
Mathemati
s 357 { Combinatori
sMidterm 1 SolutionsFebruary 28, 2005I. A) This is one form of the Strong Pigeonhole Prin
iple (see the 
lass notes!) By farthe most e
onomi
al way to prove this statement is by 
ontradi
tion. So suppose that mpigeons are pla
ed into k pigeonholes, but no hole has more than bm�1k 
 pigeons, or inother words, that the number of pigeons in ea
h hole is� bm� 1k 
:Counting the total number of pigeons in all k of the pigeonholes, we see that there 
an beat most: k � bm� 1k 
 � k � m� 1k = m� 1of them. This is a 
ontradi
tion be
ause we said m pigeons were pla
ed.Note: There is no need for separate 
ases based on the size of m, et
. The formula worksin all 
ases. For instan
e, if m < k, there must be one hole with more than 0 pigeons (so� 1).B) There are k = 12 months in a year, so make those the pigeonholes. \Pla
e" ea
h person(the \pigeons") into the proper pigeonhole based on whi
h month his/her birthday fallsin. By part A, some pigeonhole will 
ontain more than 3 pigeons (i.e. 4 or more) as soonas bm�112 
 = 3. The smallest m for whi
h this is true is m = 3� 12 + 1 = 37.II. A) Any of the 100 people present 
an win the $50 prize. But then he/she 
annot winthe others. So there are 99 possible winners for the $25 prize (on
e the �rst prize winneris sele
ted), and 98 possible winners for the third prize (after the �rst and se
ond aresele
ted). Thus (Multipli
ation Rule), the total number of di�erent assignments of prizesto guests is: 100 � 99 � 98 = P (100; 3):B) Like A, ex
ept that after the �rst prize ($50) is sele
ted, any one of the 100 people 
anwin the se
ond and third prizes too:100 � 100 � 100 = 1003di�erent assignments of prizes to guests.C) Now, the prizes are not distinguishable by the dollar amounts be
ause they are all $20.We are just 
hoosing three distin
t people out of the 100 to give the prizes to. That meanswe need to take the answer to part A and divide by 3!:100 � 99 � 983! = �1003 �1



Note: In the �rst two 
ases, sin
e the prizes are distinguishable (by the dollar amounts), we
an list them in a parti
ular order and we are using the general formulas for permutations.Part A is the formula for permutations from an ordinary set; part B is the same as theformula for 3-permutations from a multiset f1�a1; : : : ;1�a100g sin
e when we repla
e thewinners in the pool we are in e�e
t allowing in�nite repetition numbers for the sele
tion ofthe prize winners. Likewise, with equal prize amounts, there is now no parti
ular orderingof the winners, and we are dealing with 3-
ombinations from a set with 100 elements.III. A) There are �106 � ways to sele
t 6 slips from the �rst 10. Similarly there are �204 � tosele
t 4 slips from the remaining 20. Sin
e ea
h 
hoi
e of the �rst 6 
an be made togetherwith every possible 
hoi
e of the other 4, we use the Multipli
ation Rule:�106 � � �204 �B) We need a di�erent approa
h for this part. After the 7 slips are removed, 30� 7 = 23remain, divided into 8 \groups": those before the �rst one removed, those between the�rst and se
ond, those between the se
ond and the third, ... , and those after the last oneremoved. Call the numbers of slips in ea
h of these groups x1; x2; : : : ; x8. We must havex1 + x2 + � � �+ x8 = 23;where x1; x8 � 0 (we might not have any slips in the �rst and eighth groups), andx2; x3; � � � ; x7 � 2 (this is where we in
orporate the requirement that there must be atleast two slips between ea
h pair that we 
hoose). Letting y1 = x1, yj = xj � 2 for ea
h2 � j � 7, and y8 = x8, this means we need to 
ount the number of solutions ofy1 + y2 + � � �+ y8 = 11where all yi � 0 are integers. As we know from examples in 
lass the number of solutionsin nonnegative integers of an equation of this type is�11 + (8� 1)(8� 1) � = �187 �:IV. If we sele
t the k houses to be painted �rst, then 
hoose one of the two possible 
olorsfor ea
h of them, we get the right-hand side 2k�nk�. On the other hand, from the wholeset of n houses, we 
an sele
t any number 0 � j � k to be painted green (say), then fromthe remaining n � j sele
t k � j to be painted blue. This gives a partition of the set wewant to 
ount by the number of houses that are painted green. By the Addition Rule, thetotal number of di�erent ways the sele
tion and painting 
an be done, thinking about itthis way, is: kXj=0�nj��n� jk � j� = �n0��nk�+ �n1��n� 1k � 1�+ � � �+ �nk��n� k0 �2



The equality kXj=0�nj��n� jk � j� = 2k�nk�then follows be
ause we are just 
ounting the same set in two di�erent ways.V. We want to 
ount the number of n-
ombinations of the multiset fn�a; 1�b1; : : : ; 1�b2n+1g.Partition the 
olle
tion of these n-
ombinations by the number of a's that are in
luded,and 
ount the number of 
hoi
es for the bi's in ea
h 
ase. There are8>>>>>>>>><>>>>>>>>>:
�2n+1n � with no a's�2n+1n�1 � with exa
tly one a...�2n+1n�j � with exa
tly j a's...�2n+10 � with n a'sBy the Addition Rule, the number of n-
ombinations isnXj=0�2n+ 1j �:Now, noti
e that this is the \�rst half" of the sum of all the binomial 
oeÆ
ients �2n+1j �(the se
ond half are the ones with j = n + 1; : : : ; 2n + 1). By the \symmetry relation"�k̀� = � kk�`�, and the 
onsequen
e P2n+1j=0 �2n+1j � = 22n+1 of the Binomial Theorem, wehave 22n+1 = 2n+1Xj=0 �2n+ 1j �

= nXj=0�2n+ 1j �+ 2n+1Xj=n+1�2n+ 1j �= nXj=0�2n+ 1j �+ 2n+1Xj=n+1� 2n+ 12n+ 1� j�= nXj=0�2n+ 1j �+ nX̀=0 �2n+ 1` �= 2 � nXj=0�2n+ 1j �) 22n = nXj=0�2n+ 1j �(At the last step, we divided by 2 on both sides.) This is what we wanted to show.3


