
Mathematis 357 { CombinatorisSolutions { Midterm Exam 2April 15, 2005I. A) A derangement is a permutation that has no �xed points (that is, a permutation off1; 2; : : : ; ng that leaves none of the integers 1; 2; : : : ; n in their \natural positions").B) Let Ai be the set of permutations that do �x i (or leave i in its natural position). Thenfor all I � f1; 2; : : : ; ng, j\i2IAij = (n � jIj)! sine these permutations �x the i 2 I andpermute the other n � jIj integers in all possible ways. There are �nk� di�erent ways tohoose I with jIj = k for eah k. Hene by the Inlusion-Exlusion Priniple,Dn = n! +XI (�1)jIj j\i2IAij= n! + nXk=1(�1)k�nk�(n� k)!= n! + nXk=1(�1)k n!k!(n� k)! (n� k)!= n! + nXk=1(�1)k n!k!= n!�1� 1 + 12! + 13! + � � �+ (�1)nn! �whih is what we had to show.II. A) The rook polynomialR(B; t) of B is the generating funtion for the sequene rk(B) =number of ways to plae k non-attaking rooks on the unshaded squares in B. That is:R(B; t) =Xk rk(B)tk:B) The given forbidden positions for the permutations orrespond to the shaded squaresin B below. We are looking for the number of ways to plae 5 non-attaking rooks onB. We also show the omplementary board B, sine we will ompute r5(B) by using theformula in Theorem 6.4.1 in the text. Note that B splits into two row- and olumn-disjointsub-boards B1 and B2:
Hene by the produt ruleR(B; t) = R(B1; t)R(B2; t) = (1 + 4t+ 3t2)(1 + 4t+ 3t2) = 1 + 8t+ 22t2 + 24t3 + 9t41



and then the number of ways to plae 5 non-attaking on B isr5(B) = 5!� r1(B) �4!+ r2(B) �3!� r3(B) �2!+ r4(B) �1! = 5!�8 �4!+22 �3!�24 �2!+9 �1!III. A) The harateristi polynomial isq2 � 3q + 2 = (q � 1)(q � 2)so the roots are q = 1; 2 and hn = 1 + 2 � 2nfor some 1 and 2. From the initial onditions,1 + 2 = 11 + 22 = 3so 1 = �1 and 2 = 2.B) The generating funtion isH(t) = 11� 3t+ 2t2 = 1(1� t)(1� 2t) :Deomposing in partial frations,H(t) = A1� t + B1� 2t ;whih implies 1 = A(1� 2t) +B(1� t):Setting t = 1, we get A = �1; with t = 1=2, we get B = 2. Therefore, expanding ingeometri series, we have H(t) = 1Xn=0hntn = 11� t + 21� 2t= 1Xn=0 (1 + 2 � 2n) tnThis heks that hn = 1+ 2 � 2n.IV. A) Hall's theorem states that the family of sets A = (A1; : : : ; An) has an SDR if andonly if the \marriage ondition" is satis�ed: for all subsets I � f1; 2; : : : ; ng,�����[i2IAi����� � jIj:2



B) Label the musiians f1; 2; : : : ; ng and let Ai be the set of piees assigned to musiian i.Then a onert as desribed, in whih all n musiians play di�erent piees from the onesthey are assigned, is the same as an SDR for the family A = (A1; : : : ; An). Hall's Theoremsays that we an �nd suh an SDR if and only if the marriage ondition is satis�ed. Buthere, sine eah musiian is assigned exatly d di�erent piees, if we pik any subset ofthem (orresponding to some I � f1; 2; : : : ; ng) and have them list their piees, we willhave exatly d � jIj piees in the list (with dupliates). On the other hand, sine no pieeis assigned to more than d di�erent musiians, there must be at least d�jIjd distint pieesof musi. In other words, for all I,�����[i2IAi����� � d � jIjd = jIj:This says the marriage ondition is satis�ed, so suh a onert an be given in all ases(!)V. The sum of the degrees of all the verties in the graph G = (V;E) isXv2V deg(v) = 2jEjsine eah edge has two di�erent endpoints. This implies that the number of verties ofodd degree has to be even (sine otherwise the sum on the left above would be odd!)Extra CreditThe reurrene is tn = tn�1 + tn�3, sine every arrangement in the 3� n tray eitherbegins with one vertial triominoe or 3 staked horizontal triominoes. (We an use theAddition Rule rather than Inlusion-Exlusion beause there annot be any arrangementsof both types).

3


