
Mathematis 357 { CombinatorisProblem Set 8Due: April 22, 2005I. A magi square is an n � n integer matrix M = (mij) with the property that the sumof the entries in eah row and in eah olumn is the same. For instane, a famous 4 � 4magi square appears in the engraving Melenolia I by Albreht D�urer:0B� 16 3 2 135 10 11 89 6 7 124 15 14 1 1CA(see link on ourse homepage). The row and olumn sums in this array all equal 34.Although the extra ondition that the mij are the distint integers 1; 2; : : : ; n2 (as inD�urer's magi square) is often inluded, we will not make that part of the de�nition. Also,many familiar examples of magi squares have equal diagonal sums and other interestingproperties; we will not require that either. An interesting problem is this: Given positiveintegers s; n, how many di�erent n � n magi squares with row and olumn sum equal tos and mij � 0 for all i; j are there?A) In lass, using Hall's Theorem, we showed that any (0; 1)-matrix with equal row andolumn sums d is a sum of d distint permutation matries. Adapt the proof to showthat any integer n � n magi square is a linear ombination of n � n permutationmatries with nonnegative integer oeÆients.From now on, we will restrit to the ase n = 3 for simpliity. By part A, we knowthat any 3� 3 non-negative integer magi square an be written asM = aI + bS + S2 + dT12 + eT13 + fT23where a; b; ; d; e; f are non-negative integers, s = a+ b+ + d+ e+ f , andI = 0� 1 0 00 1 00 0 11A S = 0� 0 0 11 0 00 1 01A S2 = 0� 0 1 00 0 11 0 01AT12 = 0� 0 1 01 0 00 0 11A T13 = 0� 0 0 10 1 01 0 01A T23 = 0� 1 0 00 0 10 1 01Aare the 3� 3 permutation matries.B) Exhibit an expliit linear dependene relation between the 6 3�3 permutation matriesand show that they only span a 5-dimensional subspae of the vetor spae of 3 � 3matries. 1



C) Taking the linear dependene from B into aount, how many distint integer 3 � 3magi squares are there with s = 2, s = 3, s = 4?D) Find and prove a general formula for the number of distint non-negative integer 3�3magi squares with row and olumn sum s.From the Text: Chapter 11/22, 23, 24, 28, 29, 57.
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