurrence sur s . pour s 0 , il

suffit d'appliquer 5.6. Supposons s e-O et l e r e s ul t a t demontre pour les

modules de K-dimension s'< s . Chaque sous-module de M etant deK-dimension

au plus s et M etant limite directe de ses sous-modules de type fini on se

ramene, Ii l'aide de 2.11, au cas oil M est de type fini. Alors il existe une

suite de sous-modules de M:

(0) M
o
c. M

I
c. ••• C M

r
= M

telle que M/M
j
_ I A/l

j
, j = 1 , .•• , r , oil I

j
est un ideal Ii gauche

central-premier de A. On peut done se ramener au cas au M A/I I etant

un ideal Ii gauche central-premier de A, avec K-dim A/I = s , ceci en utili-

sant l'hypothese de recurrence sur la K-dimension. Soit S Ie complementaire

dans Le centre Z(A) de A de I' ideal I I) Z (A), qui est un ideal premier de Z (A).

Considerons la suite exacte de A-modules

oil H = S-I A/I

et ou K est Ie conoyau de la fleche A/I H D'apres 5.7, et l'hypothese
ide recurrence sur la K-dimension, on a : HGJ (N) (0) s i i'l): s , pour tout

sous-module de type fini N de K . D' oil d ' apres 2.11, (K) 0 pour i s

On considerera separement les cas oil xl ¢ I et oil XjE I . Si xl I la

multiplication par xl H est, d'apres 5.8, un isomorphisme. Donc la multi-

plication par xI dans (H) est, pour tout i un isomorphisme. Mais
i k k

si yEH<a, (H), il existe un entier k 1 tel que <l. (0) donc xI.y = 0
i 1et On a donc H<a, (H) = (0) s i, i 0 et done H&, (All) 0 si i> s •

Suppo sons xl E I et utili sons la suite spectrale (cf. [6J) :

p
I

Elle degenere, puisque dh -!:..... I en une suite exacte longue k
i

A xlA
i A A i-I (i" :Ax I AA A__,!>Ext

AlxIA ( k ExtA(k' I)-'!> ExtA/XjA ( k '
xIA +Gi., (;A, Gl;

et d'apres 5.9, on a
Hi (All) I" i (A lim

i A
-:K ExtA/XIA k

,
k Q. xjA+ G-
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on am

i ( A A= ExtA/x jA k ' I) = 0
k xlA + Gc.,

donc par hypothese de recurrence sur

L' anneau A = A/x IA es t r eguLi e r et u, = e s t erigendr e les m-] premiers

elements d'une suite centralisante A-reguliefe engendrant le radical de A.
k

-k W + Ax lOn a G, = --...,---
Axl

(AlI)
G,

pour i:> s . D' ou le r es ul, tat. •

Corollaire 5. II - Soit A un anneau local regulier, M un A-module a gauche

non nul de type fini. Alors on a :

(M) ". 0 et

est finie.

Preuve On a : p < ClO d l ap r es 5.2. D'apres 5.3 et 5.10 on a

M • On sait (cf.(22) que la K-dimension de M
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Recent developments in the classification theory

of algebraic varieties

Herbert POPP

The classification theory for surfaces over the complex numbers is due to

Enriques [3J for algebraic surfaces and Kodaira (J41, for compact complex surfaces.

We use the usual notation for the main numerical invariants of a compact complex

manifold X, namely, K is a canonical divisor of X, P (X) is the geometric
g

genus, Pm(X) the m-genus, q(X) the irregularity, x(X) the Kodaira dimension,

a(X) the algebraic dimension, bi(X) the i-th Betti number and )(X,OX) the

Euler characteristic of the structure sheaf Ox (J) • Then the classification table

for surfaces is a follows.

X a relatively minimal surface

i( P12 P2 Pg K K2 q b I --;.. a Structure of X

2 >0 ;.0 >0 2/b] >0 2 algebraic surface of general type

I ;.0 0 2, I elliptic surface of general type

I 0 0 2 4 0 2, 1,0 complex torus

J 0 0 2 3 0 J elliptic surface (type VI )
01

I 0 0 0 0 2 2, 1,0 K3 surface
0 I

0 fo 0 0 0 I 2 Enriques surface

I 0 I 2 0 2 hyperelliptic surface
or 0 fo
0 0 I I 0 1 elliptic surface (Type VIl

o
)

8 or 0 0 I 2 (I?I X pI oder (I?2
9

0 1 2 0 2 elliptic surface N [pI XC,g(C)=1

"" 0 0 0 8(I-q) 2q l-q<O 2 ruled surface of genus
<0

0 J I 0 J Hopf surface

I I 0 0 surface of type VII
0

(J) The .
L L q,Pm and X are below.
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The rough classification of surfaces is achieved by proving that for surfaces the

only combinations of numerical invariants possible are those listed in the table.

The fine classification is the study of the surfaces of the classes in the table

by moduli theory (as in the case of surfaces of general type, abelian surfaces,

or K-3 surfaces) or by fibre space methods as in the case of elliptic surfaces

and ruled surfaces.

For higher dimensional algebraic varieties, classification theory (in the rough

sense) originated with Iitaka at the beginning of the seventies (cf. [9J,(lO) (2)

His idea was to use the m-canonical mappings and the Albanese mapping for the

classification, as in the case of surfaces. For projective algebraic varieties,

the procedure is as follows (3).

Let V be a smooth, projective algebraic variety over and a canonical

divisor of V. For every positive multiple consider

[f; f a rational function on V with - ' the

of global sections of the sheaf associated to The m-genus of V

Pm(V) = dim is a birational invariant, i.e. if V and V' are biratio-

nally isomorphic smooth projective algebraic varieties, then Pm(V) = Pm(V') for

all m;>O (but not necessarily for m<O).

If is not the zero module, let f o , ... , f N ' N = Pm(V) - 1 , be a

basis of HO(V,mKV) and consider the rational map, called the m-canonical map

of V

from V into .

is uniquely determined up to a projective transformation of , correspon-

ding to a different choice of basis of and is independent of the

particular canonical divisor KV' There are, however, algebraic varieties, for

example the ruled varieties, for which does not exist for all m>O.

(2)For curves the coarse classification is trivial and yields to the classes of
curves of genus 0, curves of genus J and curves of genus >1 . The fine
classification is the theory of moduli for curves [16],(20J).

(3)
The procedure described works with some modification for reduced compact complex
spaces and is a bimeromorphic theory, cf. (10],(23J.
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of the sheaf of

dim HO (V, ,

apoint PoE':V

is obtained as follows (4) : Take a

P --» (J ""I , ••• , I "" ) EO (/;q ,
-r r q

V from P to P . The vector (f depends on
o 1

Po and P , but there exists a Zq-dimensional

and 't" are two paths from Po to P

basis of L may be obtained as follows

V over q;
o I

of H (V, JtY), the module of global sections

l-forms of V, where q = dim Hl(V,OV)

V (V is a smooth projective variety). Fix

is a real path on

the chosen path )"' connecting

lattice L in q;q such that if

then (r w.) - (f. .... ) EO L . (A
J't' 1 '/' 1

Let Sl , ... , SZq be 2q closed paths of V through Po which generate the

free part of H] Then L is spanned over l by the Zq vectors

li (!Si wI"'" Jeri Co)q)' i = , ••. , 2q). The quotient space Alb(V) = a;q/L

is called the Albanese variety of V. It is a complex torus which is algebraic

and therefore an abelian variety. The holomorphic map induced by (it is even

the irregularity of

and define for P E V

basis W l , ... ,

holomorphic differential

where )'-

The Albanese map 0(:

an algebraic map)

P c«P) 6 Alb(V)

is the Albanese map of V.

Now, concerning the structure of the maps and we consider first the

fundamental theorem of Iitaka on the structure of the maps

Define the Kodaira dimension of a projective variety V by

(m.. dim (V)
if p > 0 for some m

p .,. 0 m
m

xCV)

00 if Pm = 0 for all m>O

Then Iitaka's theorem states (cf. (9] bf (23], theorem 6.11).

Theorem] - Let V ba an algebraic variety of Kodaira dimension . There exist

smooth projective varieties and W* and a surjective proper morphism

f : which satisfy the following conditions:

(4) For an algebraic definition and the universal properties of <:J.. see Lang [15J.
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v .,

2) dim W* ; xCV) ;

3) For a dense (non-empty) subset U of W* each fibre (u),U/ioU,

p '> a .
m

is irreducible, non-singular and has Kodaira dimension O. W*-U is the union of

countably many closed subvarieties

4) If ff: V* is a fibre space (5) satisfying the above conditions 1)-3),

:I: t * '*there are birational maps g: V __'> V and h: W ----'t W such that the

diagram

is commutative. Moreover, the fibre space f: V* ----.W* is birationally equi-

valent to a fibre space associated to the pluricanonical

map V ----'tWm ; V
mK

(V) c tpN for any sufficiently large m with

In other words, Iitaka's theorem states that the m-canonical map determines,

for large m, a fibre space structure on V which is unique in the birational

sense, with algebraic varieties of Kodaira dimension a as general fibres.

More generally, Iitaka has introduced the ;t -dimension of an invertible sheaf

on a smooth projective variety V as follows.

, .. -,

Definition

denote by

where f
o

Let IN(t,V) ; tm>O ; dimq;Ho(V,;tIlhn) ? 1J and for m 6INCt,V),

: V tpN the rational map given by !\lm f, (P) (fo (P), ... , fN(P»,

fN is a basis of HO (V, t,1lhn). Then the £, -dimension of V is

')(i ,V)
[

max dim 4>mi (V) , m IN(t ,V) , if

_m... if IN(t ,V) ; f/J •

lNet ,V) f. f/J

If D is a divisor of V the t. -dimension of the sheaf associated to D is

denoted by X(D,V).

A theorem analogous to Theorem I holds for the ;f, -dimension (cf. (23J, §5 for

details) •

(5)
A fibre space is a morphism g: X of reduced projective varieties which
is (proper and) surjective and has connected fibres.
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Next, Iitaka's theorem suggests that we divide the algebraic varieties of a fixed

dimension into 4 classes as follows.

I) Varieties with xCV)

type ;

dim V , called varieties of general type or hyperbolic

2) Algebraic varieties with dim V > xCV) I ;

3) Algebraic varieties with xCV) o , called varieties of parabolic type ;

4) Algebraic varieties with , called varieties of elliptic type.

The birational investigation of the varieties of class 2) reduces by the theorem

of Iitaka to the study of fibre spaces of algebraic varieties with a variety of

Kodaira dimension 0 as general fibre.

The Albanese map is essential for the study of the classes 1), 3) and 4).

The following facts concerning the structure of the Albanese map are of interest.

Proposition I - For a (smooth and projective) variety V of general type, the

irreducible components of the general fibre of V (V) are also of

general type.

Concerning the Albanese map of varieties V of Kodaira dimension 0 , i.e. of

class 2), Iitaka and Ueno have suggested (cf. £23), p. 130).

Conjecture Kn ; If V is of parabolic type, the Albanese map c(; V Alb (V) is

surjective and has connected fibres. Horeover, the fibre space <:>(; V

is birationally equivalent in the etale topology to a fibre bundle over Alb (V)

whose fibre and structure group are an algebraic manifold F of parabolic type

and automorphism group Aut (F) of F, respectively.

is known to hold forBy the classification theory of surfaces conjecture K
n

surfaces. If S is a relatively minimal projective surface of Kodaira dimension 0,

then if the irregularity q(S) of S equals 2 ,S is an abelian variety and is

an isomorphism. If q (S) = I ,S is a hyperelliptic surface and 0<.: S -::, Alb (S)

has the structure of an elliptic bundle over the elliptic curve Alb(S).

If V is a smooth projective variety for which there exists a birationally equi-

valent model VX such that mK is trivial, then K holds for V. (See (23J,VX n
prop. 11.4.3 for a proof).

For varieties V of dimension 3 with xCV) = 0 , Ueno (24J has shown that is

surjective. Moreover, Ueno (22J has proved K
n

holds for generalized Kummer

varieties (cf. (23J, 16.7 and 16.8).

For the image 0{ (V) SAlb(V) , Ueno (23J,p. III, has proved the following.
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Proposition 2 - The Kodaira dimension of 0{ (V) is 0 and equal to zero if and

only if is surjective.

The following conjecture of Iitaka is especially of interest for varieties of

elliptic type.

11: V __>W be a surjective morphism of projective smooth

with connected fibres, i.e. or: V W is a fibre

dim W . Then

: Let

n = dim V , m

Conjecture C
n,m

algebraic varieties over

space. Let

where Vw is the general fibre of 11 .

Conjecture C and Proposition 2 immediately imply the following statementn,m
Let V be a projective variety of elliptic type with irregularity q(V» 0 .

Let V W be the fibre space associated to the Albanese map 0(: V __ Alb (V) .

(V----;.W is the Stein factorization of the morphism V --t.{(V)). The general

fibre of V --4 W is of elliptic type. Therefore, if C holds, the study ofn,m
algebraic varieties of elliptic type is reduced to

I) the study of algebraic varieties with irregularity 0;

2) the study of fibre spaces whose general fibre is of elliptic type.

It is interesting to note that Conjecture C is related to Conjecture K
n,ffi n

More precisely, if C holds and V is a projective variety of parabolicn,m
type, the Albanese map V lS surjective and an irreducible compo-

nent of the general fibre of is of parabolic type.

We indicate a proof of this fact. Consider the fibre space V ---+ W associated

to the Albanese map. Then since = 0 , it is not difficult to show by the

adjunc tion formula (cf. (23J, §6) that the general fibre of V --4 W is a

variety of Kodaira dimension Also )l,(W) 0<. (V)) since W is a covering

of 01, (V). Then by Proposition 2 and C .0( must be surjective and the general
n,m

fibre of V W a variety of parabolic type.

are the main problems of classificationThe proofs of Conjectures C and K
n,m n

theory of algebraic varieties as far as the rough classification goes. If they were

known, the rough classification of algebraic varieties would be considered to be in

a satisfactory state. The fine classification, that is the study of the varieties

in the various classes by fibre space methods or by moduli theory, remains. However,

as new developments show, the rough classification and the fine classification

cannot be separated. The fine classification for lower dimensional algebraic

varieties is needed to do the rough classification of higher dimensional varieties.
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This discussion so far has given a brief description of the classification theory

as contained in Ueno's Lecture Notes.

There are two interesting new developments in the theory. The first, due to

Iitaka tIIJ, (12) and Sakai (21J, is an extension of classification theory to open

varieties. The second is concerned with the proof of the Conjectures C and K
n,m n

In particular, Viehweg's proof (26J of Conjecture Cn,n-J has added new insight

into the interaction between moduli theory and classification theory. We describe

these developments below.

First we discuss the extension of classification theory to open varieties follo-

wing Ii taka's papers (1 1) and (J 2J .

Let V be a smooth connected which, for the sake of simplicity, we

assume to be quasi projective (actually the theory holds for all connected and

reduced [-schemes of finite type). Then Iitaka's method is to consider a compacti-

fication Vof V such that

I) V is smooth,

2) the boundary D = V - V is a divisor with strong normal crossings and the

sheaves j\q (log D) of rational differential q-forms on V which are holomorphic

along V and have at most a logarithmic pole along D, q = I , .•. , dim V (6).

The new Kodaira dimension xCV) of V is defined, analogously to the compact

case, as follows :

Consider the sheaf SLn (log D), n = dim V . Note that this sheaf is invertible

and isomorphic to the sheaf associated to the divisor KV+ D , where

canonical divisor of V.
K-
V

is a

Definition 2 The dt -dimension of the divisor KV+ D is the logarithmic

Kodaira-dimension of V, denoted by xCV), i.e.

x(V) = X(Kv + D, V)

(6)
If P E D is a point, a logarithmic q-form writes locally at P as

"'"' dZi(I) dZi(r) "
aI,J(z,w) /\ ... /I dWJ'(I) 1\ ... " dwJ.(s)

zi(I) zi(r)
r+s=q
I (i (I)
J (j(l)

, ... , r(r»
j (s ) )

where aI,J(z,w) is holomorphic at P and

of regular parameters at P on X such that

(ZI"",zm' wI'···'wn_m) is a system

zI ..• zm 0 defines D at P
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The logarithmic irregularity of V is defined by

If V is a smooth projective variety, = xCV)

q(V) = dim HO(V, J0(log D».

and q(V) = q(V). The Kodaira

dimension and the logarithmic irregularity q(V) are independant of the

compactification and hence invariants of V. More precisely, they are biratio-

nally invariant in a certain restricted sense which we explain next.

Definition 3 - A map f: VI V2 of (smooth) quasi projective varieties is

called strictly rational if there exists a proper birational morphism V :
from a (smooth) quasi projective variety V

3
such that f 0 is a morphism.

A birational map f : VI of quasi projective varieties is called strictly

birational if f and f- I are strictly rational maps.

Note that a dominant rational map from a complete variety VI to a non complete V2
is not strictly rational. A rational map from VI to a complete V2 is always

strictly rational by resolution of singularities and elimination of points of

indeterminany of rational maps (I8l).

The following proposition is easily proved (cf. tIIJ).

Proposition 3 - Let f: VI V2 be a dominant rational morphism of smooth

quasi projective varieties. Then for all m>O the natural map

:I: 0 q0m 0 q0m
f : H (V2' (J'I.) ) H (V 1' (J\.) )

is injective. If, moreover, f is birational and proper, f:l: is an isomorphism.

Proposition 3 implies that the logarithmic Kodaira dimension and the logarithmic

irregularity are invariant with respect to strictly birational maps and, in parti-

cular, independent of the compactification Vof V •

The theory of -dimension, if applied to the sheaf Jtn(log D), yields the

following. (c f , (23J, 6.11 and (II'], Prop. 5).

Proposition 4 - Let f: V W be a strictly rational dominating map of smooth

quasi projective varieties. Then

where Vw is the general fibre of f

The fundamental theorem for m-canonical maps (cf. Theorem 1) generalizes as

follows. (c f , (IIJ, theorem 5).
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Theorem 2 - Let V be a smooth irreducible quasi projective variety with

There exists a proper birational morphism p

variety V* onto V and a dominant rational

dim W= R(V), such that the general fibre v:
a fibred variety is uniquely determined up to

from a smooth quasi projective

morphism f: VX W , where

is connected and x(Vw) = 0 . Such

proper birational equivalence.

The Albanese map of an open variety is obtained as follows. Let V be a smooth

compactification of V as above. Then by Deligne's theory (21 the logarithmic
o -I-forms of H (v,Slv(log(D» are closed. Hence, integration yields a

map i from HI (V,7) into the dual (V,.I'l.V(log D»x of D» :

where o - I
W 6. H (V,.I'l.V(log(D».

o - I '"H (V, '\\v(log D»

(c.>,)s"-)

The quotient Alb(V) = considered as a Lie group is

the Albanese of V. The Albanese map is obtained by integration from a fixed

point 06 V to P e V along a path in V

.J:
V

: V__!> ill (V)

P 1----+£w, we H
O(\7, (D» .

Alb(V) is related to the Albanese of V by the exact sequence of groups

r
Deligne's theory (2J implies that K is a torus of dimension r,

where r = q(V) - q(V) = bl(V) - bl(V). Thus ill (V) carries the structure of a

quasi abelian variety, i.e. is a group variety which is an extension of an abelian

variety by a torus. (cf. (12J for details).

The universal properties of <; are as follows.

I) Any strictly rational map f : VI !> V
2

induces a morphism

f", : Alb(VI) Alb(V2) which satisfies the commutative diagram
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2) If q: V A is a strictly rational map into a quasi abelian variety A
there exists a morphism <t'l : Alb(V) ---:; A such that <t <f I 0 tAV • Moreover tf l
is unique and a translation of a homomorphism of algebraic groups.

With the Albanese map defined as above, Iitaka carries Deno's theory of the

Albanese map for compact varieties (cf. (23) §9 and §IO) over to open varieties

and generalizes almost all the theorems known for the compact case to open

varieties. For example, Proposition 2 is 5eneralized to

Proposition 5 (c f . (12J, Theorem 4) - Let G be a quasi abelian variety and XC:G

be a closed irreducible subvariety. Then X is the translation of a subgroup

scheme of G or 0

A very interesting aspect of this new theory is its application to commutative

rings; we indicate this by describing two of Iitaka's results:

1) Let V = Spec(A) be a smooth affine variety over • If xCV) = dim V , the

automorphism group Aut(V) of V , or equivalently, the automorphism group of the

A , is finite.

asVbe a compactification of

x(V)'*x(V )-E-X«V) ) + dim V/H.:$O +
o 0 W

which is a contradiction. Therefore Go and Aut(V) is

finite.

Outline of proof (c f , (11) for details) Let

above with D = V- V as boundary. Then, for

a natural linear representation of

every m> 0 , Proposition 3 yields
o -Aut(V) in Aut(H (V,m.(KV+D»). since

.x(V) = dim V , this representation is faithful for an appropriate ms-O which may
- N

be chosen such that Theorem 2 is satisfied by the map ¢m(Kv+D): V W

Let G be the Zariski closure of Aut(V) in the algebraic group Aut(HO(V,m(KV+m)

and Go the connected component of G. We must show Go Assume Go fie}.

Then G contains a subgroup H which is isomorphic to the additive group
o -1

G
a

or the multiplicative group G
m

= (x,x J), and which

operates as automorphism group on V . There exists an H-stable open subvariety

of V such that the quotient exists. Proposition 4 applied to
o 0

Vo Vo/H yields the inequality dim V =

+ (dim V) - 1

2) (Cancellation theorem of Zariski) - Let V = Spec(A), W Spec(B) be smooth

affine algebraic varieties over C, such that R(V) or X(W) is not - 00 •

Let x be an indeterminant over A and B If the polynomial rings Alx) and B (xJ

are isomorphic as then A and B are isomorphic as i.e. x

can be cancelled.
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Outline of proof (See [61 for details and a more general form of the cancellation

theorem) - We assume for simplicity's sake that xCV) and A(W)90 . Denote by

: A (x]----+B (x] the isomorphism of C-algebras and by : Spec(B (xl)
I IWl',A __ Vl<A = Spec(A [xl) the associated morphism of schemes. For any prime

I I "" Idivisor DofW,considerthedivisor DxA ofWl<A • Then is
I '" I Ia prime divisor of V l\A . We claim that i1J(D XA ) = E is of the form D'l< A ,

where D' is a divisor of V Consider the projection PI VXA I V and the

image PI(E) of the divisor E . If PI(E) is dense in V, we conclude, using

some elementary facts about;t-dimension and the fact that E is irreducible and

closed in V AI , that X/E) XeD l<A I) x(W) ;,. 0 which is impossible since

'l«Dl< AI) = - CD • Hence, PI (E) is not dense and therefore PI (E) = D' , a prime

divisor of V, and ED' J( AI • This yields a map <t: W--i'V as fo llows •

Let PlOW and let D] , ... , D I be divisors of W such that Djl'l ... I\D I {pl.

Let Di c V be such that XAI) Di XoA
I

Then D; (\ ... n Dj = rQ1 is a

point of V and we obtain a map q: P Q from W to V which is an isomor-

phism.

We discuss finally the attemts to prove Conjecture Cn,m' first describing

Viehweg's proof of Conjecture Cn,n-I

An essential step in this proof is the observation that in order to prove

Conjecture C it suffices to prove the following statement (cf. (26J,(201).n,m

Statement - Let VI: VI be a surjective morphism of proper

varieties over with connected general fibres, where r dim V
j

and

s = dim WI' There exists a birationally equivalent morphism (7) rr : V W of
;: -I

smooth, proper varieties such that X( u>v Ia 11" e,.)W ' V)? x (V,,,) , where W v and ""w
denote the canonical sheaves of V and W respectively.

More precisely, the following theorem holds.

Theorem 3 - Assume that

holds.

C'
r+l, I

holds for all 1"*m and r n-m . Then Cn,m

Next, for fibre spaces of curves (i.e. the general fibre of 1r is a smooth curve of

genus g I) the theory of fine moduli spaces (c f . 1:193) allows us to reduce the

proof of the statement C' to families of stable curves. The following semi-
r,r-j

stable reduction theorem holds.

(7)
'IT I : VI --i' WI and

there exist birational maps

V: V are called birationally equivalent, if

<t: VI and 1jI: WI----+W such that

1To If = ,+,0 1I"i as rational maps.
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Theorem 4 ((26J, §5) - Let "lf
l

: VI --i> WI be a surjective morphism of proper,

smooth varieties such that the general fibre of is a connected curve of

genus . There exists a commutative diagram of proper varieties

f
V' <;<,----

h
v

(x)

with the following properties

I) Every morphism and every scheme occuring in the diagram is projective

2) 11": V---i> W is a surjective morphism of smooth varieties with connected

general fibre which is birationally equivalent to

3) h V' ---+V and g: W'--l>W are flat Galois covers with Galois group

G and V' is birationally equivalent to W· . The only singularities of

W' and V· are quotient singularities

4) 11"s: is a family of stable curves of genus g with level

p-structure, \l , and f: VS--i>V is a birational morphism. (c f . 09J or (20),

Lecture 10, for the notion of level v-structure)

5) The group G operates on V
s

and V is a resolution of singularities of the

quotient VS/G of Vs by G .

Viehweg applies the duality theory of sheaves to the diagram (x) • He proves

that the varieties V· , W· and V
s

have rational singularities ((27), Def. I)

and are Cohen-Macauley schemes and that therefore, for every morphism of the

diagram (x), the dualizing sheaf exists. A close inspection of the dualizing

sheaves yields the inequality

Hence, to prove statement C·
n,n-]

it suffices to prove the following proposition.

Proposition 6 - Let V ---+W be a proper flat family of stable curves of

genus with level p-structure and with smooth general fibre. Then

x.,( (4)V N , V) X(V
W)

. (W is assumed to be smooth).

The following stronger theorem holds.

Theorem 5 - Let 11': V --'l> W be a proper flat family of stable curves of genus

g::;.. I with level u-s t ruc t ure , \l , and smooth general fibre. Let r(v) __;>
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be the universal family of curves with level

map determined by V W (cf.(19J). Then

v-structure and Cf: W M(r) the
g

X( (,)V!W ' V) , dim tf (W».

Outline of proof - If Cf (W) is a point in , then V = f' (u) X M W ; thus,

V W is a product and the inequality follows trivially. If dim 4(W) > 0 ,

we must show x(wV!W' V) <.f(W). For the proof, we need the following infor-

mation about the relative canonical sheaf of a family of stable curves. Let C

be a family of stable curves of genus g with smooth general fibre over a normal

scheme S • Denote by the relative canonical sheaf of C S

(wC!S exists since is locally a complete intersection [7J) 'gThen is

a locally free sheaf on S of rank g • Consider the line bundle A and

let D be a divisor on S such that Ie wC!S'" D Let WC!S be the divisor

of points of C!S, i.e., the divisor of C with the following proper-

ties :

I) For every smooth geometric fibre

divisor of points of C
P

C of
P

is the classical

2) WC!S is the smallest divisor of C with property I).

The following fact is essential for the argument (cf. (IJ and t26J for a proof).

There exists a positive divisor E

of C!S such that

EC!S with support in the singular fibres

1
w N zg (g+l) tv trD + W + E
C!S C!S

where N means that the right side is a divisor of a section of the left side.

of stable curves with level v-structure to obtain

These considerations
r (p) M(r)

g

can,. in particular, be applied to the universal family

tv 11" D + W r!Ii + E

and the divisor D'" It "IT
"'1"(\1)!M (\1)

g

Finally, the following is sufficient for the proof of the inequality
-1

x,( ""V N 1r WW' V) dim (W) .

Proposition 7 - Let (11(P» be the open subspace of M(Il) which parameterizes
gog

the smooth curves of genus g with level Il-structure. Then for a sufficiently

large integer mz O the rational map !P
mD

: ----i> lPN is a quasi finite

morphism if restricted to (M(V» . In particular, = dim M(V) 3g - 3
gog
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if g 2 and if g = I .

Proof - For g = I ,M(P) is a curve and the morphism 'If: rep) H(ll) is not
g g

smooth. By inspection we find that degree D'>0 and D is ample.

is a

restric-

mwhere

In fact

(c f , (28J).

the Siegel modular

(11) .-1:-) H / r _'+'_ lP
N

gogo

g 2 we look at the period map A.: (M(P)) H /r. gog
is the Siegel upper half plane of dimension g and r

For

(H
g

group). We consider the Siegel modular forms of weight m on H
g

sufficiently large integer. Let So , ... , sN be a basis of the vector space of

Siegel modular forms and = (WI"'" "'''''g)1llm . Then 'ti si ("f(t)). 7 define

sections of DIllm on ll1(ll)) which extend to sections of DIllm on H(V) (d. (]) or (26)),
g 0 (u) N g

and we consider the rational map : M defined by

tjl(P) = (4'-o(P) : ... : yN(P)). Then <p gis finite on

ted to (M(ll)) factors as follows
g 0 (M(P))

g

where 1T is the finite covering map, -'1 is the period map which is an injection

of points by the Torelli theorem and is an embedding if m is

sufficiently large. This completes the proof of proposition 6 and thus of

Conjecture Cn,n-l •

state

There are various other partial which we

is a

results concerning Conjecture Cn,m
without proof. C2, 1 was known before Viehweg's paper (263. In fact C2 , 1

corollary of Enriques' and Kodaira's classification theory of surfaces.

Veno (313 has provided another proof of C
2
, 1 of a topological nature, indepen-

dent of the classification theory of surfaces, which itself is useful in simplifying

the classification theory for surfaces of Kodaira dimension zero and - oo(cf. [32]) .

Moreover, Kodaira [133 and Veno (22J have described formulas for the canonical

sheaf "'X and the self intersection number (.)2 of the canonical sheaf of a
X

projective surface X which carries a fibre space structure 1f: X ---+ C of

curves of genus and genus 2 respectively. Viehweg has generalized in (26J

these results to projective surfaces X which carry a fibre space structure

X C of curves of any genus and has obtained a formula for a canonical

divisor KX of X up to torsion and the selfintersection of Kx which is as

follows

8(p-l) (g-1) + L
Xp singular

v +
p f

g denotes the genus of the general fibre of "If and p the genus of the base

curve C, 'Ip can be calculated from the local invariant of the degenerate

fibres of X --7 C , introduced for genus 2 in tl8J and for genus >2 in (25J.
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(If g=1 , only the multiple fibres count and

multiplicity of the fibre over P). The number

?p = ep - I , where is the

f depends on the local invariants

of the degenerate fibres and also on the way the points of the general

fibre collapse within the fibre space X C If the general fibre of X C

is a hyperelliptic curve, the number r is 0 and the local invariants of

"If: X C are then sufficient to calculate wi. This explains the fact that

in Ueno's formula for which deals with curves of genus 2 (they are all

hyperelliptic), only the local invariants of the degenerate fibres appear.

Nakamura and Ueno (17) or (23J, §14, have shown that C holds for analyticn,m
fibre bundles f: V and that in this case equality holds. Ueno (24) has

proved that C3 , 1 is true if the base curve W of the fibre space f: V W

is of genus zsZ and if p I . Moreover, he has shown, as already stated, that
g

for threefolds V of Kodaira dimension 0 the Albanese map is surjective.

Kawamata (30) has proved Conjecture Cn,n-I for open varieties. If applied to

surfaces, his result yields a classification of open surfaces which is analogous

to the Enriques's classification of projective surfaces.

Viehweg's proof of Conjecture

the relative canonical sheaf

dered.

cn,n-I shows that the direct image of

<N
V
/
W

of a fibre space V W must be cons i-

Fujita (53 has obtained a proof of the following theorem.

Theorem 6 - Let f: V W be a fibre space of projective varieties such that W

is a curve. Then f;, ..,V/W is locally free and numerically semi positive.

Previously Griffith (293 proved this result for f: V W a smooth fibre space

with base W of arbitrary dimension. Moreover, Griffith showed that if f;,

is invertible, f;, ..,V/W is positive if the period map of the family V --;> W is

finite on W. In particular, if the canonical bundle of a general fibre is

trivial, then f;,"'V/W is positive unless f is a fibre bundle over a dense open

set of W.

The second result of Fujita (cf. t4J) relates the fact that

positive to Conjecture Cn,m

is semi

Theorem 7 - Let f: V W be a fibre space such that f;, ""V/W is locally free

and semi positive as a vector bundle. If W is of general type, x(V) + x(W).

The results of Fujita hint at a possible proof of the surjectivity of the Albanese

map for algebraic varieties of parabolic type (cf.(4J, Remark 2). The following
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statement can be proved.

Proposition 8 - If Conjecture C is true for fibre spaces V W over a
n,m

manifold W of general type, the Albanese map is surjective for algebraic varie-

ties of parabolic type.

if the

is flat and the general fibre an abelian variety.

Cn,m
f : V --7 W is an abelian variety (V,W are

Using the theory of period maps he showed
IIimthe existence of an integer m>0 such that <AV/W has a section. Theorem 3 then

• Ueno has also obtained a formula for the canonical bundle of V if

general fibre of the fibre space

smooth projective varieties over

Finally we mention that Ueno has very recently proved Conjecture

yields C
n,m

the fibre space
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SUR LES INVARIANTS HOMOLOGIQUES DES ANNEAUX LOCAUX NOETHERIENS

UN CALCUL DE LA CINQUIEME DEFLECTION CS.

Michel PAUGAM

INTRODUCTION

Dans ces pages, on suppose que R est un anneau commutatif unitaire local
et noether i en , d'ideal maximal Jt1t ' de corps res i duel 1<. SoH n = dif1JK JI12
Ia dimension de plongement de R ("embedding dimension"). 11 est bien connan

que les deflections ,s1' Cz' £3' t:4 s'expriment en fonction de 1 'homologie
H.w= HJE) du complexe de Koszul E de R (voir [2], [13], [14], [18]) et donnent
des informations sur la "regularite de R" ([6.1 [ISJ). Leur calcul a permis
dans certains cas [13] d'etablir la rational He de la ser i e de Poincare de R

Dans 1 'article [2] d'Avramov, une methode est donnee pour calculer 65
pour ([2] Remark 6.3.). Mais pour n quelconque, Cs n'est connu que

pour Jes anneaux de Golod et dans des cas particuliers.
A l'aide de Ja construction de Tate [16J et en utilisant

produits de Massey de matrices (9] a coefficients dans

la valeur de E5 pour tout n sous des seules hypotheses
HI·H2 = O. On obtient le resultat suivant

Theoreme. - Soit R un anneau local noetherien d'ideal maximal in, de
corps residu;,]1<. Soit sa dimension Plongement.-

1'homologie complexe de Koszul associe systeme generateur minimal
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de Al1 verifie Hi = H1·H2 = 0, on a

N

H5 = <H2,H1,H1 ) + (H1,H2,H1)·

Les termes entre crochets sont definis dans le §1 ci-dessous.
Enfin, on donne un exemple d'application de la formule a un anneau

artinien, de dimension de plongement 5 pour lequel la multiplication dans

l'algebre H;k n'est pas triviale (voir [10] et [11]).

§.1. Une utilisation des produits de Massey de matrices. Definitions et notations

1.1. Les produits de Massey.

Les produits de Massey de matrices sont definis dans [9] et ont ete
util i ses en parti cul i er dans [2], (7] et [8].

Soit U une R-algebre l-graduee differentielle fixee ((9] cas (1) p.535)
avec element unite, te11e que 'U i 0 pour i c 0 et munie d'un operateur
d de degre -1.

Soit M(U) le R-module des matrices infinies X (x .. ) (16i,j <+00) dont
lJ

les coefficients Xij sont des elements homogenes de U et 00 X n'a qu'un
nombre fini de coefficients non nuls. On ecrit :

des classes

oC(i .J) = 1 + deg xi j

fx/ lamatrice ([xi))

- oi(i .)
X = (( - 1) ,J x .. ) 00

lJ

et dX = (d xi j) si dX 0, on note
d'homologie.

Un sys teme x1, ... ,Xp£ MU est dit multipliable si : Xi,X i+1 ... Xj£MU
pour 1 i « j .. p (produit de matri ces au sens habituel). Soit p7/2, on dit

que le produit de Massey <VI"" ,V p) est def t rri pour Vi eMH(U) si les
Vi constituent un systeme multipliable et s'il existe des matrices

AijeM(U) te11esque AiiE:MZ(U) soitunematrice
de representants pour Vi (1.6 i .6 p) et tell es que pour tous 1es couples
(i ,j) 1 i ,( p, j-i <: p-l, on ait
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N '" j-1 _ N

dA,'J' = A,'Jo ou A, ° = L A'k·Ak I' On alors : dA I a ([9] p.S38).
'J k=i ' + J P

L'ensemble des matrices Ai j (1-' i p , j-i <: p-1l est appe l e un sys teme

de definition pour (Vl' ... ,V p> et l'on dit que t A1pl 6 (V1,···,Vp)'
<VI'" "Vp) est defini comme etant 1 'ensemble de toutes les classes d'homologie

que 1 'on peut obtenir comme ci-dessus a partir de systemes de definition. Cet

ensemble est independant du choix des representants choisis pour les Vi

([9] lemme Z.Z.).

I.Z. Definition. - Soit R un anneau local noetherien dont 1 'homologie du

complexe de Kos zul ver t f i e Hi H1·HZ O. SoH i,j,k trois entiers non nuls

tels que i+j+k' 4. On pose

<Hi,Hj,Hk) = U<v 1,V2,V3) 00 l'union est prise pour taus les

produits de Massey de matrices <VI' VZ' V3> tels que:

1) V1EM Hi' v2eM Hj, v3eMHk

2) VI est une matrice ligne, V3 est une matrice colonne.

D'apres (9) (prop. 2.7. (ii) et prop. 2.9), on sait que <Hi,Hj,Hk) est un

sous R-module de Hi+ j+ k+ 1.

1.3. Remarques. - Sous les hypotheses de (l-Z), si i ,j,k designent toujours

troi s entiers non nul s tel s que i+j+k.$ 4, soient Xl e Hi' Xz 6. Hj, x3 6. Hk ;

notons <x
1,xZ,x3)

1 'ensemble des classes d'homologie des elements de la forme

i+l i+j
(-1) zlYZ + (-1) Yl z3

ou zl Zi' yz E: Ej +k+l , z3 e Zk' Y1 eE i +j +l sont tels que Xl (resp. x3) soit

la classe d'homologie de zl (resp. z3) et qu'il existe zZ Zj tel que x2
soit la classe d'homologie de Zz et qu'on ait :

i+1 j+ 1
dYl = (-1) z1zZ et dyz = (-1) zZ·z3·

Alors on observe que <Hi ,Hj,H k) est le sous vectoriel de

Hi+ j+ k+1 engendre par les <x1,xZ,x3 > ou x1e.Hi ' x2 Hj , x3e. Hk· 11 est

clair que (HZ,H1,H1> = (H1,H1,Hz,> , H1·H3C<Hl,Hl,H1> , H1·H4C(H1,HZ,H1)'

HZ·H3 C.<HZ,Hl'H1)

1.4. Notations. -
'" 2On pose H4 = HZ + <H1,H1,H1>
'"HS = <:Hl'H2,H1 > + <H2,H1,H1'>

et l'on note <Zi,Zj,Zk> 1 'image r ec iproque de <Hi,Hj,Hk> par le morphisme

canonique Zi+j+k+1 Hi+ j+ k+1·
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1.5. Remargue. - Les hypotheses Hi = H1·H2 = 0 sont satisfaites pour une

large classe d'anneaux. (Voir [4] et 1 'exemple du §6) . De plus

H5 = <'HZ' H1, H1'" .

§.Z. Resultats preliminaires

deg Vi = 4.

deg Wi = 5.

deg 3S. = 6
1

deg Si = 2

deg Ui = 3.

2.1. R-algebres Tate.

SoH (t1, ... ,tn) un sys tene qenerateur minimal de l'ideal maximal Atl
de R. Par le precede d'adjonction d'une variable de degre f'?,} pour tuer

un cycle de degre P-1, on obtient une suite de R-algebres X(i)

(i = 0,1 ,Z, ... ) [l6). Nous conservons l e s notations de [13].

X(O)=R,X(1)=E=R(T
1,·

.. ,T
n
'> dT

i
t
i

degT
i

1

(E est le complexe de Koszul de R)

x(2)=x(1)<S1'''',sE,) dSi si

X(3) = X(2) <. Ul' ... ,U•• dU i ui

(4) _ (3) Z
X - X (V

1,
... ,VE)

(5) _ (4) 3
X - X (W

1,
... ,W£ ';

(6) _ (5) 4
X - X ( 11 ' ...,'7££) deg 3!:i = i

5

ou Ti, Si' Ui, Vi' Wi,3£i'" sont des qui tuent les cycles

t i, si' ui' vi' wi' .respectivement. La i
eme

deflection ci (i=1,2, ... )

est definiepar dim1( H. (X(l)). D'apres ([13]lemme 1), on a de plus

Ei = dim'KHi (X(i-1)) i Nous utiliserons aussi le resultat suivant

preuve dans ([13] Lemme 2).

2.2. Lemme. - Soit z1" .. ,zE. un ensemble de c. cycles de
1 1

classes d'homologie constituent une base du 1<-espace vectoriel

(i=2,3, ... ). Alors Zj (j=1,2, ... , £i) peut etre choisi dans

X(i) dont les

H. (X( i))
\(i -1)

2.3. Corollaire. -

wi (i=1 ,2, ... , c4 )
Z3(X(2)), Z4(x(3))

ui (i =1, 2 , , £ 2)' vi (i =1, 2 , ... , E),
i (i=1 ,2, , c5) peuvent etre choisis dans Z2(E),

Z5(X(4)) respectivement.
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2.4. Remarque. - La construction de Tate donne:

£1
+ L.E S(2) +

i=1 2 1

1 C2
+ L L

i=1 j=1

C RS,S,S
k
+

1<" < ·(k4E. 1 J,1 J 1

H
3

1, ... et

tels gue les classes d'homologie desW i / :: E3

vi ' i =

v.. =w.. +
1J 1J

constituent une base du vectoriel

2.5. Lemme. - ((13) Lemme 3 p.27). Soit R un anneau commutatif noetherien

local, de corps residuel 'k et de dimension de plongement n, SoH 1 'homo-
logie du complexe de Koszul de R.

Si Hi = 0, alors on peut trouver Vi e Z3 i =

22.6. Remarque. - Sous les hypotheses HI = H1·H2 = 0, on a 3 = C3 + (2) et
nous appellerons Vi l' H C3 (resp. Vi j i s i c j,{E'l) les variables de degre

4 qui tuent les cycles vi (resp. vi j ).1 OU l'on a pose C3 H3.

2.7. Remarque. - En uti 1i sant 1a meme methode que dans [13], on peut prouver
le resultat suivant :

Soit R un anneau local noetherien de dimension de n, de

corps residuel Hi = 0 ; alors on a :
H

+
4

La formule est en accord avec [2] p.279.

11 est en effet facile de construire des cycles speciaux wi j de
Z4(X(3)) (corollaire 2.3.) de l a forme:

(i ,j)6 J
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Si I des iqne 1 'ensemble des couples d'entiers (p,q) H p$E
1,

Is qsi2 te1s

que 1es c1asses d I homo 1ogi e des Sp' uq (p,q) Ii I forment une base de l' espace

vectorie1 H
1.H2 , a10rs

J=f(i,j) Ui'fl (i,j)rl- I }

aijEE4 (i,j) J.

R pour (i ,j) EJ, (p,q) 1.

2.8. Remargues. - Sous T'hypo these Hi = 0, si l'on choisit 1es uJi j H i

comme dans 1e 1emme (2. S. ), on sait que 1 'on peut supposer W .. + oj .. = 0
lJ J 1

et Wi i = 0 compte tenu de si.Sj -Sj,si'

Pour i ,j,k dans (1,2, ... , lf ' posons <si ,Sj,Sk) = si Wjk + wi j sk

On a <si'Sj'Sk,?'-<Zl,Zl,Zl)' De plus pour i,j,k dans {1,2, ... , c l l ,
on verifi e que l ' on a

<Si,Sj,Sk) <Sk,Sj,si>

et 1es relations

<S.,S,,5 k) +<s"sk's,) +<sk's"s,) = 0
1 J J 1 1 J

En outre, on peut noter qu'un element de <Zl,Zl,Zl' peut s'ecrire modu1G B4
comme somme d'un terme de Zl,Z3 et d'une combinaison R-1ineaire de

(Si,Sj,Sk)oQ

Ui<kSE
l

j 1, ... , £1 et (i ,j,k) rt 1
0

avec:

10 f(a,b,c)E.fl, ... , El l
3;

lsa<b< U l} par et h ,

2.9. Remargues. - Si Hi = 0, pour l$i<k't1, j = 1, ... , c1 ' on a
(3)

5jSi\ + wj i Sk + Q)jk Si . Xs (Remarque 2.4) et

d(SjSiSk +l.U j i Sk +Wj k Si) = <si,Sj'Sk>' On note:

SjSi\ +Wj i Sk + OOjk Si =) (si ,Sj ,sk>

Plus pour tout ensemble fxii,j)E.Z1; s i l'on

choisit W (xi' ,J) E3 pour k = 1,""'::1 te1s que

dW(xii,j)'Sk) = xii,j)'Sk' puisque Hi = 0, a l or s 1a c1asse d vhomo l cqt e

modulo B4 de :

d[x(i,j) S.S. +W(x(i,j) s.) S. +W{x(i,j) s.) S.] =
1 lJ 1 '1 J 1 ' J 1
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si .w(Xii,j),S) -oJ(Xii,j),Si)Sj appartient a 'fSd ' {xii,j)f 'tSj\> avec

les notations du §l. Enfin pour 1$ i < j< les relations:J(:J( montrent que

(s ,S,Sk+ 0). ,Sk+ W 'kS, )+(skS,S,+ wk .S.+ U)k'S, )+(s ,SkS,+ (j). kS,+ w. ,Sk)
J 1 Jl J 1 J 1 J 1 1 J 1 J 1 J lJ

est egal a d(Si,Sj,Sk) de sorte que

f<Si,Sj,Sk)+ f<Sj,Sk'Si'>+)<Sk,Si,Sj> est nul modulo B5(X(4)).

Nous sommes alors prets pour construire des cycles particuliers de l5(X(4))
Z

lorsque HI = H1·HZ O.

§.3. Construction de cycles particuliers de l5(X(4)) lorsque Hi H1.HZ
= 0

Posons c = C3 = H3. Soient I,J,K,L,M,N des ensembles de couples et

triplets d1entiers tels que:

1) IUJ = ((p,q) ;

KUL = I (p,q)
MU N= f (p, q ,r)

l$p,<E'l'

Hp.fq,< Z}

; 1-' p< roSEl' q = 1, ... , £1 ; (p,q,r) lit I
o
! (c.f. Z.8.)

Z) l e s classes d'homologie des (sp'vq) (p,q) If I constituent une base de

l'espace vectoriel Hl.H3, celles des (p,q)E I et des (up'uq)
(p,q)e K constituent une base de H

l.H3 + HZ ,celles des (sp.V
q)

(p,q)EI,

des (u.u) (p,q) '. K, et des <s .s .s '7 (p,q,r)6. M constituent une base
",pq pqr

de H4 ;

3) J = [( i ,j) 1$ j$'c
l

1,' j $ c ; (i ,j) 11
L = f(i,j) jH'

Z
; K}

N=f(i,j,k) Ui<k"C I j=l, ... ,cl;(i,j,k)¢I
o

et (i,j,k)¢M}.

On a : Card J + Card K + Card M = H4
Card 1= £l'c - Card I

2
Card L = £2 + (2 ) - Card K

e c
Card N = £1 ( - ( j) - Card M

Pour tout ensemble

f (i) .' - l [ (i)xl ell' 1 - 1, ... x
2

EZZ
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(p,q)6 I, \ll pq6R (p,q)EK et PpqrER (p,q,r)EM

e
V + t (i) U

r pq sp q i=l x2 i-

on peut trouver rp,qE.R

et x5cE5 te1s que:

)),(xl k,h))) =)(5 - i: xii) Vi + z;
1=1 I

- [If u U + L. x(i,j) 5
1·5J,

+W(x
1(i,j)'S1·)5J.

+ W(X
1(i,j)'SJ')

51' -
K pq P q 1

- Ppqr (Sq5p5r +w qp\ + Cllqr5 p) soit dans Z5(X(4)) 00 1es termes en W

sont definis dans 1es remarques (2.8) et (2.9). On a en effet
.t: x(i)v. + i!x(i) ui + 2: S,Cll(x(i,j),s.) -Cll(X

1(i,j),s.)s.i=l 1 1. i=l 2 Hi <joSe
1

1 1 J 1 J

frpqspvq + + ; Ppqr<Sp,Sq,Sr '> - dX5

avec r pq' Ppqr dans R et x5 dans E5 d'apres 1e choix de I,K,M.

3.1. Remarque. - L'expression

A = x5 + r r S V - L If u U - L f (s 5 5 + U) 5 + W 5 )
I pq P q K pq P q M pqr q p r qp r qr p

est definie de unique modulo B
5(X(4))

+ Z5(E). 11 suffit en effet de prouver

que dA = 0 =)Al5.B5(X(4)) + Z5(E). Mais si

dX5 - rpqspvq - = 0, on a: rpq''fl pq' Ppqr . '11t

d'apres 1a definition de I,K,M et par suite, i1 existe des Ppqr de

E1 te1s que r pq = dRpq ,If'pq = Ppqr = dPpqr . On en dedui t que:

dX5 - L dR s v - L u u - UP <s .s .s >=
I pq P q K pq P q M pqr p q r

d(x 5 -LR s v -l:b u u -LP <s .s ,s » = 0 c'est-a.-dire
I pq P q K pq P q M pqr p q r

x5 - Z:R s v u u -L: Ppqr<sp,Sq,Sr)6:Z5•I pq P q K pq P q M

On a aussi :

d( f RpqSpYq) =f r pqSpVq +t ')qSpV q

d( - f $pqup.Uq et

d( Ppqr f<sp ,Sq ,sr'» = fpqr f<Sp,Sq ,sr> - Ppqr <sp ,Sq ,sr') .
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11 en resulte que:

A = x
5

L R s v -,[ u. u - 2: P <s ,s ,s ) +
I pq P q K pq P q M pqr p q r

d(L. RpqSpVq - -ZppqrJ<sp'Sq,sr» et lion a bien
I· K M

A .B
5
(X(4)) +

3.2. Remargue. - Si x 8
2
x 8

1
pour i 1, ... ,C

j = 1""'£2; alors "1; B5(X(4) ) + Z5' De fait, il existe

dans ce cas , E3 ,yfk,h)6E2 tels que:

X ( i ) - dy(i) . x(j) - dy(j) . x(k,h) dy(k,h)
1 - 2 '2 - 3 '1 2

On peut observer que

dy(k,h)S s + y(k,h)s s + y(k,h)s s - d(y(k,h)S S )eB (x(4))
2 kh 2 kh 2 hk- 2 kh 5 '

aussi peut-on obtenir un cycle de la forme:

x5 - +.'[r s V +2 dY3(i)u. -rip u u -l:F )<s,s .s >
i =1 1 I pq P q i =1 1K pq P q M pqr p q r

00 rpq''fpq' Ppqr sont dans R et x5 dans E5. La condition dl!;= 0 implique

rp,q'lf'pq' f'pqr Em· Si lion choisit

Rpq' $pq' PpqrE.E 1 tels que:

r pq = dRpq,'fpq = pqr = dPpqr ' alors on verifie que

x +t y(i)v. -2: R s v +2y(i)u. u u -LP <s .s .s >
5 i=l 2 1 I pq P q i=l 3 1 K pq P q M pqr p q r

apparti ent a Zs'. On peut ecri re 1; sous 1a forme :

l; = x
5
- d( t Y2(i)V.) + tY2(i)v. + d(L R s V ) -L R s v +

i =1 1 i =III pq P q I pq P q

2
+d(L" y(i)u.) + 2:,- y(i)u. - d(L u U) L,!, u

i =1 3 1 i =1 3 1 K pq P q K 'fpqup q

-d( L P (s 5 5 + W 5 + W 5 )) - 2. P <s s s ....
M pqr q p r qr p qp r M pqr p' q' r' ,

ce qui preuve que E;cB
5(X(4))

+ . Consi dernns alors les trois cas

particuliers suivants.

3.3. Cycles particuliers.
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on obtient

a la place j

10

(1) Soit lxP) , ... ,xic )} = \.0, ... ,0, -si ,0, ... ,01 00 C-s i) a la place j

avec H 1 ' Prenons :

((Xi do ) ) , (Xib'",b))) = ((Xiol ) ) , (0), (0)) on obtient les

cycles particuliers :

E V, - Lr(i,j) s V
i j = ei j + S i J I pq P q

avec e i j dans et OU las coefficients r sont dans R.

, (1) (E. 2)j _
(2) sct t fX2 , ... ,x 2 - {O, ... ,O, ui,o, ... ,O} avec ui

00 1,( i ,< 2 ' 1 j,< E2' Prenons

((Xil<)), = ((0), (0))

F
l
, J' = f

l
, J' + ! i ,j) s V + U, U, - ! If' (i .J) u U

I pq P q 1 J K pq P q

avec f., dans E
5;

1es coeffi ci ents r', (fl etant dans R. On a
lJ

Lr,(i,j)sv +t41(i,j)u.u -d(f .. )
I pq P q K pq P q 1J

et ui ,uj = uj .u i ' aussi peut-on supposer

r,(i,j) = r,(j,i) .tp(i,j) = I.p(j,i)
pq pq' pq pq

et F
1
·
J
, - F,. = d(U,U.) pour if j

J 1 1 J

f ..
Jl

(3) soit/xii,S) f f = io, ... ,o,Sj,o, ... ,oj avec Sj a la place

(i,k) 00 l$i<k$ 1 (j=l,"" I)' Prenons

((xio()) , (Xi r,&) )) = ((O),(O),(Xi f ,( ))) on obtient

G.. = g.. + r r (i ,j .k) s V - r. If. (i ,j .k) u U +
1 ,J .k 1 , J ; k I pq P q K Pq P q

+ s ,S,Sk + cv"S
k

+ W·kS. - L r(i ,j ,kY<s .s .s )
J 1 J 1 J 1 M pqr J p q r

Les coefficients r , 41, f etant dans R et 9ijk dans E5

3.4. Remarque : Pour l..< i c j = 1, ... , £1 ' on a :

<so s . s >=!r(i,j,k)s v +Z\i>(i,j,k)u u +2:p(i,j,k)(s s >- dg ..
l' J' k I pq P q K pq P q M pqr p ' q' r 1J k .

Donc d l apres (remarques2.8) , on peut choisir les 9 de f acon a avoir pour

g .. k + g. k . + g .. k = ° et des relations analogues pour
1 ,J , 1, ,J J ,1 ,
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les coefficients r,f, f . Par consequent, d'apres la remarque (2.9), on peut

suppose r que

G, 'ktG'k,tG"k=d(S,S,Sk) pour
1 ,J , 1, ,J J ,1 , 1 J

§.4. Construction d'un systeme generateur de H5(X(4) ) lorsque Hi H
1.H2

0

4.1. Lemme. - (X(4) ) B (X(4 )) -t- Z (E) t '[ RE·· + l RF.. + RG, .k .
5 5 J lJ L lJ N lJ

L <>«(i,j)w + L o«(i,j)s,S ..
1(' <' < c ij l'l'<J'S,c

1
1 1 J,1 J- "1 _c

Demonstration. - Soit Z<SZ5(x(4)) ; compte tenu de la remarque (2,4) on peut

ecrire avec des notations evidentes :

Z x(3) + o«(i)V, avec x(3)t:;X(3) o«(i) E
5 55 '11

.
et x(3) = x + i:' x(k)S + L: x(i ,j)S,S, +

5 5 k= 1 3 k i <j 1 1 J

£
dz = 0 dx(3) t doC( i) V, - i: tX ( i )v . = 0

5 i=1 1 1 i=l 1 1

done dz = 0 pour i = 1" .. , E3· Mais pour E3 '>', k7 C

(c = H3) , par le lemme (2.5), on sait que vk est de la forme

v• =w., + sl"SJ' Ui<j.$E1 et par suite
lJ lJ

.i:oC(i)v.= t",(i)v, +
i=1 1 1 i.=1 1 1

ou o/(k) estdelaforme o«(i,j) pour c<k,(E'3'
1 1
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En developpant 1 'expression de on obtient

+ " .

E1 E
+Sdx(C 1) - L s . - L o«i,E1) s , + t II , u

1
, 2 S<:l +

(3 i =1 1 1 Hi <Ell i=1 I ell S c;;

1
S ;.z £1 E1

+ 2 dx(i,j)s,s, + 2.dx(i,i)s(2) + 2. {dx(k) + Lu. s.Ju - L x(k)
i<j 1 1 J i=l 1 1 k=l 2 i=l Ilk 1 k k=l 3

+ f: x (k) u - i: 01. (i )v. - 2:' 0( (i ,j) (J) '. •

k 1 2 k '1 1 1. . /' 1 1J= 1= 1'J

dz = 0 >xi i ,j)E: Zl pour 1.$ i j £1 et comme 1es si sont 1i neai rement

independants sur modulo B1 (par (2.2) et (2.3»,
£

(k) ..:J
dX2 +':-1 Pik si = 0 Pik 11t.

done il existe Qi k E1 tel que Pik = dQ i k pour et par

suite + 2! Q'k s . = Z2(k)(;:Z2 pour k = 1, ... , c
2
,

i =1 1 1

L'hypothese Hi = 0 implique

.: = dz:(i,j) avec
1 k k k 3

avec

En examinant les composantes sur les Si' on obtient alors :

e
- ... Qli u

i
= ZP) Z3

- .. + Q
2i

u
i

= Z3

x(3) _ (t(1,3)+t(2,3)+t(3,3)+t(3,4)+ +t(3,E1))_(t(1,3)+e(2,3))+3 1 2 3 4 ... £.1 1 2 i
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z sous la forme :
£

S.S. + i x(i ,i)S(2) +
1 J i=1 1 1

13

Nous pouvons done eerire 1 'expression de
E. E

z = x + i! z(k) S + t z(k) U + L x(i ,j)
5 k=1 3 k k=1 2 k i< j 1

£1 e
LdQ ..S.U. - 2... L (Q.. s.u . + Q.. u.S.) + L dii)v. + L o(l(i,j) V.. +
i,j 1J 1 J j =1 i =1 1J 1 J 1J J 1 i =1 1 i <j 1J

E1
+ (2: tp,i))s

i =1 1 1

E
+ (t(1,2) + i! d 2 , i ) + S

1 i =2 1 1 2 +

Comme d(QijS;U j) = dQijSiUj Qi j (siU/SiUj) on peut faire apparaitre le terme

d(L Q.. S.U.) B
5
(X(4) ) , De plus on observe que la somme des termes en

i,j lJ1J

peut s'eerire :

E: 1 ..
Lt\l,l)
i =1 1

a) On sait d'autre part que £.2 = dim« H
2
, puisque Hi = 0 LIS] et comme les

ui' i = 1, ... , c2 relevent une base de 1 'espace vectoriel H2 , on a

z (k) Z =) z(k) 2.... 'I\(k) u . + o(2(k) avee
2 2 2 j=1 J J

k = 1, ... , E
2

o«(k)"" B
2 <:; 2'

£2
2: .u ,U. - d( L it (i) U.U.) + L:' o(2(k) Uk

lJ1J 1('('," J lJ k=1'lJ'2 'lJ"2

Or pour j!k, on sait que

remplacer ujUk par ukU j
Ei3 z(k)U =
k=1 2 k

UjUk = ukUj - d(UkUj) ; done pour J> k , on peut

d(Uk,Uj) et par suite:
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oOl'onapose ?ij 1.ji)+1IP) si i<j et

b) D'une f'acon analogue, ,j) . Z1 implique:

x(i,j) .t1l(k{ s 00
1 k=1 ' ,J k 1

pour et k 1, ... ,E.
1

. On a =

Mais pour, i j4 .1 et p j, on dedui t de que:

. . E1
x(' ,J) s = L 1I(k{ s s + d1(i ,j) s = dt(i ,j) mais sv .s
1 P k=1 ' ,J k P 2 . P P k P

aussi a-t-on :
EL! 1. W + ¥(i ,j) s - t (i ,j) = Z(i ,j) e Z .
k=1 'J kp 2 'p p P 3

En reportant 1es express ions de i ,j) et

dans z, on en deduit en utilisant (a) que

t (i .J)
P

Z - L 'Ii F.. = x
5

- 2: 1. f . . - 2: L '1 r.( i ,j) s V + L }. u U +
L ' J , J L ' J , J L 1 "i J pq P q K' J i j

+ 2: \f'(i .n u U - d( L ').P) U"U
J
, ) +

L K 'J pq P q J

£1 c1 E1
+ L. o«(k) U + L L sk 5" 5, + 2:" L: A(k) sk S,(2) +

k=1 2 k k=l 1,J J i=1 k=1 ' "
1

e E.
+ L 'qi,j)S,S,+r: Q.. Si U

J
, ) +

' J i=1 1 k=1 i ,j 'J

£1
+ 5, + L '((i,j) 5, - L: Z(i,j) S, +

k=l 'J ki J i<j 2 si J J

+

£1
z:: ?,( W , S" + 1: '((i,j) sJ' 5" - L zIi ,j) 5. +
k=1 ' J kJ i <j 2 i <j J ,

£1 1
+ 2.... (J) Si + L s , S. - L. Z(i,i) 5

i
+

i =1 k=1 11 ki i ' , i =1 '
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Mais on note que :

r(i,i) d 2) ) = L o(i,i) + l. 't(i,i) s , Si et l'on a
i 21 ill i 21

deja vu (Remarque 3.2) que

d(L t(i,j)S.S.) = n·(i,j)s.s. + + (\2(i,j)s.S. pour
.<. 2 1 J .< . 2 1 J 2 1 J J 1
1 J 1 J

Examinons maintenant separement le terme

-e(1,2)S + (-e(1,3) + +... +( L d i ,t1) ) S + 2: c;((i ,j) V...
1 2 1 2 3 Hi c E'1 1 Sl Hi cj *' Ell 1J

Comme o<ii,j)ft;Zl' on a pour 1 ti :

Eo
o{(i,j) = t A.(k) sk + dB

2(i,j)
avec B

2(i,j)EE2.1 k=11J 1,J

De plus, sk Vi j = d(\.Vi j) - Sk (W i j + SiSj) k 1, ... , E.1 et

dB
2(i
,j) V.. d(B

2(i
.J) V.. ) - B

2(i
,j) (W .. + s.S.) (Lemme 2.5).

1J 1J 1J 1 J

La relation (***) donne:

0( (i .J)
1

s
e(i ,j) = i:
P k=l

£1 (k) (. .)
s = de(i,j) Ai,J' d'\p + d(B2

1,J sp) et par suite:
P P k=l

+ B(i,j).s + z(i,j) avec z(i,j) .z pour Hi<j,s l
1,J kp 2 P P P 3

l.$p<j. A l'aide de ces egalites, on obtient d'une part:

e: 1
L: o«i .J) V = L: ;? d(SkViJ') - 2:"" 2: (Cl.li j Sk + siSJ,Sk) +

Hi<j" c
1

1 ij i<:j k=l i<j k=l

d'autre part:

+ L d(B
2(
i ,j) V.. ) - L B

2(
i ,j) W

1,
J'

i<j lJ i<j
L B

2(
i ,j ) s .S.

i<:j 1 J

e (i ,j) S. + L 0( (i ,j) V..
i J 1 lJ

Mais la somme des termes en A(k)
1,J

L
de :

n'est autre que 1 'oppose de:
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zp,j)s. -
1 J

16

((16], p.16), on peut encore ecr iee cette somme sous la forme

(s,S,Sk +W. ,Sk +W.kS.) + 2 L (s.S(2) +W . .S.).
lJ lJ lJ 1 J 1,J lJ lJJ

4.2. Remarque. - Pour H'i,e1 et Hi, on a:

si S32) +wijSj d(Si S32)) S,SjSj +WijSj et

SjS;Sj + a>ijSj est de la forme:

st1 So(. Sr +W{!lo/ Sr+ UJ('.y Sol avec HD/<Y.{£I' (>= 1, ... , 1 . De plus

siSF) = [16] p.16.

En utilisant alors les remarques (2.9) et (4.2), on peut ecrire

-e(.i ,j) S + L o«(i .J) V =
1 J' l' .lJ

L B(i,j)w + L A'(j)( S S +w S +w S)+
2 i J' i k sJ' i k J'i k J'k i a

l.5i<j-' E'1 l$i E1 '

j=I,." '£1
(i,j,k)¢:.Io

ou R et a Bs(x(4)). De la meme far;on)par (2.9 et 4.2), on voit que

z - f 'Aij Fi j conti ent un terme de 1a forme :

L +wjiSk +WjkSi)l$i<k .sE'1

j=1, ... ,f
1

(i,j,k) ¢. Io

Par suite, on a

, <;" '" (j)G -z - L '). .F.. - L s , k . . k - XsL 1J 1J N 1 , 1 ,J ,
<;" 1'\ If"" '" (j)
L. fI .... - L fl· k g"k-
L lJ lJ N 1, lJ

L r,(i,j) s V +L (').' + u s , s)+
L I 1J pq P q K pq L 1J pq P q M 1 k ) i ' J' k
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f
+ i:CX(k)U -L r(i,j,k) s V + L L 'A;(j)tp(i,j,k) u u +

k=1 2 k N 1 1k pq P q N K 1 , k pq p q

E
+ L. L I B(i,j) OJ" + L! z(k) S +

1 k \pqr ) p q r 2 1J k=13kN M ' £1

c) Pour i=1, ... ,c, les classes d'homologie des vi constituent une base de

1 'espace vectoriel H3 (Lemme 2.5 sous 1 'hypothese H1.H2 0); par

consequent, pour tout element Z de Z3' il existe des ¥i' elements de R
(i=l, ... .c) telsque:

c
Z = L p.v. + dO<4 avec o{4E.E4;

i =1 1 1

c
et ZSk = Pivi\ + d0l4 Sk peut encore s'ecrire pour k=l, ... , c1

avec

et

C.C Z(k) S + 2:: z\i,j) S. - L. (Z\i,j)S. + -
k=l 3 kj<j 1 J i<j 1 J J 1

Z\ = E. Pi d(Vi\) El PiskVi + d(o(4Sk) - 0(4sk'

E
On sait par ailleurs que o((i)e = u(i)s +

1 1 k=1 \ k k 1

r-oi
i) B

1· Si alors on met la somme

sous la forme

E1
2: Z.S., on constate en prenant Z = Zi
i =1 11

fait apparaitre une expression du genre:

ci-dessus, que l'on

0<5 + l PijSiVj + ti Vi + b'

l'j$c

00 0(5£E5, b' B5(X(4)). Mais al ors , on a
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z ' = z - L u., E.. - L 'A' F.. L
N

G
1
'
J
' k =

J 11J lJ L ij lJ "i

E
x,+f:. + L (u +L 1J •• r ( i , j ) - L r.! . r , ( i, j L L'/.!{j)r(i,j,k))s V +
5 i=1 1 1 k=1 2 k I rpq J lJ pq L lJ pq N 1.k pq P q

+ (?,,(q) + p(i,j,k)) f<s s s + B
M p,r N 1,k p,q,r p' q' r '

avec BEB
S(X(4))

et Xs(£ES' Comme z ' est de la forme la condition

dz ' = 0 implique d = 0 et par suite l; t: B
S(X(4))

+ Z5 d'apres la

remarque (3.2), ce qui acheve la demonstration du lemme (4.1) compte tenu de

(3.1) .

4.3. Lemme. -

ZS(X(4)) = B
S(x(4))

+ ZS'(E) + r. RE .. + L. RF .. + L RG.. ,
(i,j)fJ lJ (i,j)EL lJ (i,j,k)EN 1,J,k

00 Z5(E) est un sous R-module de (E) engendre par des cyclesNde ES
dont les classes d'homologie constituent une base de H

5
modulo H5 .

- On remarque fabord que ZI'Z4CBS(X(4)) et Z2,Z3CB5(X(4)) car

1
si x ZI' on a x = L 'A.s. + dx' avec 'A. R, X' E2. Pour y Z4' on a

E. ;=1 1 1 1

x.y = (i:! 'A dS.)y + dx'.y et
i =1 1 1

E.
x.y = d(i:' + X'y) BS(x(4)). De meme Z2,Z3CB5(X(4)).

i=1 1

00

pour i=l, ... .p , a5=<ZI,ZI,22 '> + <ZI,Z2,21'>
alors de prouver que:

Soient des ;Jcles de E5 dont les classes d'homologie constituent

une base de H
5

modulo H
5.

SoH z ZS{X(4)) ; dapres le 1emme (4-.1), i1 existe

2: RE .. + L RF .. + L: RG .. k ' B 'B
5(X(4))

tels que z = + + B ;
J 1J L 1J N 1 ,J ,

p
mai s on sait que S peut se decomposer sous 1a forme = L u . 1; .+a +b

i=1 II 1 5 5

et b5 B5. 11 suffit
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<'Zl'Zl'ZZ)CBS(X(4)) et (Zl,ZZ,Zl>C BS(X(4))

or H1·HZ = a -) SjU k = daj k avec aj kE: E4 pour

(utiliser par exemple la remarque Z.7 avec I = 0). Comme par (Z.S), on
sait que s .. s . = dlll., , posons :

1 J lJ

<si ,Sj ,uk'> = si aj k + (1)ij uk et

(si ,uj ,sk '> = -si akj - ai j sk' On observe comme dans la

remarque (2.8) que tout element de <Zl,Zl'ZZ'> (resp. de <Zl,Z2,Zl» peut

s'ecrire modulo BS comme somme d'un terme de Zl,Z4 + Z2,Z3 et d'une
combinaison R-lineaire de <si ,Sj,Uk '> (resp. comme somme d'un terme Zl'Z4
et d' une combi naison 1i neaire de <si ,uj ,sk '> ). Or il est facil e de
verifier que

et d(u .5\Z)
J 1

d(sjSiUk +

d(ujSi\

- aijS;)

S,aj k - WijU k)

akjs, - ai j\)

- Siaij'

Siajk + Wijuk

- (s.ak· + a. 'Sk)
1 J 1J

si k I'

Soient ;1" .. , des de Zs dont les classes d'homologie donnent
une base de HS modulo HS' Nous allons dans ce paragraphe demontrer le
lemme suivant

5.1. Lemme. Les cycles i;l' i = 1, ... ,p ; E1'J' (i,j)£.J ; F" (i,j) L et
lJ (4)-

G. 'k (i ,j ,k)eN sont lineairement independants sur 1< modulo BS(X ).
1 ,J ,

En utilisant alors (2.2) (2.6) (4.3) et la formule es HS(x(4) )
(cf. 2.1), ce dernier lemme termine la preuve du theoreme annonce dans
l' introduction.

Soit x = t «·s· + .E.. + L. y . .F .. + 2:.8·· k G, 'k6BS(x(4))
i=l 1 1 J lJ lJ L lJ lJ N lJ 1J

00 les coefficients ()(" ¥ . " & . ik sont dans R; prouvons que 1es
1 lJ lJ lJ

<Xi' ¥ij' bi j k appartiennent a -11'1-. Pour cela, calculons
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x - .. E.. -L
J lJ lJ L

OU x

ZO

r .. F
1
·
J
· - L

N
8" k G" k ttX.!S.E:Z5lJ lJ lJ 1 1

Avec des notations evidentes compte tenu de la remarque (2.4), on sait que

x est de la forme :

E E
x d(x6 + r! x4(i) S· + 2: )i,j)S.S. + i:::! xz(i,i)s(Z) + [ 'I.. 'kS,S,Sk+

i=l 1 i<j 2 1 J i=l 1 lJ 1 J

S :z E1
+ L fJ·s\3) + L a .. S.S(Z) + e: x(i)U. + L: 2- y(i ,j) SiUJ' +

1 1 i;o!j lJ 1 J i=l 3 1 ;=1 1

E eL: .:J (k) 1 3
+ b ..U.U. + L Zz Vk + L c' k S.Vk)·Hi <j!-E

z
lJ 1 J k=l J J

Comme les regles de derivation de [16] donnent :

d(S,S,Sk) = s,S,Sk + s,S,Sk + skS, S,lJ lJ Jll,J

d(UiUj) = u;Uj - ujUi

d(St.SjZ)) = sf sjZ) + Sj Si,Sj

pour

pour

(j<k$f.\

Si 1 'on commence par developper 1 'expression de x, on obtient d'abord
e

x dX
6

+ t (dxii)s .. +xii)S'.) + L. ,j)(s.S. + 5.S.)] +
4 1 4 1 l$i< jSell J 1 J J 1

E

+ r(dX(i,i)s(Z)+xii,i)s.s.) + L ? .. (s'S'Sk + s'S'Sk + skS'S,) +
i=l Z 1 2 1 1 lJk 1 J J 1 1 J

£1 £Z. Ez
+ fltSisF) + .r a .. (Si5J(Z)+SJ,SiSJ') + U. - L. x(i) u, +

1=1 1i j 1J. . 1=1 1 i =1 3 1

E. £
+ i! t [dy(i;j)s.u.

1 1 J

(k) 5 (k)
+ L dzz Vk + L. 2.... C' k (s, 'Vk + S .. Vk) + L.. Zz Vk'

k=l k=l J J J

ZSous les hypotheses HI HI.Hz 0 , par le lemme (2.5) et la remarque (Z.6),

on a
1:1E3 c + (Z) donc on peut ecrire :
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Z1

c
2.. z(k) v = L. z(k) v + L v

i j'k=1 2 k k=1 2 k £1

pui sque pour k z c , vk est de 1a forme v., = 0) .. + 5.5., zk est de
lJ lJ 1 J

1a forme et calk de 1a forme vi j lSi<jSc.1·

Apres un ce lcul assez long, utf t tsant Ia relation 5i .5 i _= 2.5F), on obtient

E2
x = + 51 + xf 1,2) 52 + 53 +... + 5£1 - yi 1 , i ) ui

. '" C(i ,j)cuc1 · v , + L. 1 ., 51 +
1 1 1C " " ( lJ• 1 J 1

+ v + 2: c(i ,j) c» + Z (1 ,Z) 5 L 5 +
L c2· · 2 i J' 2 1S 2i=l 1 1 i<j

+ P151 + aZ15Z + a3153 + + 51
2)

+

51 + Uz 52 + a32 53 + + ae Z 5f + 2 51) +
I 1 1

..+a£ 3s£ +
1 1

e -1

[
( ,f) 1 (i,E)] (2)

+ dX2 1 1 +a1£ sl+a2£ 5Z+" .+a£ -1 E 5t -1+P 5E + 2 L: ce 1 5i 5ee +
1 1 1 ' 1 1 1 1 i=1 1 1

'1252+ 'A 123S3+ 'A12t15£1+cF,2)sI1 5152 +

1. 13454+" ' + ?'13,E
1
5E'1+(Cp,3)S1+cF,3)52)]

5
153

+

?!.14E 5e +
1 1
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[dxp,c1)+a£1,lSl+'A 12£lS2+ 1131: 1
S3+" '+ "'1,£1- 1'£1 SC

1-l+
a1E

1
SC
1

+

E -1
+(t: c(i,E;) Sill slse +

i =1 1 1

@42 ,3) + \23s1+a32s2+a23s3+ 'ft234s4+ · · ·+ 'A23E/ e/

S2S3 +

[dxF,4)+ ?'234s3+a24s4+ "'245S5+' ,.+ 1 24 1 SCI +

S2S4 +

E -1
L ] U L dYl\i,j) SoU, +si + L b'e u'l E + , J
i=1 '2' 2 i,j
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d'abord :

5.2. Remarque. - SoH X une resolution minimale du corps res i due l X de R

[5] [16J '

(X.) ..• Xi Xi-l .,. X2 X1--:, XO""" 0

00 Xt = Le ca1cu1 ci-dessus pourrait itre pour etudier 1e

6eme module de syzygie d[X6J ([lJ Def. 2.4. p.51) car on a

[4 £5
X6 = + ,L E

1
Wi + ,L: R

1=1 1=1 1

Aussi est-il peut-etre possible d'obtenir 1es nombres de Betti bp+6 dans

des cas parti cu1i ers comme dans 1e cas du cal cu1 de bp+5
dans [l8].

Pour eval uer I: 0<. '1;:, x - L (\ .. E.. - L. '(" F.. - L S"k·G, , k' posons
t'=1 1"'i J 1J 1J L 1J 1J N 1J 1 ,J ,

, si (k,h) J

h,h .. r(i,j) +L'(.. r,(i,j) +L 6 r(i,j,k) si (k,h)E.I
l J 1J k,h L 1J k,h N i,j,k k,h

j
'f k ' h s i

¥k,h = _ L 0'.'
L 1J

(k,h) L

-L & I.j>(i,j,k)
k,h N i,j,k k,h

si (k,h) K

j
6h ' k '.l si (h,k,e) .N

S' -
h,k,l - _ L 6. , k fh(ik,j,k) si (h,kl) .M.

N 1 ,J, , ,1

I1 vient alors :

p
= x - Z fl., .e.,

i=l 1 1 J llJ 1J
Lll."s,V, +L 213" r(i,j)s V -L Y•. f .. -
J r t J 1 J J I 11J pq P q L 1J 1J

-l: Z t .. rp'q(i,j) s V .. u.U: +L L Y.. lp(i,j) upU
q
-L

N
6
1
' J' k 9

1'J'k-L I 1J P q L 1J 1 J L K 1J pq
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-r L & r(i,j,k) 5 V + 2 Lb.. I{'(i,j,k) u U -
N I i j k Pq p q N K ' J k pq p q

- L O"k (5 S S +W S w S) ., L ".. p(i,j ,k) (5 S S +W S +W S )
N ' J j i k j i k+ j k i + M 0, J k pqr q p r qp r qr p

E,2 .
x
4(i)

5. +t z(k) v + L z(i,j)w .. - r: x('lu.-
, k=1 2 k 1"("(£ 2 lJ i=1 3 ,

1 J- 1

On trouve en utili5ant l'expre55ion de

p E1
r: "". t· dX6 + r:
i=1 1 1 i=1

x ci-dessus

+ t c
2.

v. + A + Z ( 1, 2) 5 1 S +
i=1 l' 2 2 15 2

+...
E E. -1
2 (E. . ) c 1 (i E) \- L Yl1" u. + LCe .v.+At! + L: z2' 15. SE.+

i =1 ' i =1 '1'" <;'1 i =1 ' 1

+...

(
(f., ) '" (i,E)] (2)

+ dX.z 1 1 +a1E sl+ a2E 52+, ... +ac -1 e 5e 5e + 2 L ce 1 5i Sf +
1 1 1 '1 1 1 1 Hi .:'1. 1 1

6h2)5 1+(a12- &122)52+( 1.123- 6132) 53+( ?124- £142)54+

+ ...+( "12E - S1e 2)se +cP,2)51] S1S2+1 1 1

[dxp,3)+(a31- °113)5 1+ 'A12352+(a13- (133)53+('A 134- &143)5 4+
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1\ (") (1,3) (2,3)] 5 5 +
+... +( II l3E - olE 3 sE +c1 SI+e1 s2 1 3

111

t ...

[dxp,E1) t(a£. 1- bI'l" )sl+ 1I12 52+",+ '>.1 C -1 £ s£ -1+(a 1f - bit )se t
-I' "1 1 ' 1 ' 1 1 1 l' 1 1

E. -1

+ i: eli ,c1) sJ 5
15e +

1=1 1

rdxF,3 )+( 'A 123- <5 213)sl+ (a32- .5- 223)s2+( a23- 8 233)53+, .. +( 'A - 6" 2c13)
sCI +

5
253

+

t ..•

[dxF,e1)+(?t 121:
1-

°21E1)sl+(a 12- 22£1)s2+? 23E
1
s3+"'+ "'2,C

1-l,E1
5c1- 1+

f
1
- l

(aZE. - b2EE )s + t; ,f,I)S;J525f +
:1 1 1 1 1 1=1 1

t ...

e -1 e - -1 1 c )51+(').2 . -1 E - 0e -1 2 )s2 +
L , 1 ,<01 "'I ' '<-1 ' 1 ' 1 1" 1

+... +?!" -2 E. -1 E. se: -2 t
C,1 ' 1 ' 1 1
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1

+ dyii,j\uj + £ + (c1k- rlk)sl+(c2k- r2k)s2+

£3
+ .•.+(cf. k -ft:\)S,. J v + J (dz(k) + c1ks 1 + c2ks 2+·· .+cE k "e ) Vk1 1 c:.1 k k:C+l 2 1 1

00 l ' on a pose :

( (i ,j) _ to I ) ••• '£ ((2 ,j) t, ) W +
cl °11' + c1 + °1'2 2'

J J 2<j,s£1 J J

(f:. -1 ,E) e- I )

+., .+(cl 1 1 + 6 1 " c. -1 w'" -1 F
'<-I,c;1 Col '-1

A (U,z} (', ) L ((I,j) t, C") 2 ((2,j) (', )ul. +
2 = C2 '+ °122 W 12 + c2 + 01'2- 021' WI' + , c2 -022j

2<j ,< £'1 J J J 2. <J

((3,j) r, ) ((c.1- 1 ' .1) r )
+ 3<j Cz + °2j3 W3j +... + Cz + °Z,c

1
,E
1-l

COE1- 1,E1

A ( (I,Z) c . )w ((1,3) r,)W ((I,C1-l) r . )(.1) +e = ce  °Zlf lZ+ ce -°31 . 13 +... + ce: - of. -1 1 E le-l
1 1 1 1 1 1 1 "1 1

( (1 ' £1) 1', )w ((2'£1- 1) c . )W +
+ Ct +°1£ £ IE + - °3Z£ ooZ3+ .. ·+ c -0£ -1 Z £ 2£-1

1 11 1 1 1 1 1 "1 1

( (Z,E1) t") ( (e1 1,E1) 1', )
+ C" +oZEI: WZE +" ' + c'" +oE -1 E. E WE. -IE'
CollI 1 "'I 1 '1' 1 l' 1

p
Comme L 0( i 5i .ES ' les coefficients de chacune des variables doivent etre

i=1

nuls et 1 'on a :

p e1 Z
z; 0(. s' = dX

6
+ z:: x

4(i)
si + t v

k
+ Z ,j)W,. - L

i=l 1 1 i=1 k=1 i<j lJ i=1
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1) Compos antes sur les Vk

(k) ,
On a dZ2 + (c i k - si 0 pour k=l, ... .c

e.
(k) 1

et dZ2 + z:: c'ks, =0 pour
i =1 1 1

Comme les si i=I"", e i relevent une base de HI' on doit avoir

et co<k -tn. pour c et dans ce cas c ol k est

de la forme j' I' 11 existe par consequent des elements

£lik ' Uk,(c e t Ui<j-SC
I,

appartenant

a EI , et tels que:

Par suite il existe des

Z
( k ) _ 8(k)
2 - 2 et :

z(i ,j) = 8 (i ,j )
2 2

£1
A(i ,j) sk' On en dedui t que

k=I k

c c c
L z(k) v = L 8(k) v - L
k=1 2 k k=1 2 k k= 1

e:
L (-.;1I\(i ,j) )W

L. '"'k sk ij'
k=l

2) Compos antes sur les SiUj'

dy1i,j) = pour

3) Composantes sur les Ui,
Comme les classes des ui i=l"", E2

H2 et comme Yl i ,j) ZI pour

modulo B2 constituent une base de

£2 ,1' hypothese zi CB2 montre
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que b;j = d( ;j) et tj j
Ains i , s i lion pose yi; ,j) s;

on obtient :

, 2) + (5 - A )
3 12 12

u -
1

et l'on trouve :

E2 (;) £1 '"L x{;) u. = L:" 2
3

u
1'
+ L 2- ,j) u , + L A.. u;u

J";=1 3 1 i=1 i=1 j=1 3 J 1J

S; lion pose 1\;; = 0 pour H;'e 2 ,on a:

[ 1\ .. u.u . = L A.. u .u . + L
1 j' 2 1J 1 J K 1J 1 J L

A.. u.u ..
1J 1 J

Ma i s d I ap re s (3. 3) (2), pour (i,j ) E. L, 0 n a :

u
1,UJ'

L r ' (; ,j) s v + L:' tp(; ,j) Up.u
q

- df;J'
I pq P q K pq

de sorte que

£i! x(;)
;=1 3

Eel
u

1'
= t 2

3
(1) U

i
+ L r ,j) u

J'
+ L Apq upuq +

;=1 ;=1 j=1 K

+ 2. L 1\.. r'(;,j) s v + A.. \f.(i,j) u vu - L 1\.. df;J'
L I 1J pq P q L K 1J pq P q L 1J

En ut;lisant alors le fait que:

L r .. f .. - L. A.. df .. = d A.. f .. ]
L 1J 1J L 1J 1J L 1J 1J

nouvelle forme pour l t expr-es s tun de .i:- ui + L:' ll'iJ'
1=1 L

on obtient une

f ...
lJ

4) Composantes sur les

TGujours par le meme raisonnement, on peut trouver des elements 0ij

;fj $ £1 et 0;; ;=1, ... , £1 ' appartenant 1i E1 et tels que
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au = dO i j ; = dO i t ' Par suite, compte tenu du cas (1) c i -dessus on a

(1,1) _ (1,1)
x2 + 0l1s1 + °21 s2 + 031s3 +... + - Z2 e.Z 2

(2,2) ODD· D 2 A(1,2) Z(2,2) L:Z
x2 + 12s1 + 22s2 + 32s3 +... + c

l
, 2 sE

I
+ u2 sl 2 c, 2

+ 013s1 + 023s2 + 033s3 + 043s4 +... + DE 3sf. + + 6.;2,3)s2)
1 1

5) Compos antes sur les S;Sj'

Comme dans les cas (1) et (4), on obtient d'abord

(1,2) A A 143 142 lc12 ... (1,2) _ (1,2)
x2 +(02,1- u1l2)sl+(012- 122)s2+R123s3+R124S4+···+R12e1+l-'1 sl-Z2 Z2

Al13)sl+M123s2+(013- +
1 1

+ AF,3)sZ Z2'

.+Ri:t4S£ +
1 1

+ap,4)sl +llF,4)s2 + AP,4)s3

j e ] ou i=j81' " = dA 1" pour 1 <jt£1
lJ lJ

1\ _ c, _ dR1j i M A l j i
et Il l i j 0lji - lij avec ijk' lij , R1i j

dans E
l
,

On peut de plus choisir R1i j de sorte que
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En utilisant cette remarque et les notations correspondantes pour les
autres coefficients des $i$j i 1, on obtient :

(E. -1,E. ) A
x2 1 1 +(M1 £ -1 E - £ -lIe )sl+···+Mc -2 c -1 c s£ -2+

'1 '1 l' ''''I cl '''''I ''''I 1

Des alineas 4 et 5 on tire alors

A.(1,2) s s]
1 1 2
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En reportant ces expressions dans le coefficient de 51' on que les

termes Mi j k, Di j disparaissent et si 1 'on pose yi1,i)u i avec

E4 pour i=1, ... , c2 ' en vertu de 1 'hypothese Z1.Z2CB3' on

trouve :

£.1
::J (1) '" (1,i) A A A A A(1,Z)
UX4 Z2 si+ 112s1s2+ u132s3s2+u142s4s2+' .. + sc

1
s2- U1 s1sZ +

+ 6,113s1s3+6143s4s3+"'+ 111E s3 - (Ai1,3)sl s3 + +
. 1

+A114s1s4 + 4154s5·S4+···+ alE 4SE .s4 - ,4)sls4+ IY.F,4)s2· s4+ AP,4)s3S4)
1 1

E
+All Sls - L Aii,E1)s,S c1kvk+A1=OIIi <£1 1 1 j =1 k=1

O'apres l'alinea (1) ci-dessus, pour HkSc, on a

De Plus

sorte qu'en examinant de pres 1 'expression AI' on obtient :

(

+ zP,i)s, - d( L A11 , w1 ·+ L fJ. 1 ' Zw2 ·+· · ·+ A1E E -lW£,-l )
i=1 1 J J J J 1 1 1

e
d(z! t(l,j)) + d( L a(i ,j)co .. ) + d(t A' v) + 1. (\' v = O.
j=l 4 i<j 1 lJ k=l 1k k k=l I 1k k

L'hypothese H
1.HZ = 0 implique que zP,i)si = dJtp,i) avec Jl.p,i)4E4

pour i=l, ... , c1 et comme les classes des vk pour k=l, ... ,c constituent

une base de H3 , on en dedu i t que pour k=l, ... .c c'est-ii-dire :

i1 existe B1kti.E1 tel que = dB l k pour k=l, ... ,c.

On a alors
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e1
xP) + L JLk(l,k) - L 4 11, wI' + L: A1'2

w2'+"'+ AI . _lw", -1 £ +
k=1 1<j , E. J J 2<j J J 1 1 "1 ' 1

1

c c E2
+ 1: B

1kY
k + L. 1i1'kYk + L A(i .J) eo. - L t(l,i) - O/(l) .Z

k=l k=l l$i<j Sf
1

1 lJ j=l 4 - 4 4

Posons maintenant z (i .J) 5 = dJl (i ,j )
2 k k k=l, ... , E.

1

k=1'''''C 1

,j) u
j
= .J)

ou Jl. (i .J) r;:-.,H (i,j) t (i ,j ) . E
k '\!:Yk ' 4 4'

Indiquons encore le calcul de qui n'est pas exactement le meme.

En utilisant A2 , on obtient d'abord :

dx(2) + Z{l,2)s +Z(2,2)s +Z(2,3)s + ...+Z(2,E1)s +d( [' A, 00 .) -
4 2 1 2 2 2 3 2 £1 1<j 1J 2 IJ

-d( L A21 , W1 , ) - d( 2:" A22 , w2 ' ) + d( L li2 ' 3 W3 ' )+" '+ d(A 2£ E -l UJe -IE. )-
2<j J J 2 <j J J 3<j J J 1 1 1 1
E.

- dt(2,i) + t: c .v . + dA(i ,j)w" -
i =1 4 i =1 21 1 i <J 2 1J

s =8(1,2)s +d(La(i,j)w .. )+ L
1 2 1 2 1J ',' 2 1 Jl'-J 1< J

£1
- 2:" ,A(1,2) sk,sl'

k=l k

Comme on a aussi :

c
L C2kYk =
k=l
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HklC tels que 2k = dB2k

t z(k) v + 2
k=l 2 k i<j

33

on en deduit que 1 'on peut trouver des B2k

et 1 'on obtient :

E1
xi2)+Jl.P ,2)+ L:Jl(2,k)+ 2: 11 w _ L. A w A w +

k=2 k 1<''<E 1j2 Ij 2<' 21j 1j 2<J' 22j 2j
J 1 J

+ L 11 w + + A. w ? t (2 , i) + f B
2k

vk +
3<j 2j3 3j .,. 2e1(11 tJ 1  i=l 4 k=l

On peut maintenant poser ci k = + d Aik = d( A i k) avec Ai k = Bi k + Aik

pour IHS'c c1 pour ecr i re :

:,; E1
=e 2(k)  L. A'ks, + L: 8'ksi' Il s'ensuitque:

i =1 1 1 i =1 1

(i ,j)w "i\ .f.. e(k) e( i,j)UJ
z2 ij  'ij e i j = t1 2 vk +.f<j 2 ij 

E
1 (") c 1 LL. /11

1
,J sk W " + 2: L B'k s. vk  r.. eiJ"

k=1 1J k=1 i =1 1 1 J 1J

Mais d'apres la construction des ensembles d'indices I et J du §3 on a

c
L LB.. s, vk = [ B" s, v· +L B•• s, v, et pour (i,j)6J,
k=1 i =1 1J 1 I 1J 1 J J 1J 1 J

si vj (3.3(1)) pour obteniron peut expliciter

c £1
L. 2: B, k s . vk 
k=1 i =1 1 1

L (3.. e..
J 1J 1J

L. Bpq sp vq + L: B" de.,  i: , e.. +
I J 1J JJ J. 1J 1J

Mais

+ L L B.. r( i ,j) s v.
J I 1J pq P q

= dB, , ) B" de"  L e"
1J 1J J 1J 1J J 1J 1J

ainsi obtenu une autre forme de 1 'expression
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t. z(k) v + L z2(; ,j)W"J' - L
J

I!.,'J' e,'J' ; il reste Ii transformer
k=1 Z k i.::j r

+ 2' AZ1,UJ1,s2- r 1:>.1'Z fll,SZ+ 2' !J.ZZ,wZ'sZ- L AZ'3UJ3'sZ-
Z'::j J J 1<j$E

1
J --lJ Z<j J J 3<j J J

Mais un examen minutieux des termes en I:>.ijk sl{ montre qu'apparait

exactement 1 'oppose de la somme :

L A,
MUN ljk

r. A. ik <. s . .s "sk') L
MUN lJ , J M

D'apres (3.3.-(3)), on sait exprirner <s; ,Sj ,Sk) differemment pour (;,j ,k)

dans N et de plus, on note que

L C"k g"k - L A, 'k dg"k = d(2 s, ik g"k)'
N 'J lJ N'J lJ N'J'J

On peut alors prendre son souffle pour ecr;re 1 'expression
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i: e(k) v +
k=l 2 k

s. -
J

s. -,

::z E1 :.z. .)
+ 2.. L t(i,j) s . - 2. c: u

J'
- L

j=l i=l 4 1 j=l i=l 1

e
(i,ij

- L ../L.
i=l 1

+ L. (B
pq

+ z: B"J' r(i ,j) - L /\.. r' (i ,j)
I J pq L' J pq

2: 6... r(i,j,k)) s v -
N ' J k pq P q

- L (/\ + 2: /\ .. I..f(i ,j) + L A.. If(i ,j ,k)) upu
q

-
K pq L ' J pq N' J k pq

- (A + L. A f(i ,j ,k)) <sp,Sq,sr'>'
M pqr N ijk pqr

Mais si l'on choisit d'abord les

A. .. k (i ,j ,k) N tels que:
1 ,J ,

B.. (i,j) .J, A .. (i,j)eL,
lJ 1J

dBij = , d"ij = 'iij d tl i j k = b i jk ,on peut imposer aux B;j

de verifier la relation

B = - 2: B.. r(i,j) + !: f\ .. r,(i,j)+ 2: A.. k rp(i,q,j,k) pour (p,q) .I
pq J lJ P,q L lJ pq N' ,J,

compte tenu des egalites Les Bpq etant ainsi choisis, on peut

prendre pour (p,q) . K, des "pq tels que:

/\ + L f\ .. \f(i,j)+ L: l:1 .. lp(i,j,k)=o
pq L 1J pq N 1J k pq

et il suffit de choisir les A. pqr (p,q,r)EM de f'acon convenable.

Revenons sur les termes restant

,J;. e: 2
si + Z. v

k
- r

k=l k=l

dans 1 'expression de
p
L: 0( •• On a
i=l 1 1

faire apparaitre des produ i t s' de Massey avec les autres termes.

En effet, utilisons les notations du §l et posons d'abord
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a 5 a - y(i ,j ) a - u
11 = i ' 22 - 1 '33 - j

- - (i ,j) - dAlors a11,a 22 - si'Y1 - a12

36

avec a
12

_ 1;(i ,j)
3

t (i ,j)
4

,v _ - _ _ (i ,j) (i ,j)
et a13-alla23+a12,a33-sit4 ujG<Z1,Zl,Z2')'

E2 E 1 . . . .

Par suite (si ti1 , J ) u.)G(Zl' Zl' Z2)' On aurait pu
J=l 1=1 J

indifferemment faire apparaitre des produits de Massey de,matrices non reduites

a un seul element, en posant

All =rs1,s2" .. ,s£]
1

yil,l) ...yP,E: 2)

yi2 , 1) .. ·yF,E2)
. .

dA
12

En outre

avec
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EZL t(c 1 , j )
. 1 4
J=

on retrouve exaetement £-
j=l i=l

ue.
2

De similaire, on peut transformer 1'oppose de la somme

£.1 "
L Jd1,1) si + L. (JL(i,j) s , + Jt(i,j) Sj) .
i=l 1 J 1 1

On sait en effet que = pour k 1, ... , c1 . Or

on observe que pour i=l, ... , £1

[Si Jl. {i , i)JGcf s;1 , fs; J't i ,i)J)
et {-(Jl.3 i ,j)si + ,j)Sj}!({sil ,j)} pour 1-"i<jsE1 .

Enfin pour E1 ' on a :

et 1'on a done etabli que :

Compte tenu du ehoix des '1;;, on en eonelut que
ee qui aeheve la demonstration du lemme.

§.6. Exemples et conclusion

0(. om. pour
1

1, ... ,p

6.1. Remarque. - 5i H* designe 1'homologie du eomplexe de Koszul d'un anneau
local noetherien R, on a dans le cas general :
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£1 ' Zc1 = HI ; E2 = ; c3 = H3;!H1.HZ
+ (2 ) - HI

De plus, si Hi = 0 c4 = H4 /1f + £1' £2 - dimiJ( (H1·HZ) et si
, I' 4

2 ' £Z £1 lO1 ,AJ

HI = H1·Hz = 0 1:5 = d1miJ( H5/H5 + e1 c3 + £Z + (Z) + £1 (Z) - (3) - H4·

Pour Z(i s 6 , on a vu apparaitre dans f i une express i on de 1a forme

Hi - 1·HI + .HA
n i . ,

00 n=-Z Sl 1

= .:!..:.l
fI 2 si

est pair

est impair (voir [17] §Z. p.Z22).

6.2. Remargue : Si l'on note bi dimiJ(

de R et si l'on des iqne par PR(Z) = L. b. Zi
• 1no

on sait par ([12) Th.Z. p.3) que :

n 3 E2
P (Z) - (l+Z) (l+Z )
R - (I_Z2)f1 . (1-Z4)£S

le i eme nombre de Betti

la serie de Poincare de R,

ce qui permet d'obtenir les relations:

bo = 1

b1 = n

b2 = + £1
n n

b3 = (3) + (1) Eo l + £.2

n n r: ",Z E1 n
b4 = (4) + (2) Col + c, I - (2 ) + (1) E. 2 + £3

n n n f 1 n n n t:"

b5 = (5) + (3) c 1 + (1)( 2) + (1) £1 + (i) c'z + (I' £2 + (1) £03 + ""4

b (n) (n) e (n)(E1) (n)e,:2 (1) (n) e (£Z) (n) e e (n) E .6 = 6 + 4 1 + 2 Z + 2 "'1+ 1. + 3 + 3 Z + 2 + lIZ + Z 3

E1, c3 +

Exemple 1. - Pour les anneaux de Golod [4], si 1 'on pose ci = din:lK Hi pour

Cz c1 c1i ?/l, notre formule donne directement £5 = c5+q .C3+CZ+(Z )+c1( Z)-( 3) , Ce

resultat peut etre retrouve, compte tenu de la remarque (6.Z) puisque 1 'on
sait [4J que 1 'on a alors

1- t c, Zi+l
i=l 1
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Exemple 2. - Soit k un corps commutatif et soit S = k[Xl"" ,Xn] l ' anneau

de polynomes a n i ndeterminees Xl"" 'Xn 00 n?/4. On cons i dere l'anneau

R s/r 00 l'ideal r est donne par:

I = L
i ,j

S(X.X. - 1.. X2
l)

+ (SX
l+
... +Sx

n)31 J 1 ,J

les l' i,j $ n etant des elements de k tels que '1. 11=1, 'Ai j =lIj i et

tels que le determinant de l a matrice (1\ ) soit non nul.Aij
Nous notons t i la classe de Xi modulo I et 1tt. l'ideal maximal

de R. L'anneau R a He construit dans [11]. Si Hi( des i qne l'homologie

du complexe de Koszul de R, on sait que H.. H. = 0 si 2Si+j'n et que
1 J

R est un anneau de Gorenstein artinien (11); On sait alors par (3) que

Hi·Hn- i est un k-espace vectoriel de dimension 1 pour O$i$ n; la

multiplication dans l t a l qebre n'est donc pas triviale.

D'apres [ll], on a Ann
R
11l. = =w. De plus, des cycles relevant une

base de HI sont donnes par les t.T. avec j et (i,j)" (1,1) de
n I n-l-l \ J 1

sorte que £1 = - 1. Or par (11], il existe des elements Q) 1"'" wn
de R tels que C0

1,t,
= 0 pour j"i et co.t. = OJ • Consi derons alors

J 1 1
pour n=5 trois cycles quelconques t j Ti i j (i ,j) " (1,1), te Tk
kSe (k,e)" (1,1) et tvT

u'
u s v , (u ,v) 'f (1,1).11 existe des entiers

petq,14p.f5,Hq'5 telsque p soitdistinctsde i,k,u,v et

tel que q soit distinct de i,j ,k,u. Mais on a :

(tjTi)(te \) = l.j e TiTk = COptp Ti\ ?-'je wp d(TpTi\)

(te \)(tvTu) = ?ev TkTu = ?eVCOq tq\\ ?'eVWq d(Tq\\)

Avec les notations des §1,2 et 3, on observe que

<[t/;l , ft e Td ,ltvTu!> contient la classe d'homologie de

t/i ?'tvWqTq\Tu + "'je W pTpTi\tvTu ; mais par le cho ix de wp et tuq ,

ce dernier terme est nul et comme Zl.Z3 CB
4 on en dedu i t que l'on a ici

(H1,H1 ,HI '7 = 0 et par sui te, nous obtenons
E

eS = El c3 + E2 + ( - (

Verification. - Par [11], on sait que la serie de Poincare de Rest donnee

par :

1 - 5Z + ZZ

Compte tenu de la remarque (6.2), on en dedui t la valeur de f i pour

on trouve :
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C1 = 14 ' .2 35, E3 = 126 ,E: 4 = 504 ,f'5 2030

et 1'application directe de la formule ci-dessus redonne la meme valeur.
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Relations entre la serie de Betti d'un anneau local

de Gorenstein R et celIe de l'anneau R/Socle R

par Hamid RAlIBAR-ROCHANDEL

Introduction

Dans ce travail, nous determinons une relation entre la serie de Betti d'un

anneau local de Gorenstein (R,m,k) et celIe de l'anneau R= R/Socle R • Le cas

Ie plus important est Ie cas ou m n'est pas un ideal principal. On trouve alors

Cette relation a ete demontree par Gulliksen dans (3) pour les anneaux

d'intersections completes et par Levin dans (5) pOlAr les anneaux de Gorenstein

(R,m,k) verifiant m/m2
.. 3 •

k sur R/I (k etant considere

R/I) a partir d'une resolutionalors comme Ie corps residuel de l'anneau local

dans

La methode utilisee ici est la suivante : pour un ideal
2

m ,on construit une resolution libre de

I de R inclus

libre minimale de I et de la resolution X de k sur R intI'oduite par Tate

dans (9) (prop. 1). Nous donnons ensuite des conditions suffisantes pour que Y
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soit minimale (prop. 2). Ces conditions sont verifiees dans un certain nombre de
2

cas connus (par exemple quand I = (t) ou tlim est non diviseur de 0) mais sur-

tout dans Ie cas d'un anneau de Gorenstein (R,m,k) de profondeur nulle dont

l'ideal maximal m n'est pas principal et quand 1= Socle R (prop. 3). On trouve

alors la relation citee ci-dessus entre P
R
et PR

Nous donnons finalement, dans Ie cas d'un anneau local de Gorenstein (R,m,k)

verifiant les conditions ci-dessus, des conditions sur (E = Ie complexe de

Koszul associe a un systeme generateur minimal de m) pour que l'anneau R/Socle R

soit un anneau de Golod (prop. 6) et trouvons alors la serie de Betti de R. On

trouve de cette maniere la serie de Betti d'un anneau local de Gorenstein (R,m,k)

de profondeur nulle verifiant = 4 et H
1
(E)2 0 (Remarque de la

Prop. 7). Nous donnons a la fin, un exemple d'anneau local de Gorenstein R tel

que R/Socle R soit un anneau de Golod.

Soient (R,m,k)

e t llf = m/I • k

2 ....
un anneau local noe trier-i en , I fi m un ideal de R, R

et est un anneau local noetherien. 1e but de

R/I

voir (2), (7) et (9).

et on a X
p

minimale de

,J

cette partie est de construire une resolution libre de k sur R a partir des

resolutions minimales libres de I et de k sur R •

Dans la suite, on designe par (t1 , ••• ,tn) un systeme generateur minimal

(en abrege s.g.m) de m et par E = A ¥ RT. 'dT. = t. Le complexe de Koszul
i=1 1 1 1

associe aux t i. Nous rappelons la construction de l'algebre graduee differen-

tielle strictement anticoillillutative introduite par Tate dans (9). On definit d'abord

par recurrence les algebres x(t) : x(O) = R , X(1) = E ; si X(p) est defini
. ( (p» (p+1) (p).... . r'\et t = dlmk H X ,en pose X X <. N1 ' ••. , 11'.. 7, CllI. = A. oii les 1Ti

p P "p 1 1 ()

sont des variables libres de degre p+1 et les A. sont des elements de Z (X p )

tels que leurs classes dans H (X(p» forment une1base de celui-ci. II

une inclusion naturelle x(p) p X(p+1) et en identifiant x(p) a une sous-

algebre de X(p+1) on a = x(p+1) pour tout j On pose X = lim X(p)

= x(p) X(p+1 )J= ••. 2x(p+j) = •••. X est une resolution

k R ;PpIUS z.(X(p»_mX(p) • Pour plus de detail,
J

- (On se place dans les hypotheses ci-dessus).

une resolution minima Ie de I R

.•• ---'1 10 I --.. 0

alors il existe des morphismes
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gi Xi+1 verifiant:

i) '<>1'+1 0 g. (x)e. Z. (X) r\IX. , '1i6 N, "Ix eL.1 1 1 1

ii) Si ze.Zi(X)f\ ,3Z'EiLi tel que 'di+1 0 gi(z') - ZEiIZi(X) •

Demonstration - a k = L./mL.• De m@me = (1 a x).
1 1 1 1

Or I a x peut s'identifier au sous-complexe IX de X • Moyennant cette identifi-

0---+ IZ. (X) IX. 1'\ Z. (X)
111

cation, on a

suivant

Z.(Iax)=
1

Z.(X) , B.(I a X) = IZ.(X). On a done Ie diagramme
1 1 1

t
o

tel que if(v ) = e
p p

en posant

est une base de L. , Vp ,::Iv EiIX.f'Z.(X)
1 P 1 1

'd. 1 (w ) = v • On def'Lnri t g. : L. --'f X'+11+ P P 1 1 1
• g. verifie bien i) et ii).

1

verifiant

Vp = 1 ••• ,s

Si (e
1
,. •• ,e

s)
Soit w Ei X. 1P 1+
g. (e) w ,
1 P P

les
N

RTi ' si Yj
) ; alors, il

comme ci-dessus , ",O.. ..."",ef...1"",·n...1...• t'"-lp""a""r......*"'.-.""""'''"''"''''""''"''''''',., ,.,
: Yo = R Y1 =pX1 a R =

est defini pour j ... p , on poge Y 1 = X 1 a R (j) «(j) L . e
,., p+ p+ j=1 P-J

existe des morphismes de R-modules d Y ----'t Y 1 tel que
p p P-

Propositjon 1 - (Li,gi)
N

R-modules Y de la maniere suivante
p

d d
Y p+1 Y P Y

... -t p+1 p--" p_1 ••• --7

soit une resolution libre de

Demonstration - Nous allons construire les par recurrence en partant de

l'hypothese de recurrence suivante :

'" '"a R = Ri) do = 0 , d1 = ',;>1 a 1R : X1 a R

ii) Pour i+j ...p, il existe un morphisme
,J

R-module rendant commutatif Ie diagramme

f ..
1,J

L. @ Y. __ Y.. 1
1 J l+J+

de
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f.
1. Q Y. l,j

Y.. 1l J l+J+

1\ Q d. 1d 1
J l+J+

f .. 1l,J-
1. Q Y. 1 ) Y..l J- l+J

iii) 1m f. S X. 1 Q Itl,a l+
X. . 1 G: Ii. \i) 1. . 1 G: Y \i)
l+J+ l+J- 0

N

, Im f. 1" X. 2 G: R S.Y. 2l, l+ l+
\i) 1. 1 G:Y. 2':Y' . 1l+ J- l+J+

et Irn f ..
l,J

est incIus dans

iv) == 'C>
N N

d
qlX

N G: 1li : X X G: RliY
G: R q q q_1 q-1q

d
ql1 . G: Y. 2

f
q-j,j-2 - 11 @ d. 2 Yj .. q4P

q-J J- q-j J-

v) la suite Y Y 1 ---'t ••• ---'I Y k ---7' 0
P '" IJ- 0

est la surjection canonique de R sur k , est exacte.

OU ?

Avant de commencer les etapes de la recurrence, construisons

gp etant Ie morphisme defini dans Ie Iemme 1, posons

f 1 (x G: T.) T. g (x ) G: '1
p , P l l P P

f
p,o

et f l'p,

Definissons d1 : Y1 == X
1

tensoriel etant exact a droite,..
exacte de R-modules, de meme

N ,.J
G: R __ X

o
Q R par d1 == 'C>1 G: 1R• 1e produi t

la suite Y1 ---') Yo k est une suite

, iii) et iv) sont verifiees trivialement. Suppo-

sons que l'hypothese de recurrence est verifiee au rang p et verifions Ie au

rang p+1 Conformement au iV), definissons dp+1

d == 'd G: 1....
R

et
p+1lx G: R p+1

p+1 11 . G: Y. 1
IJ-J J-

d 0 = 0 en effet, si z == u Q v a L . G: Y. 1 (avec j?-2) on a
P P-J J-

d 1(z) f . . 1 (u G: v)-u G: d. 1 (v) et 0 d 1 (z) = a f .. 1 (u G: v)
P+ IJ-J,J- J- p+ . IJ-J,J-

- d (u G: d. 1(v» == f .. 2(U@d. 1(v» - f .. 2(u G: d. 1(v» +
P J- IJ-J,J- J- P-J,J- J-

+ u G: d. 2 0 d. 1(v) == 0 • Si j==1 , z == u @T et d 1(z) g 1 (u) G: 1
J- J- p+ IJ-
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On a alors

dod 1 (z) = d (g 1(u) a '1) = t) 0 g 1 (v) a '1 0
p p+ P P- P P-

et finalement, si ZliX"-'-1 a Ii ,l'egalite dod (z) = 0
¥' p+1 p

est evidente.

Iil: Y 1 telp-
1 Iil: Y 2 'o p-

et+ zp_2 + ••• + Zp_j

sur L . Iil: Y. 3
P-J J-

il existe

Z .• z+d 1 (y . ) a une
P-J p+ P-J

@ Y, 2 pour j -*i ,,"p-2)
1-

raisonnenemt, on peut

x @ '1
p

d (z)
p

et done

Y est exacte. Soitp-1
Ei 1 . Iil: Y. 2 Supposons que

P-J J-
examinant la projection de d (z)

p

x - g 1 (u)
P p-
z=x 1il:1=

p

Verifions maintenant que la suite Y -'"p+1 .. 7

Z = x a '1 + + .•• + z Y ou x e. x et
pop p P

d (z) = 0 et montrons que z" Itn d 1 En
P p+
sur 1 s r 3 (si 11 ad 2(z)=O;lasuite

o P- 0 p-o
1 a Y 1 --i'1 Iil: Y 2 1 a Y 3 etant exacte, il existe YoEl 1

0o P- 0 p- 0 p-
que (1 1 Iil: d l)(Y) = z • z + d 1(y) a une projection nulle sur

o P- 0 0 p+ . 0

on peut done supposer que Zo = 0 • De si z

verifie d (z) 0, en examinant la projection de
p

(si onvoitque (1 1 ,lil:d'2)(z .) 0
J- P-J

Y . E.L ,a verifiant \ 1L . @ d. 1) (y .)
P-J P-J P-J J- P-J
projection nulle sur L ,Iil: Y. 2 (ainsi que sur

P-J J-
on peut supposer done que Zp_j O. En continuant ce

ramener Le pr-obLerae au cas z = x @ T + v 2 @ T et
p p-

et d 1 (») = 0 • d 1 (z) = (x ) a'1 + g 2('1 2) Iil: 1" = 0 ce qui entra1ne
p+ p+ pp p-p-

(x ) + g 2('1 2)6 IX 1 et en composant avec 1 on trouve que
pp P-P- P- p-

f) 1 0 g 2('1 2)eIZ 2(X) ce qui montre que v 2EimL 2 (en effet
P- p- P- P- p- p-

I,) 1 0 g 2: 1 2/m1 2 Z 2(X) f'I IX 2/I Z 2(X) est un isomorphisme).
P- p- P- p- P-n p- p-

v 2 = t lW1 +...+ t W ; si W = E 'II, Iil: (T. aT), WSL 2 a Y
1

et z + d 1(W)
P- n n i=1 1 1 P- p+

a une projection nulle sur L 2 Iil: Y . On peut done supposer que z = x Iil: 1
P- 0 P

et d 1 (z) (x ) Iil: T = 0 , ce qui donne 'd (x ).Z 1 (X)t"\ IX 1 D'apre,s:I.e
p+ P p P P P- P-

lemme 1, i1 existe u 6 L 1 tel que 'G) (x ) - () 0 g 1 (u) 6 IZ 1 (X) done
p- p p p p- P-

- w t> 1 (x 1) ou w 6 IX et Ei X 1
p+p+ P p+

(x 1 @ i + u aT) i.e. z 6. Im
p+

c.q.f.d.

Remargue 1 - Au cours de la demonstration nous avons aussi dernontre que si

z = x @ 1 + +•••+ z
p-j

ou x e.x , z .Eo a Yi - 2
et 2-$jp p P p-1

(resp. z = x aT ou x EX ) , et si d = 0 alors, il existe y
p

N P P P
'" Iil: Y )element de X

p+l
Iil: R @ 1

p-1
&: Y @•••@ L Iil: Y. 1 (resp. yoXp+1 0: R @ 1

p-l0 p-j J- 0

tel que z = d l(Y)'p+

Construisons maintenant les f. . pour i+j = P • Si j=O ou j=1
N _

est deja construi t ; on a bien Em f c. X Iil: R , Im f 1 1 X 1 &: Rp,o- p+1 p- , p+

, f ..
1,J

et les
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deux diagrammes

f f p-1,1
1p1"

P,o » Y 1:\)-1

r
)

p+1

8'd }P+' 8' d10 p-1
f

0
0

Y 1 BY p=1,0 ) Y)
P p-1 0 p

N • On

Pour

Par construction,

demonstration.

Y.•
J

1. 8' Y .•
l J
parcourt

8' Y. 3 ' il existe
J-

verifiant

f. . (z) quand z
l,J
do. 1 (u 8' d.(v)) =
P J- J

o ; comme par hypothese de recurrence

v a B , on a

'"1. et B une base de R-module libre
l '"
est une base de R-module libre

etu6.A

et

il suffit de determiner

usAN=i u 8' v

sont trivialement commutatifs. Supposons done que j et i+j = p • Soient A

une base de R-module libre

f, . 2 0 11 B d. 1 0 11 B d. (u B v)
a , J- i J;:: i J

Im f. . 1 so. X B R @ 1 2 B Y (j)•••@
l,J- _ P p- 0

wsX 1 BR@1 1 BY (j)••• 4.11, 1 @Y'2
p+ p- 0 H

d 1(w) = f. . 1 0 1L B (u e v}, On pose f. . (u B v ) w.
p+ l,J- i l,J
f. . verifie bien les conditions ii) et iii), ce qui termine la
l,J

cons truire f . ,
l,J

remarque que pour

Proposition 2 - On se place dans les hypotheses du lemme 1 et de la proposition

precedente ; si

"'yEL. alors,
J",--

k.lill.!: R

z . ,E L, , BY, 2)
J-l J-l l-

et on definit ensuite

...,
k sur R , il suffit deest une resolution libre deque Y

z = x .
J

8' z)

et

Demonstration - Definissons f .: L B Y. Y . 1 de la maniere suivante :
P,J p J P+J+

91+z.
2+

•••+zE.y. (ou x,eX. et
J- 0 J J J

=X g(x)8' 1 e> X '1 B R S Y '1j P P P+J+ P+J+
par recurrence comme dans la condition iV) de la proposi-

si x L
P P

on pose f .
P,J

les dr: Yr --:po Yr - 1
tion 1 • Pour montrer

montrer que le diagramme suivant est commutatif

f
p,jBy' )

F, 8' d.
J p+j+1

f
p,j-1@ Y, 1 )J-
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et ceci Yp , 'r/j (en posant Y-1
dessus, on a d'une part:

0). Si x 6.1 et z6.Y_ sont comme ci-
p p J

f .
P,J

et d'autre part:

x @: z
p

f
p,j-1

tout revient done a montrer que f '1 (x 0 d . (z» = '(), (x.) g (x ) @:"1
p , J- p J J J P P

d,(z) = 01 + ± f". , 2(z,) - t 1L &: a, 2(z,). La projection de
J J J i=2 J-l,l- l i=2 j-i l- l

d,(z) sur X, 1 &: R s'ecrit sous la forme '<J,(x,) 19: 1 + W 19: T ou W provient
J J- J J

des f _ , '2( et compte tenu de la marn.s re dont ces termes ont ete d ef'Lnd.s ,
J-l,l-

W s'ecrit comme une somme des termes de la forme u,g (v,). On a done
l r l

f '1(x 0d,(z»= 'd, )g(x)19:"1+Wg(x)19:1.L1hypothese

p, J- P J J P P P P

1m • gjf:I\+j+2 entra1ne Wgp(xp) 19:1 = 0 et par consequent, Ie diagramme

est bien commutatif.

Montrons que la resolution Y est une resolution minimale. II est evident

'"que Im f , ,50 mY, _ 1 ; un simple raisonnement par recurrence montre que
l,J l+J+

Im d sclli'Y 1 Le. la resolution est minimale.
p p-

La principale application de la proposition 2 est Ie proposition suivante

2
> 1 ,.2!U!. c..o6.mii) Si d in =

Proposition 3 - Soient (R,m,k) un anneau local de Gorenstein de profondeur

nulle, I = (c.» son soble et R = R/I •

l- ) §...l- - /2 2n = m m et eee m , P
R
= PR

& n '" m/m
2

= 1 II G,)Em - m
2

, .2!U!.

Demonstration - Si n=1
2 N

et oJ 6 m , R et R sont tous les deux des anneaux

d'intersections completes

ou Cb = 0) et on a P =
R

ou tous les deux des corps
_ 1+Z

ou PR = P'1! = 1- 1-t'

(selonqu'onait

(voir (6), Page 7, theoreme 4).
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(voir (6)).Si n=1 et "'E.m_m2., on a P =1.±.&.. et p",
R 1_Z2 R

Si n,.1 , "'4m
2

: en effet, on sait qu'il existe j

l'hypothese CDE.m_m
2

entrainerait alors m = I = (c.:.) Le.

tel que mj (..,);

n=1 • On a done Co) E: m
2
•

Ncus supposerons dans la suite que m/m2 n 1 et nous construisons

les gi (notation de la proposition 1) de maniere que les conditions de la propo-

sition 2 soient verifiees. Pour cela, nous avons besoin des lemmes suivants

Lemme 2 - (R,m,k) un anneau local noetherien et (j = 1, ... ,p, ... )
l'algebre differentielle graduee definie au debut du chapitre. On suppose que

wJ' -p X(j+1) x(j) <. V V ' ....V = Z (E) x(j) + E x(j) Al
y"<: , 1 , ••• , e·">.Q2l <I • '" '1 2'

si M&Z (X(p+1)) ilexisteunJCYCle homologue a M
- p+1' - 1 2 -

X(p+1) .

p+1 ,

11"1 , ••• , 1l"E '
P
sont

est un moname de degre total

et les S.
l

m • En changeant au besoin la numerotation, on peut supposer quedes elements de

s
Demonstration du lemme 2 - M= E, Si M

l
OU

construit a l'aide des variables libres T1 , ••. , Tn ' 31 , ••• , 3
e1

introduites pour la construction de x(1) E, X(2) , ••• , X(p+1)

Ii. (p+1) (p+1)
'J = 1 , ••• ,r E

1X
- E

2X
et

Vi = r+1 , ••• , s M
i
6 E

2
X(p+1) V (X(P+1 ) - E

1X(p+1)).
Par hypothese, si h·r,

sont des monames non nuls et deux a

ou M.. est un monbme dans lequel
q n

t, M. = LJ a ..T.)K.
i=1 l l i=1 j=1 l,J J l

deux dis tincts dans lesquels ne

Ti • On peut done ecrire

T.
l

et si

ne figure aucun des

ou les K.
l

figure aucun des

q n
M= (L: a ..T.)K. +

i=1 j=1 l,J J l

s

L:
l=r+1

$.
l

q n n s
o h= 2:(2: a .. t.)K. - a. ,T.)'dK. +d(.L: c\M i )i=1 j=1 l,J J l j=1 l,J J l i=1+r

Done i: (t a .. t.)K.&E
1X(P)

, ce qui entraine
i=1 j=1 l,J J l

n
L:a. .t . = 0
j=1 l,J J

i.e.
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n
L; . T.aZ

1
(E). On sait d'autre part que S.E.m; soit alors P.GE

1
tel que

j=1 J J q n s l s l

= S. • M = Z; a .. T.)K. + 2: P. 't>M. +'t>( L: P.M.). Posons
l i=1 j=1 l,J J l i=r+1 l l i=r+1 l l

q n s ( )
M' L: (L: . T.)K. + P. 't>M . • M.SE

1
X P si i">r, PiE E

1
done

i=1 j =1 , J J l i=r+1 l l l

P '<>M eE x(p) et M'6 Z (E) x(p) + E x(p)
i i 2 1 2'

Remargue - En procedant par recurrence, on peut construire les X(p) de maniere que

"Iq ?;.2 , si

On supposera dans la suite que les x(q) verifient cette propriete.

3 - (R,m,k) un anneau local de Gorenstein de profondeur zero

r = (GO) son socle. On pose n = dim m/m
2

et on suppose que n > 1 • Alors

i) il existe AGZ
1(E),

BE.Z
n_1

(E) verifiant AB =c..)T
1
...

ii) il existe des elements a
1
, ••• ,a

n6
m (n = m/m

2
verifiant

...... ""((_1)j+1 )c..)T1 ...Tj ... Tn
<J a

jT1
••• Tn pour j = 1,. .. ,n •

, ce qui

Demonstration - D'apres (1), la multiplication H
1
(E) X H 1 (E) H (E)

n- n
degeneree et H (E) = 1 ; done H

1
(E) H 1 (E) H (E) d' ou i).

n n- nw
<bT1 ••• T ..•. T 6Z 1(E) et YD6Z

1(E),
D6mE

1
done c..)T

1
.•. T .... T D = a

J n n- .J n
montre que <:.:>T1 •••T..•. T GB 1 (E), d'ou ii).

J n n-

est non

Pour la suite, nous choisissons des elements A
1
, .•• , A£ dans Z1(E) tels

1
que leurs classes forment une base de H

1
(E) et tel qu'on ait A

1B
=<:.:>T1 ••

(BEZn_1(E».Onpose F=X(2)=E<'S1""'SE.
1;

'd = Ai'> de gS
i=2

eton

Suppose que les X(q) verifient les conditions de la remarque du lemme 2 •

On pose finalement J = (a
1,

••• ,a
n).

Js(r m) d'apres ii) du lemme 3.

Lemme 4 - Pour tout element D de , il existe un element U

JX(p) + L x(p) verifiant Co)D 'd U •
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Demonstration du lemme 4 - Nous allons pro ceder par recurrence sur p. II suffit

de prouver Ie lemme quand D est un moneme.

.E1. : DEi \: ; si k<;n , alors D = ... T. II existe tel que
1k

j .;, i 1 ' ••• ,j
.;, i

k • ()(a}l) = ""D peut done poser U all6 JE Si k= ,
D T1.. ·Tn ; 'd(BS

1) = ""D , on peut done poser U = BS
1
Ei E

= 1,

est pairep+1

est impaire. On a aussi la relation

sont des entiers positifs quelconques si

que

Supposons maintenant que l'hypothese est verifiee pour j = 1, ••• ,p et
, (p+1) _ (p) , ;"\ () () (p) (pt-1)

1 on a X - X <'11'1 ' .•• , ife.'" ou u 1T. EO 2
1

E X + E
2
X' •

P 1

D = Hll' (u1) V (uep) ou H est un monfnne appartenant a x(p) T(O)
1 • • • £.p j , i

= T
i

; u
1
, ••• ,ue

et u. = 0 ou 1 si E+1
1

k = j + (p+1) (u1 + ••• + U.s )
P

Nous allons proceder une deuxieme fois par recurrence qui portera sur

renee on a ...,H

u1 + ... + u ep

Si ..t=0 , D = H6X(P)
j

'dU avec

, donc en appliguant la premiere hypothese de recur-

+ E BS
1(i)

X(p) • Supposons l'hypothese veri-

fiee si u1 +•••+ u < • On a la relationcp

et ces elements s'ecrivent sous la forme 'd(U) avec

(p+1) .Comme a1T1DE JX , 11 suffi t de prouver que

-C(U) avec UGJX(p) + X(p+1) • Or,
( ) (u1 ) (ue )

a
1
'd (H)e: e"X p done a

1
T1 'd (H)1l'1 ••• 11"e p

s'eerit eomme une eombinaison lineaire des elements de la forme ) •••
p

(hypothese de recurrence).
(u ) (uGp)

a1T1 'd (H) 11'"1 1 ••• 1fG

( ) P
'J(H)Q.mX p ee qui entraine
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On voit donc qu'on peut supposeI' que H est de la forme T1K. On recommence

cette operation en ecrivant :

(u
1
) (ue )

'f>(a
2
T
1
T
2K'lT'1

' .. 1t'E. p)

(u
1
)

- c.:> D + a
2T1

T
2'()

(K) ir
1

(u E. )
p

•• , lI'e.
p

et les memes considerations montrent qu'on peut prendre D de la forme

Si j<n, au bout de operations, on ramene Ie probleme au cas ou D
(u

1
) (u ,)

T. 11'1 •• , ,.. P et on ecri t alors
J fop

(u
1
) (ue. )

Cl (a. 1 T1 .. •T .T. 1 it' ..."IT" p)
J+ J J+ Ep

et en appliquant l'hypothese de recurrence a on

arrive a demontrer la proposition.

Si j;a:.n, on arrive a ramener 1e pr-cbLeme au cas au H:::: T
1
•• •TnM au M

est un moname de x(p) de degre total j-n et on ecrit alaI's:

s'ecrit comme une combinaison lineaire des monames de la forme

(u e:. )
lfe p I' En appliquant

p

(U
i
- 1) (u e )

••• "fr. ..,1T Pe
p

B'J (11)6 BZ
1
(E) x(p)c IX(P) done

lineaire des monames de la forme

d() () (p) (p)et comme 'IT'i EO Z1 E X + E2 X ,

(u
1
) (u . )

BS
1
M'J (1T

1
••• 1f

S
P) est une combinaison

p
(u

1
) (u

i
- 1 )

c.:>N 1T
1

••• 1r
i
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l'hypothese de recurrence a ces elements, on arrive ales mettre sous la forme d(U)

avec U&Jx(p+1) + x(p) • De mE\me, compte tenu du fait que aucun T
i

ne

figure dans M (sinon T
1
••. T

nM
= O!) 6Z

1
(E) X(p) + E

2
X(p) , donc

de degreest un rnonome deQ

H = T
1
••• T

nS1
Q • On considere maintenant

s'ecrit comme une combinaison lineaire des monomes de la

(ue )
11" P ou

E.p

donc supposer quej-(n+2). On peut

forme

qu'auparavant permettent
(2) (u1) (u E )

T1···Tn S1 P1I"1 ···11"e p
p

En recommengant ces operations, on arrive finalernent a ramener Ie probleme au cas

'"\ (B S(2) (u1) (u e )
CI 1 Q11" ••• 11" P) et les mE\mes consta tations

Ep
de ne consd ddr-er que les monomes D de la f'o rrne

(u Eo )
V P et on ecrit alors :
E
p

II suffit maintenant d'appliquer l'hypothese de recurrence a

(uE. )
11" p) pour trouver Ie resultat recherche.

Demonstration de la proposition 3 - I = est isomorphe a k en tant que

R-module ; on peut donc poser 1 = X (notation du lemme 1). Compte tenu du fait

que IX 1"1 Z (X) = IX et IZ (X) = 0 , il est clair que TorR(I,k) = IX et Lo
pp p p R P P

morphisme canonique X X 1m X Tor (I,k) = IX n'est autre que la
p p p p p

mUltiplication par • On peut donc (d'apres Ie lemme 4), construire les gi

(notation du lemme 1) de maniere qu'on ait

Y» , 1m g + 6BS1(i)x. Itn g g s-ix + JBXSIX • D'apres la proposition 2, la
p p q

resolution Y definie dans la proposition est minima Ie et on a par consequent:

p", = P + z2 P p",
R R R R

Proposition 4 - Soient

verifiant Ann Co> = m , I

t. = classe de
J

2
(R,m,k) un anneau local noetherien, <.:J £ m un element

(",) , 'R = R/r , n; mil, (t1, ••. ,tn)
un s.g.m. de m

N
'd T. t. 1': = R< T1 ' •••, '" ;dT =t 7.

l l n i i
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Ie diagrarnme suivant

0 0 0 0

i I 1 rIE,
0 J ., H,(E) ---H,(E) IE. {\ B, 1 (E)IE,nB,(E) J J J- J-

J J

r i Ir '" Sjo ---'1 IE, ., Z,(E) Z, (E) IE, 1 n B, 1
J J J J- J-

i i I r
o (g) ---t B, (g) B ,(E) ) 0

J J J

r I 1 r
0 0 0 0

_0

est un diagrarnme cornmutatif dans leguel les lignes et les colonnes sont exactes.

1e morphisme 5", est defini par s (L: 8', ,Ti'" Ti )
J J - ..... <i

j
ll,···,lj 1 j

'd (. ai' Ti,), los autres morphismes sont definis de
ll",,···<;lj 1, .. ·,lj J

maniere evidente.

Demonstration - Evident

Le cas ou (Co) = I est Ie socle d'un anneau de Gorenstein de profondeur

.!.ll1!k ( m2) •

On a vu dans ce cas 3a
1,

••• ,a
n-

ill avec

de kronecker). B
k
(E) si k-c n ; en effet,

j -1= i
1
' ••• ,j -1= i

k
. "()(a .T .Ti • •• T, ) = w

J J 1 lk

a r t , = S.. Co) (S. . = Le symbole
l J l,J l,J
si - < i

2
••• <; i

k
il existe

T
i k

On trouve alors les suites exactes

k <; n 0 ---'t ----7' Zk(E) ----;> Zk(E) 0

rJ
o __ \:(E) 0

__ 0o___ H (E') iso)
n

0 IE H (E)
n n

k=n
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Proposi tion 5 - (R,m,k) un apneau local noeth8ri en de Gorenstein,

fopdAnT Dulle, I ("") sop socle et (t
1,
... , t

n)
un s.g.m de m .tl E

plexe de KoszuJ associ8 aux t
i•

Op suppose que c.J e et on pose
,. ,.. '(),..,
E=R<.T

1,
... ,T ; T. .tl i+j<n, lemorphisme

n l l '" '"
canonique H.. (E) H.. (E) (resp. Z.. (E) Z.. (E)) induit un isomor-

BJ BJ ,..,BJ BJ
phisme entre H.(E) H.(E) et H.(E) H.(E) (resp. une surjection entre Z.(E) Z.(E)

... ""l J - l J l J
et Zi(E) Z.(E)). On a de plus pour i:;;r..1 , j;lOo1 et i+j n

Z.(E) Z.(E)J= H.(E) H.(E') = 0 •
l J l J

Demonstration - Soient M Z.(E) et NGZ.(E) deux cycles; compte tenu de
l ,.J J

l'exactitude de la suite Zi (E) ----" (E) IE
i_1

--7' 0 il existe M
1
6 Z1 (E) ,

(J etant l'ideal engendre par a
1
, ••• ,a

n
• Voir le lemme 3) tel que

M = M
1
+ M

2
(ou M

1
est l'image de M

1
par Zi (E) __ Zi (E)). On peut de m(3me

ecrire N SOliS la forme N
1

+ N
2

ou N
16

Z. (E) et N
2
6 JE .• Comme

,.J '" '" ,... J J
M
2N2

= M
1
N
2

= N
1M2

0, on a MN = M
1N1

' ce qui prouve la surjectivite de

Z.(E) Z.(E) Z.(E). On demorrt r-e de m(3me que H.(E) H.(E) (E)
l J l J l J l

est un isomorphisme. Si i-.1 , ,i+j = n, M6Z.(El) , NGZ.(Ej) , on 8crit
'" '" l J

comme dans la premiere partie, M = M
1

+ M
2

' N = N1 + avec M
1
e-Z

i
(E) ,

N
16Z/E)

, M
2

,N
2E>JEj•

On a alors, MN =M
1
N
1

et comme M
1

N
1

MN = 0

c.q.f.d.

Nous rappelons ici brievement la definition des operateurs de Massey. Ces

operateurs, notes par , sont definis pour certain p-uplet d'elements homogenes

de H(E) d'une algebre differentielle graduee E (E sera ici Ie complexe de

Koszul associe a un s.g.m de m ou de ).

E dcnt

= deg D.
J

est un

et r.
J

't (Di,D)

homogene de

Scient (D
1,

••• ,D
p)

un p-uplet

Onpose y(D.) = Vi, ¥(D.,D.)
l l J

cycle, si c'est un bord, on designe

de cycles homogenes de E
r.+1 '"

(-1) l D. D. vi<j •
l J

par y(D.,D.) un element
l J

l'image par l'operateur de bord de E est }f(D.,D.). Supposons que pour tout
a ,1

en tier k-s p et pour toute suite d'entiers i
1,
... ,i

k
verifiant 1-$ i

1
< ... -e \-E:P

y(Di , ••• ,Di) et , ••• ,Di) sont definis et verifient :
1 k 1 k

est un bord homogene de degr8
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y(D. , ••• ,D. ) est un element homogene de
1 1

+ k-1 qui releve '6 (Di , ••• ,Di ).;
1 k

E de degre

y(n. , •••,D. ) y(ll. , ... , Di ).
11 lS 1 s t ! k

+•••+ri +s
sk-1

L:' (-1)
s=1

On pose alors

y(D1,· .. ,D.) yen. 1, ••• ,D) •
1 1+ P

Soient maintenant i p
homogene de E qui releve Si

J51 ,... , rp) = classe dans H(E)

des elements homogenes de

)f(D1 , ... ,np) est <lefini,

de t(D 1 , ... , Dp) '

H(E), D. un cycle
J

on posera alors

Si E est Ie complexe de Koszul associe a un s.g.m de m, si y(D1, ••• ,Dp)
est defini pour des cycles homogenes D1, .•. ,Dp alors, y(D1, ••• ,Dp)emE

(voir (8), Prop. 6).

Proposition 6 - (R,m,k) un anneau local de Gprenstein de profondeur
2

(Co») son socle et t 1, ••• , un s .g.m de m. On suppose Que coem

et on designe par E Ie complexe de Koszul associe aux pour Que

= R/r soit un anneau de Golod, il faut et il suffit que

a) H. (E) H. (E) = 0
1 J

b).§1 P est

homogenes de H(E)

+ p-2< n

un entier superieur a 3 et J
1
, ••• , Sp sont des elements

de degres respectifs r 1, ••• ,rp ou r i > 0

,alvrs, Sp) = 0 •

Demonstration - Designons par E= E &R Ie complexe de Koszul associe aux t.
1

Dire que R est un anneau de Golod revient a dire que les operateurs de Massey

d' ordre 2 sont triviaux. sur HeEl).
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Montrons que les conditions a) et b) sont II suffit de montrer

que pour p cycles homogenes Q1, ••• ,Qp

defini. Nous procederons par recurrence

dans ]if, y(Q1"'. ,Qp) est toujours

l'hypothese de recurrence etant

r, + ••• +
I

u) Si et

+ p-2 ...n

""M +
i

alors, y(Q1"" ,Qp)

ou M
i

Zr. (E) et
l

o

N. JEr
l i

'" -v(J est l'ideal designe dans le lemme 3 et M
i

l'image de dans E par le

morphisme canonique E --'tEl alors, y(Q1' ....QP) ... -v
Le cas de p=2

Montronsd'abordque H.(E') H.(E') 0 Vi>1, C'est evident si
l J

i+j?n ; si i+j = n , ceci resulte de La proposition 5. De si i+j.:S 2n/3

l'isomorphisme H.(E) H.(E)-.+H.(E) CE) montre que H.('E) H.('E') = O.
l J l l J

Supposons donc que < i+j < n . si s n-i-j, s o-O et on a s+i'" 2n/3 ou

s+j '* 2n/3 ce qui donne H (E) H. (E) 0 au H (E) H. (E) = 0 • On a donc
s l S J

Or, la multiplication (E) x H (E) ----'tH (E) est non
n-s n

et finalement H.(E) H.('E) = 0 (d'apres la
l J

H (E) H.(E) H.(E) = 0 •
S l J

degeneree ; donc H.(E) H.(E) = 0
l J

prop. 5).

,.J

Donc, si Q
1
et Q

2
sont deux cycles homogenes de E de degres respectifs

r 1+1r
1
et r

2
• Q1Q2 = (-1) r(Q1,Q2) est un bord qui est nul si r 1 + r 2 et

provient d 'un element de Zr (E) Zr (E) si r 1 + <. n (prop. 5) ; l'hypothese
1 2

de recurronce est donc verifiee pour p=2 •

Supposons maintenant que l'hypothese de recurrence est verifiee pour tout

de

E JEr .
l

+ •••+r.+i
l

r
(-1) 1

et

q <. p et verifions le pour p. Soient Q1' ••• ,Qp des cycles homogenes de E

degres r
1,
... ,r

p
avec ri>O et r

1
+ .•• + + Chaque Q

i
peut se

....
mettre sous la forme M. + N. ou G

l l

r
1+1

= (-1) Q1 y(Q2,···,Qp) +

r
1
+ .••+r 1+p-1

y(Q. 1 , ••• ,Q ) + (-1) p- y(Q1,···,Q 1)Q • En tenant compte du fait
tl p p- p

que N. JE, que ImysmE et finalement que y(Qi , .•. , Qi ) = )
l 1 k 1 k

pour k x p (hypothese de recurrence), on voit que

Si r 1 + ••• + r
p

+ p-2 = deg ¥(Q1 , ••• ,Qp)< n , on peut relever par hypothese
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cycle de En' appartient a

y(Q1,Q2, ••• ,Qp) = 0 • Si r 1 + ••• +

alors y(Q1 , ••• ,Qp) = 0 •

t(M
1
, ... ,M

p
) par y(M

1,
••• ,

Y(Q1, .. ·,Qp) = Si

et poser par consequent

r
1
+•••+ + p-2 = n , ll' (Ml , ... ,Mp)

done '( Ql , ••• ,Qp) = 0 ; on peut poser

+ p-2>n, ¥'(Q1 , ... ,Qp) = 0 , on

etant un

alors

pose

pour

tion

Montrons maintenant que a) et b) sont necessaires. a) resulte du fait que

i."l , , i+j< n , (E) (E') H.(E') = 0 (d'apres la proposi-
J

Soient Dl , ••• ,Dp , P cycles homogenes dans E de degres respectifs

r i , ••• ,rp
oii r

i
> 0 et r l + ••• + + p-2 <. n ; montrons que y(Dl, ••• ,Dp)

est

d ef'Lni , p=2 est evident. Supposons que p>2 et que "tk<n , Vii < i 2< •.. <ik$p,

, ••• ,Di) est defini. La demonstration que nous avons donne plus haut montre
1 k ,.,

qu'on peut choisir les y(D. , •.. , dans E de maniere que
l1

(N N) ,'" '" )yDi,···,Di =yDi, ••• ,Di)·Parconsequent, 'll'(D1,···,D)= ¥Dl,···,D .
1 k 1 k P P

N
Or, , ••• ,D

p)
est un bord dans E; donc, 'll'(D

l,
... ,D

p)
est un bard dans E •

Proposition 7 - £Qi1 (R,m,k) un anneau local de Gorenstein verifiant les condi-

tions de la proposition 6. Alors,

Zn zn+2c
n_ 1

+

(n > 1).

n

j=1
montrent que

Demonstration - Les relations

Les suites exactes de la proposition 4 appliquee au cas d'un anneau de Gorenstein

de profondeur nulle montrent que: 1. - Cj-
l

c. Vj = 1, ••• ,n-l et 'C = n
J n J n
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ce qui demontre la proposition.

Remarglle - Les conditions de la proposition 7 sont automatiquement verifiees pour

un anneau local de Gorenstein de profondeur nulle, non intersection complete et

verifiant m/m
2

3. En effet, on sait dans ce cas que H1(E)2 = 0

(voir (10)) ; on retrouve alors Le resul ta t de WIEBE dans (10).

Pour Le cas de

verifiees quand on a

4 , les conditions de la proposition 7 sont

r = H
1
(E), on a alors :

Exemple d'un anneau local de Gorenstein de profondeur nulle, verifiant les

conditions de la proposition 7.

Soient k uncorpset (n.,.1) unefamilled'elements k

verifiant

i) a1 , 1

ii) Si a.
J,i ,j

'if j i , alors, det D 0 ou D est la matrice (a. .),

Posons S = k[X1 , ••• ,Xn]' 6, = (X1 ' ••• ,xn) 3 + (X.X. - a ..x1
2
) et

J i-E:j

et R S/G> . Si t. = classe de X. dans R et m = l'ideal engendre par les t
j
,

J J
il est facile de voir que (R,m,k) est un anne au local noetherien verifiant
3
= 0 La condition i) montre que t

2
0 et la condition ii) entra1ne l'egalitem .

2 1
R=Ann m (t1). Donc, R est un anneau de Gorenstein. est l'anneau

s
qui est un anneau de Golod (voir (4), theoreme 4.3.6).

Nous avons appris recemment que la relation Pli= PR +

serie de Betti d'un anneau local de Gorenstein de profondeur

l'anneau quotient R/Socle R a ete etablie par G. LEVIN, dans

tion (Matematiken insti tutionen Stockholm universitet (1976

2
Z PRPR entre la

nulle et celIe de

une recente publica-

- n? 15), Th80reme 2.9).

L'auteur etablit notamment nos lemmes 3 et 4 et demontre ensuite que Ie

'"'morphisme R R est un morphisme de Golod.
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INTERSECTIONS D'ANNEAUX INTEGRES (II)

par

Julien QUERRE

Soit A et A* respectivement la cloture integrale et la quasi

cloture d'un anneau integre A dans K son corps des fractions, X(l) (A) l'en

semble des ideaux premiers de A de hauteur 1 et A(1) = f"l (A I p e X(1) (A».

Krull [8J puis Heinzer [4J ont pose Ie probleme suivant :

Si A esc un anneau noetherien de dimension 2, alors A(l) estil

noetherien

Ferrand et Raynaud RJ (Corollaire 14  p , 298) ont r epondu affirmati

vement si A est local et A 1) entier sur A et Heinzer [4] a donne la meme

reponse positive si A est local.

Dans cette note, nous nous proposons de repondre affirmativement, sans

les restrictions cidessus, au probleme pose.

Soit, d'autre part, ¢V un ideal entier de A, alors

est un anneau appele transforme de Nagata de l'ideal [10J
A(G) = U (A : Q.n)

n>O
Nagata et Rees

[jJ [12J ant donne un exemple d'un anneau local noetherien integre de dimension 3

dont un trans forme de Nagata n'est pas un anneau noetherien. Dans cette note, nous

rnontrerons que tout transforme de Nagata d'un anneau noetherien est Llnoetherien

et que sa quasicloture est un anneau de Krull.
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I - PRELIMINAIRES, -

a) Tout anneau B tel que A C B C K est appe l.e surordre de A

On dira qu'une famille {Ai} de surordres de A est une representa-

tion finie de A si

1) A = ? Ai

2) Tout x A est inversible dans Ai' sauf pour un nombre fini

de Ai'

En particulier, si {A.} . I est une representation finie de A,
it 1 110

alors A*" Ai [tIT (lemme 2-2),

b) Un ideal premier pest dit associe a I.' ideal 4l< s ' il existe

bE (A :Qo) tel que p ideal premier minimal de <lI.b-1n A. On notera PA
l'ensemble des ideaux premiers de A associes aux ideaux principaux et alors

A n (Alii I p EO PA) ,

Si A est noetherien et MA l'ensemble des elements maximaux de PA,
alors la famille {Ap Ip :MA} est une representation finie de A [7J
(p. 90 - theoreme 123),

c) Soit Z une famille multiplicative d'ideaux entiers de A. L'ensemble

pour <). EO Z}

est un surordre de A appe l e anneau generalise de fractions de A par Z O-J '
Donnons quelques exemples :

1) Si Z {Q,n}
0
, alors A

Z
A (<If) trans forme de

n >
Nagata de 4- •

2) Soit X q\,) une famille d'ideaux premiers de A et

Z {,Q, 14'<tP'a pour tout p f: X} alorsa
Az (",\(A

pa I Pa X) ,

3) Si B est un surordre A-plat, c'est un anneau generalise de

fractions car B '" (Apip 10 X)

Si (), est un ideal fractionnaire de

{x a s; I xb c.4f pour

de AZ
Si X(A) est Ie spectre de l'anneau

avec X = {P I p B '" B}

A , alors

est un ideal

A , po sons :

p = { P Eo X(A) I pour tout <).E Z}

p'= {p' f: X(B) I B i p' pour tout <). E. Z}

L' application p ----7 PZ est une bijection de P sur p'

et Art BpZ [lJ
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d) Un ideal 4r d'un anneau integre A sera dit quasi-fini s'il existe 4-'

de fini tel 4f'
-1 (0,)-1. si D(A) le monoidetype que <¥ et 4 = est

des ideaux divisoriels, on a les proprietes equivalentes

1) D(A) verifie la condition de chaine ascendante,

2) Tout ideal est quasi-fini.

Si A verifie l'une de ces proprietes, il sera appele anneau de Mori

[16J [llJ

On notera que dans un anneau de Mori PA = X(A) /\D(A) et que

P EPA implique = A et reciproquement. D'autre part:

si la famille 1Ai I i Eo 1 d' anneaux de Mori est une representation

finie de i ' anneau A, alors A est un anneau de Mori [}.3J .
Tout anneau generalise de fractions

(resp. Krull) A par une famille multiplicative

(resp. Krull).

A[ d'un anneau de Mori

[ est un anneau de Mori

e) Si M est un A-modu1e, on notera E(M) son enveloppe injective.

Un A-module L injectif sera dit [ injectif [2J s'il est de la forme

L U E(Alp)
,=y

Y etant une famille d'ideaux premiers tels que A soit un anneau noetherien.

Soit 0 ...._En ----'l'... une resolution injective minima1e

de 1'anneau A. Si k est le plus grand entier tel que les A-modules injectifs

Ei (i de 0 a k) sont [ injectifs, on dira que A est [k-noetherien.

Les conditions suivantes caracterisent un anneau integre A

1:1 - noetherien

1) fAp I pE: Y C.X(A)}

2) Pour tout E Y, A

est une representation finie de A

est un anneau noetherien.

En particulier, un anneau [1 - noetherien est de Mori.

f) Un ideal ega1 a son racical est dit semi-premier. En particulier, si les

ideaux semi-premiers satisfont a la condition de chaine ascendante, on dit que

le spectre de l'anneau est noetherien. Dans un tel anneau :

Tout ideal n'admet qu'un nombre fini d'ideaux premiers minimaux.

g) On notera v( l'equivalence d'Artin dans l'ensemb1e leA) des ideaux

fractionnaires
, -1
('[» (4- =
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II - ETUDE DE L'ANNEAU B A(l) POUR A ANNEAU NOETHERIEN DE DIMENSION 2. -

L'anneau B A(l) est un anneau generalise de fractions de la partie

multiplicative :

1: { '" ideal de A I $ P
pour tout . X(l) (A)}.

En particulier, B est un anneau de Mori.

Lemme 1 [4] - p. 117

Si A est un anneau noetherien de dimension 2, alors B

spectre noetherien.

A(l) a un

Lennne 2 0-
Soit A un anneau noetherien de dimension 2, alors tout anneau de

Krull contenant A et dont Ie corps des fractions est une extension

finie de celui de A est un anneau noetherien de dimension < 2.

Theoreme 1

Si A est un anneau noetherien de dimension 2, alors B = A(l) est un

anne au 1: 1 - noetherien de dimension < 2 et sa cloture integrale est

un anneau noetherien.

Suivant Ic' l'application = p' est une bijection de P

sur P' avec Aif BpI' On a X(l) (A) CP, donc pour , E: x(l) (A), il

existe P' tel que A, B,I ce qui implique p' E: x(l) (B) et

X(l) (B) Cpl. Mais si est un ideal maximal de hauteur 2 de B, alors

(>It,-l) -1 = '"' (1lIf.' Blf>' I tel'IS X(l) (A» = B. Ainsi l e s seuls i deaux premiers

divisoriels sont les ideaux de X(l) (B) donc x(l) (B) = P
B

et B = B(l) avec

B = F\ (B" It' . X(l) (B». Suivant Le lemme 1, B a un spectre noe t he r i en ,

en particulier x E: B n'appartient qu'a un nombre fini d'ideaux premiers minimaux

sur x B c[lJ - p. 59). Donc {B" I,' E x(l) (B)} est une representation finie

de B et B est un anneau 1:1 noetherien.

Suivant I a B* ,......, It' Eo x(l) (B» = !>(Bp' I x(l) (B»

en notant que Bp' est un anneau local noet.he r i en de dimension 1. Suivant [6J '

(Lemme 2-1). en posant P {IO E: x(l) (A) I ;i '"' A E x(l) (A)}

n(Bp' IJO'E: x(1) (B» = n (i. pip E: p)
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B}l- est done un anneau generalise de fractions de A, qui est un

anne au de Krull done B it est aus s i un anneau de Krull. Suivant l e lennne 2, B*

est un anneau no e t he r i en avec dim B·I/- < 2. Evidennnent, B Ie = Ii done dim B < 2.

Lemme 3

Avec les hypotheses du theoreme,si p' EO x(l) (B), alors B/p ' est un

anne au noetherien.

est canoniquement immerge dans . D'autre part,

B S; B., = Ap implique que BIIt' est eontenu dans Le corps des fractions de

AI, . Puisque est un anneau integre noetherien de dimension < 1, d'apres

Ie theoreme d'Akizuki-Krull, est noetherien.

Lemme 4 [.71
Soit (a,b) deux elements d'un anneau integre A. L'ideal

(aX + b) A Qc] de l' anne au A Gel est premier si et seulement si

(a,b) est une A-suite.

Si f A [X], on note C (0 l'ideal de A 'engendre par les coef-

ficients de f.

z {f E. A [}c] e(f) = A}

partie multiplicative de A [?:] . On A(X)
-1

(A [}c] ) .est une notera : z
Cet anneau , introduit par Nagata [9] , p. 18 , possede, en aut re s , les proprietes

suivantes :

1) A(X) est A-fidelement plat. En particulier, si .Qf est un ideal

de A tel que <:IIA(X) de type f i n i , alors tv est de type fini.

2) si A est noetherien, alors A(X) est noetherien et dim A

dim A (X).

3) Les ideaux {tteA(X) I _ ideal max ireal de A} sont les seuls

ideaux maximaux de A (X).

Lennne 5 [71 (p , 54, ex. 13)

Soit 41, b, 0 trois ideaux distincts d'un anneau A tel que

c c c:: ('\b· si AIQ, et AI.. sont no e t he r i.ens , b.=.t:. Co

de type fini, alors est de type fini.
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Si <lV est un ideal d 'un anneau de Mori, a spectre noetherien, A ,

les proprietes suivantes sont equivalentes

1) 0--1 = A; 2) Gr(q.) > 2.

1) ===} 2)

Soit .Qf un ideal tel que 4--1 A done IN 4::. E PA'
On a A = ("\ (A , Ip Eo PA) ; a E:4r n'appartient qu'a un nombre f i.n i

d'ideaux premiers p
1
, 10' 2' (Ok de PA Naturellement,

k
IN</:. U Pi car <Net p. (i de 1 a k) [}5J (ex. 5 , p. 54) .

i=l k c
Choisissons b e:<lI - i';ll to i , done a et b n'appartiennent a
aueun ideal connnun de PA .En partieulier, a Ap + b = Alf pour

tout P : PA done

a A + b A '" A e,f) ce qui implique Gr (q.) > 2.

Montrons que si (a,b) est une A-suite, alors d = A

Soit x e:<:V = A f'I a-I A avec a b a-I alors
a

si est i: epimorphisme canonique A A a ' on a

Par nypothese, j(b) n'est pas diviseur de zero done

A a. En partieulier,e'est a dire x E: A a d'ou 4- a
o.a A a C:A a A Mais on a aussi A

Finalement, A : d = A et <Va a A. D'ou
-1

= A. Notons en partieulier que A a + A

: eli INa
G
r

(4-) > 2

b = A vi)

: a A.

implique

est equivalent

a Aab = A a flA b puis equivalent a (a,b) A-suite.

Theoreme 2

Soit A un anneau noetherien de dimension 2, et B un anneau de Mori,

surordre de A.

Si les proprietes suivantes sont verifiees :

a) B/p' est noetherien pour tout p' £ x(l) (B),

b) Pour tout tt' EX(1) (B) = tt'n A et l' (pB :p')f\B,
-1

=B,

c) Pour tout ii:l.eal maximal loot' de hauteur 2, Gr (Nt') 2:. 2,

alors B est un anneau noetherien.
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Soi t "l't' un ideal maxima1 de B de hau teur 2. Pui sque Gr (",,') .:: 2,

eontient une B-suite (a' ,b'). Suivant Le lemme 4, 1 'ideal >(, angendr e

par Ie po1ynome a'X + b' est

B [X] / (a 'X + b') B [x] - B
eorps des quotients ; I'(. 1"\ A(X)

premier dans B(X). Puisque

, Ia J , l' anneau B(X) It'(, admet K pour

est un ideal premier neeessairement de hauteur 1.

ear t:(,1"\ A = (0). En pa r t i cu I i e r , A est p l.orige eanoniquement dans

A(X)I n A(X) ,mais ee dernier anneau est aussi plonge dans

A etant no e t.her i en , A(X) est noe t he r i an et de dimension 2, done

est noetherien et de dimension 1. II admet d'apres ee qui preeede K pour eorps

des quotients, done, par Ie theoreme d'Akizuki - Krull est un anneau

noetherien. Puisque est un ideal de type fini eontenu dans ee der-

nier est un ideal de type fini. 11 en est done de meme de ""'1:' •

Soit x(I) (B) et = p'n A. Par hypothese, <I' ( JOB 10' ) nB
verifie (f) -1 B. Puisque B est un anneau de Mori, il existe C' un

ideal de type fini tel que C' iii! iiii. B (ib avee e: En partieulier,

C' ¢ E X(I) (B) done B/e, est noetherien, d'apres Ie theoreme de

Cohen [J} (p , 5, tho 8) . 11 en resulte que est aussi un ideal de type

fini. On a p' <t' C pB n <t' ; BIP' est noetherien par hypothese,

B/
oCl

' est aussi noetherien par Ie theoreme de Cohen, <J' et pB sont des

ideaux de type fini. Selon Ie lemme 5, P' est done un ideal de type fini.

Ce qui aeheve la demonstration.

Theoreme 3

Soit A un anneau noetherien de dimension 2, alors B est un

anneau noetherien.

est un ideal maximal de hauteur 21'1(.'B. Si

du debut du paragraphe, B est un anneau de Mori.

I (l) () I her i S'1> .. X B , B p' est noet e r i en . o i t ,

lO'n ( pB : p') n B.

= (PB 10' Bp,)nB, done
I 1'1

D'apres la remarque

PB·

Selon I
d,

B, selon Ie theoreme I et Ie lemme 6 , Gr > 2. Finalement, suivantde

Selon Ie 1emme 3, pour tout

pour 11)' x(I) (B) et

Si Pi E x(I) (B), alors

<t' ¢ E: x(l) (B) =

Ie theoreme 2, l'anneau Best noetherien.
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III - TRANSFORME DE NAGATA D'UN ANNEAU NOETHERIEN. -

Theoreme 1

Tout transforme de Nagata d'un anneau noetherien est

et sa quasi-cloture est un anneau de Krull.

noetherien

ne

A, alors

f i ni.e de

Pour simplifier l'ecriture, posons

un ideal entier de l'anneau

Ib
r. «Ai).... t Itti e MA.)...i
est une representation

A. =

et

n
Soit L: f. A

n i=l
A(41) = i01 Af. [lOJ (p , 352).

A. est done suivant

{(A.) I IPi MA)Pi
II Y a bijection entre les ideaux premiers de A

f.
et ceux de A

contenant pas f i. Notons Hi l'image de M
A
. dans cette alors

s i i = It i I"l A ou 10 i E:. MA. done ItiE/Hi ' (Ai) It = AJt. .

. AlorsH.
n

i01 ('i.
i. I'i

est une representation finie de A(4V).

Posons
n

H = U
i=l

I H}{Ajt

Alors = AL: • B. Suivant

bijection de P sur P'. Si H'

pour tout '" E H

Notons L: { .o"n I (A,n 4:Jt pour tout po EO H}

I I' application

'"
I )!>L: est une

c
est l'image de H dans cette bijection

done :

L:
I

- noetherien.

= est un anneau de Krull.e.
est une representation finie de

Ainsi, A est un anneau

Pour Ie dernier resultat, Af.
Mais {At. I i de I a
selon I

a '
n
t\ Ail'
i=l f.

n
()
i=l

A (4-) , done,

Ainsi, intersection finie d'anneaux de Krull est un anneau de Krull.
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