Ideally any error-correcting code, C, is made to minimize the probability for error.  One property that makes a code ideal is for it to be “perfect”. The aforementioned Hamming code is one example of a perfect code.  In general to be a perfect code the code must satisfy;   






Where N represents the number of code words of C and n is the length of the code words.  The subspace of all n length words made from an alphabet of q components is F_q^n and contains q^n “words”. Every two distinct code words differ in at least d=2e+1 places implying e=(d-1)/2.  Thus each distinct code word forms a hamming ball of radius e, that contains [image: image1.png];()w P



words. C is then said to be perfect if the union of all N hamming balls is equal to our subspace F_q^n.

Why are Hamming codes then said to be perfect?  One property of any Hamming code is that it is designed so as to preserve the minimum error at d = 3.  So for all code words produced by our generator matrix each one differs by a minimum of three components.  Because our minimum distance is three, we know that Hamming codes are able to detect any single bit error in a received word (d=2e+1( e=1).  For this example assume that we begin with message words of length k, and encode these message words to length n (n>k, n-k=3).  Since the Hamming code possesses a binary alphabet, namely 1 or 0, q=2 (alphabet of length 2).  Our set C then contains 2^k=N possible code words of length n, and our subspace F_2^n contains 2^n possible words of length k .  Applying this to the above theorem for a Hamming code to be perfect it must satisfy the following formula, with e=1.
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 To prove this, visualize any two code words in C (C1, C2) as two points.  Because the hamming code detects single bit errors, every code word corresponds with [image: image3.png]5 (1) =



 (i=1) “words” of length n. Each code word can then be represented by a hamming ball of radius 1 containing 1+n words (itself + n words of length n).  There are exactly 2^k different hamming balls with no intersection because the distance between each code word is 3 and the radius of the hamming ball is 1.
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 The union of all 2^k hamming balls we get 2^k(n+1) = 2^n, implying that the union includes all possible received words of our subspace F_2^n. ( not sure exactly why I can say this?). This is precisely where the title “perfect” comes from. 


Another example of a perfect code is the Golay error- correcting code.  There are two versions of the Golay code; the binary version and the ternary version.  We will focus on the binary version for explanation.  The binary version of the Golay code is a linear code consisting of 4096 binary words of length 23, and minimum distance 7.  The set C of the Golay code consists of 1 word containing all zeroes, 1 word containing all ones, 759 words of weight 8 (e=8 bit error), 759 words of weight 16, and 2576 words of weight 12. Each code word of fixed weight indicates a subset of the group (1,…,23) and these points serve as the blocks for designs which represent the code. (should I say more here about the code?)
Now using a similar visual representation to demonstrate how the Golay code is perfect code consider two code words of the set C (C1,C2) of the Golay code.  By definition C1-C2 >= 7, hence d=2e+1= 7 ( e=3.  There fore the Golay code is able to detect any three bit error in a received word, and thus each code word can be represented by a hamming ball of radius 3.  Because the hamming ball will include all words that differ from the code word in 1, 2, or 3 components
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 (with n=23, and e=3), it will contain 2048 words.
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Our set F_2^23 for this would be all possible words of length 23, or 2^23=8388608, and our set C contains 2^12 = 4096 = N words (by def).  Taking the union of all 4096 hamming balls containing 2048 words we get 4096*2048= 8388608 = F_2^23.  This implies that because the Golay code detects 3 bit errors the union of all 4096 hamming balls includes the entire subspace of binary words of length 23, and as a result is perfect.  
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